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ABSTRACT
In this paper, We are going to show that-cut method can be used for finding Com-
parative operation of triangular fuzzy sets.
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1. Introduction
In most of cases in our life, the data obtainedr decision making are only approxi-
mately known. In1965, Zadeh [1] introduced the @picof fuzzy set theory to meet
those problems. In 1978, Dubois and Prade defingtbfithe fuzzy numbers as a fuzzy
subset of the real line [2]. Yong Sik Yun [3] preta a method for generalized triangular
fuzzy sets.a-cut method is a standard method for performindeddht arithmetic
operations like addition, multiplication, divisioaubtraction. Rezvani [7-17] introduced
the concept of relation between Fuzzy Numbers.5lnahd [6] the authors argue that
finding membership function for square root Xfwhere X is a fuzzy number, is not
possible by the standard alpha-cut method.

In [4] the authors proposed a method for constoactif membership function
with using a -cut. In this paper, we are going to show thatt method can be used
for finding Comparative operation of triangular fyzsets.

2. Preliminaries
Definition 1. The setA, :{x OX |u, (x)= a} is said to be thea -cut of a fuzzy set

A
The membership function of a fuzzy getan be expressed is terms of the characteristic
functions of its a -cut according to the formula

Hp (X) =SUR0g mir(a , (X )) ( :)
where
1 if x UA,

0 if otherwise

(2)

It is easily checked that the following propertiedd
(AOB), =A,0B,, (AnB) =A,nB, (3)

111



Salim Rezvani

Definition 2. A triangular fuzzy number is a fuzzy number Aimgvmembership function

0 X <a,a,<X,
X_
1, (x) = az_'ji a <x<a, ()
a; —X
a, <X <a,.
a;~a,

The above triangular fuzzy number is denotedAy= (a,,a,,a,).

Definition 3. We generalize the triangular fuzzy number. A geliwzd triangular fuzzy
set is symmetric and may not have value 1.

A generalized triangular fuzzy set is a symmettiezfy setA having membership
function

0 X <a,a;<X,
_)2x(x-a) 8,+a,
A ey B <X <=, (5)
“x(x-a) AL
2, -2, 2

where a,,a, 1R and O<c<1.
The above generalized triangular fuzzy set is dahby

A=((aca)) (8)
Let A, = [al(”),az(”)} and B, = [bl(”) ,bz(”q are the a -cuts ofA andB, respectively.

~2c, (a - -2, (2 -a
Since a :Mand a= 1(a2 2) , we have
P P
@ @ |(a-a)a  (a,-a)a
A, =2l a, ]—[ X th (7)
Similarly, we have
R b,-b,)a b,-b,)a

3. Addition of fuzzy Sets with using a -cut
Let A=((a,c,b,)) and B =((a,c,b,)) be two triangular fuzzy sets, Suppose the
membership function o4, B is
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0 X <a,b, <X,
2, (x - +b
p=fs) e anh ©
1
-2c (X b) a1+b1SX<bl.
b, -a
And
0 X<a,,b, <X,
2 X— +b
T e R (19
-2¢,(x=b,) a, b2<x<b2
b, -a,
Then
o v (o b,—a)a b,—a)a
%=h”MQ{“£m+%(;g bi (19
1 1
And
D o (a -a,)a b,-a,)a
Ba:[az()’bz()}z{(bzzzz) +a2'(2_202) +b2} (12
2

Therefore A, =[a1(”),a2(") } and B, =[b1(”),b2(”) ] are the a -cuts of A and B,

respectively. To calculate addition of fuzzy s&tandB we first add thea -cuts ofA and
B using interval arithmetic.

A +B, :[(bl—al)a+a1,(bl—a1)a+bl}{w+a ,Mmz}

26, - x, Y- z,

G (b —-a)+c,(b,—a cab+caba
2ccC, c,
Now, we find the membership functiop, , (X )
[c (b,-a,)+c,(b,-a, ]a
Xz, +(a +a,)
- 2
=a= [x~(a+2) g, a +a,<X <C,+C, (14)

C, (bl _a'.l.) +C1(b2_a2)
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And
-b -b
X:[Cz(a1 )*ei(a, 2)]a,+(bl+b2)
Zxc,
—(b,+b,) |2
=a= [x = (b, +b,) J2cg, €, +C, <x <b, +b, (15)

C, (a:l. _bl) +C1(a2_b 2)
Therefore membership functiop, . (X ) is
[X _(a1 +a2)] e,
C, (bl _a1) +Cl(b2_a2)
[x=(b,+b,)] e,
c,(a,—b,) +c,(a,~b,)

a +a,<X <C,+C,
Hass (X) = (16)
C,+C,<X <b,+Db,

Example 1.Let A = ((21—52 SD andB = ulg BD be two triangular fuzzy sets,

Suppose the membership functionfoB is

0 X <2, 5x, 0 X<1 XX,
8 7 6
Ha(x) = g(x—Z) 25x<§, Hs (x)= —5(x—]) 2<x < 2,
—§(x -5) ZSX <5. —E(x—:%) 2<x < 3,
5 2 5
And
5
A = (ﬂ)’b(ﬂ) :l:_a+2’ __a+5:l,
a |:al 1 i| 8
B, =[a" b ] =Fa+1, —a+ 3} .
6
Therefore
A,+B, :Fa+2, —§a+5}+{§a+ 1, ——5a+ ?J
8 8 6 6
:[3—50+3, —§a+8}
24 24
Now, with usg(14),(15) we get
x:3—50+3:>a=£1(x—3) 3<x SE
24 35 5
x:—3—50+8:>a:34(8—x) i8£x38
4 35 5
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which gives
%( -3)  3s<x sl—;,
Has ()71 2 18
~—(8-x) —<=x<8
35 5

4. Subtraction of fuzzy Sets with usinga -cut
Let A=((a,c, b)) and B =((a,c,b,)) be two triangular fuzzy sets, Suppose the
membership function o4, B is

0 X <a,b, <x,
2c. (x - +b
/UA(X): lb(faiai) 31£X<%’
1
-2c,(x —h,) a +b, <x <b,
bl_atl.
And
0 X <a,,b,<x,
2C X - +b
T
1
-2, (x -b,) a, +b, <x <b,
bz_az
Then
() @ B-a)a  (b-a)a
A, =|a").b] }—{ % ta g th
And

i@ (@] = (b,-a)a (b,-a,)a
BD,—[a2 0, }—[ x, +a,, x, +b,

Therefore A, = [al(”),az(”q and B, = [bl(”),bz(”)] are the a -cuts of A and B,

respectively. To calculate subtraction of fuzzysgeandB we first add thea -cuts ofA
andB using interval arithmetic.
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_|(b-a)a b-a)a b,-a,)a b,-a)a
A,—BH_{( 2:1) +al’( _201) +bl}_{( 2) +a2,( _2:2) +b2}
| [elbelelbadle, oy [Blecbdelorblle ) g

Now, we find the membership functiop, g (X )

X = [c2(by—a) +ey(b,-ay) a +(
xc,

[X —(61 _bz)] e,

ai_bZ)

=>a= a-b,<x<c,-c 18

C, (bl_a1)+cl(b2_a2) : s ( )

And
[c,(a,~b,)+c,(a,~b,)|a
= b -
X 2, *(b-2;)
-(b,—a,) |2

—aq= [x=(bi-2;) Jee, c,—C,<Xx <b,-a, (19)

Therefore membership functiop, 5 (X ) is
[x-(a,-b;) J2ec, a-b,<x<c,-c,

C, (bl_a1)+cl(b2_a2) (20)
[x~(b,-a,)]%c,

C, (a1 _bl) +Cl(a2_b 2)

Ha-s (X) =
C,—C,<Xx<b,-a,

Example 2.Let A = ((21—52 SD andB = ((12 BD be two triangular fuzzy sets,

Suppose the membership functionfoB is
0 X <2, 5sx, 0 Xx<1 Ex,

Hy (X) = g(x—z) 2£x<£, Hs (x) = g(x—]) 2<x < 2

—§(x -5) ng <5, —E(x—3) 2<x < 3,
5 2 5
And
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5 5

Aa :[al(a)’bl(ﬂ)} :[§a+2’ —§a+ 5} ,

B, =[a" b ] =[§a+1, —§a+ 3} .

Therefore
A,-B, :[§a+2, —§a+5}—[§a+l, ——50+ 3}
8 8 6 6
= 3Sa—l, —§a+4
24 24
Now, with usg(18),(19) we get
35 4
X=—a-1=a=—(x+1) -1<x <—
24 5
x:—g)a 4 0:34(4—x) —6£xs4
35 5
This gives
Z—:(x +1) -1<x S_g’
Haa (X)=1, 6
—(4-x) —=sx<4.
35 5

5. Multiplication of fuzzy sets with using a -cut
Let A=((a,c,b,)) and B =((a,c,b,)) be two triangular fuzzy sets, Suppose the
membership function o4, B is

0 X <a,b, <x,
2, (x —a,) a, +b
X)=—— <X <—l,
G ey a 5
M MSX <b1'
bl_atl.
And
0 X <a,,b,<x,
Hg (X): 2C2b(x—;a2) a25X<a2+b2’
-2c,(x -b,) a, +b, <x <b,.
b,-a, 2
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Then

And

@ p@]_| (Pm&)a  (b,-a,)a
B _[az b, ]_{ 2, * 82 -X, *be

Therefore A, =[a1(”),a2(a) } and B, =[b1(”),b2(”) ] are the a -cuts of A and B,

respectively. To calculate multiplication of fuzggtsA andB we first add thea -cuts of
A andB using interval arithmetic.

| (b-a)a (b,-a)a (b,—a,)a (b,-a,)a
o[l braley 00, oo,

:{az[(bl—ai)(bz—az)]w[(bl—al)aé:ﬁ(bz—az)ac;

4c,c, 2,

a{(q—ao(bz—az)jm((al—bow(az—bz)b@1}@2}

2

]+q%, 1)

4C1C2 20102

Now, we find the membership functiop, 5 (X )
cca{trllsl), flaoisstoraie),.,
4cc, e,
=a=[-{h-a)ac,+(b,-a)ag,

e |[(B-8)agHb-a)ag,) (bra)(bra)(aa X
Z%JK ¢, J cc,

(22)

}/(Q-%)(bz-az)

aa, =X=CL,
And

e laoos) (oo
4cc, xc,
=a=[-(a-h)bgc,+(b,~a,)bg,
+ (ai_bl)b2c2+(a2_b2)bpl i _(bl_a)(b Za )(bl? 2_X)
- ( j GG

l}"'blbz

(23)

]/(bi_al)(bz_az)

ce, s x<bb,
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Therefore membership functiop, ; (X )is
Fas (%)
[_(bl_a1)azcz+(b2_a2)a91

+2c1c2\/[(b1 ~a)ag, +(b,-aj)ag lJZ _(bia)(b ma)(ag x) ]/(bl ~a)(b,~a,)

2:lCZ C102

aa, <X <cg,
[_(ai _bl)bzcz"'(bz_az)bg 1

mlch[(ai—bl)bzc2+(a2—b2)bplj2_(bl—aub ~a)(oh z—x)]/(bl—aJ (b,2,

X, CC,

C,C,<X <bp,

Example 3.Let A = ((21—52 SD andB = ((12 BD be two triangular fuzzy sets,

Suppose the membership functionfoB is

0 X <2, 5<x, 0 X<1 X,
| 8 7 | 6
Ha(x) = g(x—Z) 25x<5, Hs (x)= —5(x—]) 2<x < 2,
—§(x -5) ZSX <5. ——6(x—3) 2<x < 3
5 2 5
And
(@) p@]=|2 _3
Aa_|:al ’bl }_[80“}_2’ a+5:ly
B :[az(ﬂ)’bz(”)]:|:§a+l’ __ar+3i|.
¢ 6
Therefore
A,B, :Fa+2, —§a+ 5} [—50'+ 1, ——50+ C’J
8 8 6 6
=[§az+§a+2, §a2—£%+15}
48 24 48 24

Now, with useg(22),(23) we get
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:§a2+—a+23a:_5&“ 625 1200 2<X 5—7‘
48 24 25 2
305 T3
- B 18 4150, = 153025 120072, g
48 24 25 25
thich gives
—-55++/ 625+ 1208 Doy < 72
_ 25 - T 25
o () = 145+ /3025 1208 72
—<x <15.
25 25

6. Division of fuzzy sets with usinga -cut
Let A=((a,c,b,)) and B =((a,.c,b,)) be two triangular fuzzy sets, Suppose the
membership function o4, B is

0 X <a,b, <x,
)& (x-a) a+h
Ha(x) = b, -2, =X <o
M Msx<bl_
bl_atl.
And
0 X <a,,b, <X,
_ ZCZ(X_a'Z) a, +b,
Hy (x) = b-a G SX <=0
_202(X —bz) a, bZSX<b
bz_az
Then
S b,—a)a b,—a,)a
Aa:[ai”,bl”}{(lzfl) { . ) bl}
1 1
And

120



Comparative of two Triangular Fuzzy Sets witly -cut

Therefore A, =[a1(”),a2(") } and B, =[b1(”),b2(”) ] are the a -cuts of A and B,

respectively. To calculate Division of fuzzy sétsaandB we first add thea -cuts of A
andB using interval arithmetic.

A B, ={(bl -a,)a ra, (b,-a,)a +b1} /{(bz—az)a +a2,(b2—a2)a +b,
2, -X, z, -z,
(b,-a,)a ra, (b,-a,)a +b,
— 2C1 ’ _$1 (25)
(b,-a,)a +b, (b,-a,)a va,
-2c, 2
Now, we find the membership functiop, 5 (X )
(bl ;al)a +a,
X = G
(b,-a,)a b
-2c, ?
= B (0.ma) Lex<h (26)
cx (b,-a,)+c,(b,~a,) b, )
And
(b,-a,)a b
(= % !
(bz ;Caz)a +a,
2
—a= 20,0, (b= xa,) Syl (27)
cx (b, —a,)+c,(b,-a,) c, )
Therefore membership functiop, ; (X ) is
2cc,(xb,-a,) a_, G
b,-a,)+c,(b,— b,
,UA_B (X)= Clx( 2 a2) CZ( 1 al) 2 C2 (28)
2cC, (b, —xa,) [
cx(b,-a,)+c,(b,-a) ¢, a,

Example 4.Let A = ((21—52 SD andB = ulg BD be two triangular fuzzy sets,

Suppose the membership functionfoB is
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0 X <2, 5x, 0 XxX<1 Xx,
| 8 7 | 6
Ha(x) = g(x—Z) 25x<5, Hs (x)= —5(x—]) 2<x < 2,
—§(x -5) ZSX <5. ——6(x—3) 2<x < 3
5 2 5
And
A, =[a1(”),bl(”)} =[ga+2, ——:0/+ 5} ,
SENORLR
Therefore

A, IB,= §cr+2, —§a+5 /§a+1, ——5a+3
8 8 6 6

72-2’ 2+ 24
Now, with use(26),(27) we get

:[15a+ 48 120- 15}

150 + 48 7% - 48 2
X=—F——a=——— —<Xx<2
72- 2 15+ 2& 3

120- 1% 120- 24

= s g=—" 2<x <5
200 + 24 2Qr+ 15
which gives
72x - 48 2
15+ 20 Eaoh
X)) =

Hass (¥) 120- 24
_ <x<5
20a +15

7. Inverse of fuzzy sets with usinga -cut
Let A= ((a1 C ,bl)) be a triangular fuzzy sets, Suppose the membefishgtion ofA is

0 X <a,b, <x,
2c, (X - +b
/UA(X): lb(faiai) 31£X<%’
1
M Msx<bl_
bl_atl.

Then
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2, X,

Therefore A, =[a1(”),a2(”)] is the a -cuts of A. To calculate inverse of fuzzy ses

A, =[ab"] {(bl‘al)a ra, (bl_-al)a +b,

we first add thea -cuts ofA using interval arithmetic.

1 _ 1 _ 1 1
A, [(bl—al)a 1o, Pim2)a +b1} | bmaja, “bmaa (29)

2, -X,

Now, we find the membership functiop,, (x )

x=;3a=M —1SXS—1 (30)
(b.-a)a x(b,-a) b e
-2c, !
And
X:;DG:M iSX S_l (31)
(bl _al)a +a, X (b1 _al) C, 2
2C].
Therefore membership functiopy,, (X ) is
X (b, —a, b, C,
X)= 32
tulIA( ) 201(1_Xa1) l<x<i ( )
x (b, -a,) c, &

Example 5.Let A = ((21—52 SD be a triangular fuzzy sets, Suppose the membership

function ofAis

0 X <2, 5sx,
m(x)=] olx-2)  2sx<,
—g(x—S) —;sx<5.

And
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A, = [al(”),bl(”q = ECH 2, —ga+ 5} :
Therefore

1/A, 51 : 1
-—a+5 —a+2
8
Now, with use(30),(31) we get
1 40x - 8 1 5
x=5—:>a: —<X<—
—20+5 5x 5 12
8
1 8—-16« 5 1
2 a+5 5% 12 2
8
which gives
40x - 8 1 5
5x 55 512
X)=
Hun (X) 8-16x 5 1
—<X<-—.
5x 12 2

8. Exponential of fuzzy sets with usinga -cut

Let A= ((ai,c1 ,bl)) be a triangular fuzzy sets, Suppose the membefghgiion ofA
is

0 X <a b, <X,
2, (x ~a,) a +b,

U (x) = ———2 <x <21

WX 3 >
-2c,(x —b,) a+h _ <b,
b, —a 2
Then
A, =|:a1(a),bl(a)i|:{(b1 ;:1)0'+a1’ (bl_—al)a+bl
1

1

Therefore A, = [ai(”),az(”)] is the a -cuts of A. To calculate exponentialf fuzzy sets
A we first add thea -cuts ofA using interval arithmetic.
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exp(A, ) = ex;([(bl I O U +b1D

2, -,

Now, we find the membership functiopy,, ) (X )

X :exp(MJ,alJ:a:M . extfa)sx < exfe,) (3
x, b, -a,
And
X = exp(M +b1j =a= 2,(Inx =b,) ,exfc,)sx < exfb,) ( 3F
T a —b,
Therefore membership functiop,, (x)is
%);:ai), exp(a,) <x < exdc,)
= ' 36
/Jexp(A) (X ) 201(Inx _bl) ( )
—— Y explc,)<x < exdb,)
a —b,

Example 6.Let A = ((21—52 SD be a triangular fuzzy sets, Suppose the membership

function ofAis

0 X <2, 5sx,
Ha (X) = g(x—Z) 2< X <—;
—g(x—S) —<x <5,
And
a) 1 (a 5 5
A, :[al( ) )]:{§a+2, —§a+ 5]
Therefore

exp (A,) {exp(ga+2j, exp(——:c” SH

Now, with usg(34),(35) we get
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X =exp(ga+ 2):>a=§( Inx - 2 exg 2<x < ex%l—;j

x:exp(—gCH 5):0:2(5— Inx ) exél—:jSXS exp F

which gives

g(lnx -2) exp( J<x < ex;Elgzj
g(S—Inx) exp{l—:jsx < exq 9

/uexp(A) (X) -

9. Logarithm of fuzzy sets with using a -cut
Let A= ((a:L C ,bl)) be two triangular fuzzy sets, Suppose the memhgfahiction of
Ais

0 X <a b, <X,
2, (x ~a,) a +b,
U (X)=3———~ <X <22

A (X) b5, a 5
-2c,(x —b,) a+h _ <b,

bl_al
Then

[ale) wi@]— (bl_al)a (bl_al)a

Aa_|:a1 7b1 }_{ 2C1 +a, _2:1 +b1

Therefore A, = [al(”),az(”q is the a -cuts ofA. To calculate Logarithm of fuzzy seAs

we first add thea -cuts ofA using interval arithmetic.

n(A,) :lnﬂ(bl_al)a +a, (D172 +le

2, -X,

fEgeapegea]

Now, we find the membership functiog,, (X )

(b,-a)a 2c, (expx —a,)
=ln| —— = , <x <l 38
X n[ x. +a |=>a —y n(a,)<x <In(c,) (38)
And
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x:In(M+le:>a:M, n(c)sx<i() (39

-2, b, —a,
Therefore membership functiop, ., (x ) is
w, In(a,)<x <In(c,)
fuln(A)(X): 2* (bl—zixpx) (40)
—/= "7 In(c,)sx <In(b,)
b, -3

Example 7.Let A = ((21—52 SD be a triangular fuzzy sets, Suppose the membership

function ofAis

0 X <2, 55X,
m(x)=] olx-2)  2sx<,
—g(x—S) —;sx <5.
And
A, =[a b ] =Ea+2, —§a+ 5]
Therefore

i o) oo

Now, with use(38),(39) we get

x=|n(ga+2j:>a=§(exp(x)—3 In(J<x < Iy{l—sj
Whic:gi:v:ls(_ga+5j: a' :2(5_ exdx)) Ir(l—;j XS |F( E)

g(exp(x)— 2) In(J<x < Ir{l—Szj |
% (5-exrfx)) m(l_sz] <x<in(§.

Hia(a) (x)=
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10. Square root of fuzzy sets with usinga -cut
Let A= ((a1 C ,bl)) be two triangular fuzzy sets, Suppose the memhefahiction of
Ais

0 X <a,b, <x,
2, (x —a,) a +b,
Ho\X)=y——— SX <——,

a (%) b,-a, & 5
-2c,(x —h,) a +b, <x <b,

b, —a 2
Then

o] o] (bma)a  (b-a)a

Aa_|:a1 7b1 }_{ 2C1 +a, _2:1 +b1

Therefore A, = [al(”) ,az(”)J is the a -cuts ofA. To calculate square root of fuzzy sats

we first add thea -cuts ofA using interval arithmetic.

N [SODNCEN

2, -X,

(e B o

Now, we find the membership functiopt i (x)

e e ORI

x, b, —&
And
- 2, (b,—-x?
X :\/(—(bl_zil)a +blj =>a :—Clé iaz( )’ (Cl) <X < (bl) (43)
1 1
Therefore membership functiop/ (x)is
2, (x?-a
%ai)’ (a) sx </(c.)
1
fuln(A) (X) = 2 (44)
2c1(b1—x ) < [
b_a1 ! (Cl)SX_ (1)
1
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Example 8.Let A = ((21—52 SD be a triangular fuzzy sets, Suppose the membership

function ofAis

0 X <2, 5sx,
My (X) = g(x—z) 2SX<—;,
—§(x—5) st<5.
5 2
And
A =[a@ p@ {5 5 5 5}
[ 50]-[Sav2, ~Sas
Therefore

Now, with useg(42),(43) we get

X = (§a+2j:a:§(x2—2) J2<x < Ll—zj
8 5 5
5 8 12
X = (_50'4'5 20’23(5_X2) (—SJSX S\/_5
which gives
§(x2—2) J2<x < (1—2]
5 5
'u(,/.\)(x)=
g(5‘X) E <X <4/5.

11. n"root of fuzzy sets with using & -cut
Let A= ((a1 C ,bl)) be two triangular fuzzy sets, Suppose the memhefahiction of
Ais

0 X <a;,b, <x,

i (x) = 2o 2) a<x<Bi
1 1

_2cl(x —bl) a1+b1<x <b,
bl_al
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Then

[ale) wi@] = (bl_al)a (bl_al)a
A, =[a").b] }—{ % ta g th

Therefore A, = [ai(”),az(”)] is the a -cuts of A. To calculate n root of fuzzy sets

we first add thea -cuts ofA using interval arithmetic.

(A :[(bl_ai)a ra, 72 +bji

2, -X,

Now, we find the membership functiopr , (x)
(A

[“JZC—aiﬁ’qj:ab— Ja)<x<y) (49

And
4

N =[M+blj” :a=w, Je)<x<5b)  (47)

Therefore membership functlow( o L (x)is

) )

~
IN
X
IN
S
—
(¢
=
~

J(a

2,(x"-a)
b, -
Ko ()= 2c, (b,

b,

c
BB @) exsi®)

Example 9.Let A = ((21—52 SD be a triangular fuzzy sets, Suppose the membership

function ofAis

0 X <2, 5sx,
Hy (x) = g(x—Z) 2< X <%,
—g(x -5) %sx <5.
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Comparative of two Triangular Fuzzy Sets witly -cut

A, :[al(”),bl(”q :[§a+ 2, —ga+ 5} :

Therefore

Now, with usg(46),(47) we get

1 1
1 . 1
x=(§a+2]n:>a=§(x”—2) Z‘sxs(l—zjn
8 5 5
1 1 .
x:£—§a+5jn:>a:§(5—x“) (1—2jnsx55“
8 5 5
which gives
1
1 n
§(X“—Z) 2n <X S(l_Zj ,
RE 5
Har (x)= 1 .
§(5—x”) (1—2jn <x <5,
5 5
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