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ABSTRACT

Assessment cases appear frequently in our evelifjdagvolving a degree of uncertainty
and (or) ambiguity. Fuzzy logic, due to its natofeharacterizing such cases with multiple
values, offers rich resources for dealing with thefuzzy Numbers play a fundamental
role in fuzzy mathematics, analogous to the rokeygd by the ordinary numbers in
classical mathematics. In the present paper wieauthe simplest form of Fuzzy Numbers
i.e. the Triangular Fuzzy Numbers, for assessingdestt learning skills. The concept of
learning is fundamental for the study of human dbgnaction and very many theories
have been developed through the years by psychstdogind education researchers for the
description and explanation of its mechanisms. dfoee the above fuzzy assessment
approach has an increased interest. Our resultbiesteated by an application on learning
mathematics, in which the use of Fuzzy Numbers rasssessment tool is validated
through the comparison with assessment methodsedbitvalent and fuzzy logic already
established by the author in earlier works.

Keywords: Learning assessment; GPA index; Fuzzy logic; Fuagsessment models;
Fuzzy numbers; Triangular fuzzy numbers

1. Introduction

The concept of learning is fundamental for the ywtafl human cognitive action. But,
while everyone knows empirically what learningtlse understanding of its nature has
proved to be complicated. This happens becausevéri difficult to understand the way
in which the human mind works, and therefore tocdbe the mechanisms of the
acquisition of knowledge by the individual. The lplem is getting even harder by taking
into account that these mechanisms, although thpga to have some common general
characteristics, they actually differ in their distérom person to person.

In 1956 Benjamin Bloom with collaborators Max Enwet, Edward Furst, Walter Hill,
and David Krathwohl published a framework for léag) teaching, and assessing, the
Taxonomy of Educational Objectividd. The Bloom’s Taxonomy has been applied in the
USA by generations of teachers and college ingiradh the teaching process. A revised
version of the taxonomy was created by Lorin Andeygormer student of Bloom [2].
Since the taxonomy reflects different  forms oinking and thinking is an active
process, in the revised version the names obitsnsijor levels were changed from noun
to verbforms. These levels, moving through the lowest omiecesses to the higher are:
Knowing - Rememberingrganizing - UnderstandingApplying Analyzing Generating
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- Evaluating and Integrating-Creating. The three upper levels are considered to be
parallel to each other, in contrast to the loweedhlevels, where the success to one of
them requires the earlier success in the previels (for more details see [3]).

There are very many theories and models in gendeafeloped through the years by
psychologists and education researchers, for trseriggion and explanation of the
mechanisms of learning. Voss [d4Hopting a Ferguson’s [5] hypothesis, has develaped
argument that learning is a specific case of threege class of theransfer of knowledge
(i.e. the use of the existing knowledge to prodoe® knowledge) and therefore any
instance of learning involves the use of alreadistasg knowledge.Thus, learning
consists of successive problem solving activitiasswhich the input information is
represented of existing knowledge, with the sofutioccurring when the input is
appropriately interpreted.

According to Voss [4] and many other researcheeddhrning process involves the
following main stepsRepresentationf the input datanterpretationof this data in order
to produce the new knowledggeneralizationof the new knowledge to a variety of
situations anatategorizationof the knowledge. More explicitly, the represematof the
stimulus input relies upon the individual's ability use contents of his/her memory in
order to find information that will facilitate a lstion development. Learning consists of
developing an appropriate number of interpretatamd generalizing them to a variety of
situations. When the knowledge becomes substamtiatbh of the process involves
categorization, i.e. the input information is imteted in terms of the classes of the
existing knowledge. Thus the individual becomes abl relate the new information to
his/her knowledge structures that have been vdyialescribed as schemata, or scripts,
or frames.

When placed in this relationship with transferrigag takes a level of complexity
greater than that of a simple extension of knowdedgulting from generalization, which
involves efficient execution of awareness, schemdadtion and automation of problem
solving operationstow — road and high — roadtransfer respectively according to the
Salomon’s & Perkins’s [6] terminology.

Voskoglou ([7] and [8]: Section 2.3) developedstchastic modeto describe
mathematically the process of learning in the ctas® by introducing a finite Markov
chain on the steps of the Voss'’s [4] framework l&arning. However, the knowledge
that students have about various concepts is wsumlberfect, characterized by a
different degree of depth. On the other hand, ftbenteacher’s point of view vagueness
usually exists for the degree of his/her studestgcess at each step of the learning
process. All the above gave us the motive to intcedprinciples of fuzzy logic for a
more realistic representation of the process ahlag. Namely, we have represented the
main steps of the learning process, presented albefezzy sets oa set of linguistic
labels (grades)characterizing the learner’s performance at eaeh ] and later we
have used the corresponding systemmsertaintyfor measuring learning skills ([8], [10],
etc). Meanwhile, Subbotin, Badkoobehi and Bilotddil], based on Voskoglou's [9]
fuzzy model for the process of learning, introdutieel idea of applyinghe Center of
Gravity (COG) defuzzification techniqte learning assessment (see also [12]: Section 2).
Recently, two, equivalent to each other, variatiohghe COG technique, initiated by
Subbotin, have been developed treating better iifdigrious assessment cases being at
the boundaries between two successive characterizaigrades) of the individual's
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performance: Th@riangular (e.g. [13]) and thdrapezoidal(e.g. [12]: Section 3fFuzzy
Assessment ModelSome more details about all the above fuzzy asse® methods
will be presented in the next Section of this work.

Our main target in the present paper is to intredaic alternative fuzzy assessment
method for the learning skills by utilizing thEiangular Fuzzy Number§TFNg as
assessment tools. In fact, there exists a strogigdbpro argument for employing this
approach: Roughly speaking, a TR b, 9§, with a, b and c¢ real numbers such thab
< ¢, actually meansapproximately equal to b’or, if you prefer,‘the value of b lies in
the real interval [a, c]’, expressions that constitute the basis for a fazsgssment.

The rest of the paper is organized as follows:hi second Section we summarize the
assessment methods (traditional and fuzzy) thadtave already applied in earlier works.
In the third Section we introduce the notionFafzzy Numbers (FNwhile in the fourth
Section we present the TFNs, the arithmetic opmmatidefined on them and basic
properties of them, to be used later in the pdpete fifth Section we describe the use
the TFNs for assessing learning skills and we dis¢he advantages and disadvantages
of this method with respect to the already esthblisin earlier works assessment
methods. Finally, the last Section 6 is devoteduioconclusions and a brief discussion of
the perspectives of future research on the subject.

2. Assessment methods: a summary of our previoussearches

The assessment of a system’s effectiveness (itheadegree of attainment of its targets)
with respect to an action performed within the egyst(e.g. problem-solving, decision
making, learning, etc) is a very important task #rables the correction of the system’s
weaknesses resulting to the improvement of its igéreerformance. In particular, the
social demand not only to educate, but also tosiflastudents according to their
gualifications, makes the student assessment otigeofiost important components of
the educational practice and research. Furthermbeeteacher obtaining through the
student assessmea overall view of his (her) students’ progresshedped to suitably
adapt his (her) teaching methods and plans ainoitiget best possible result.

2.1. Traditional assessment methods

The assessment methods commonly used in practcbamed on the principles of the
Boolean logic(yes-no). In casef group assessmetite majority of these methods focus
on the group’snean performancehe most typical example being the calculationhef
mean value of the individual performances of all the groupiembers. However, some
other methods focus on the grouqigality performancéoy assigning greater coefficients
(weights) to the higher performances of the group&mbers, a characteristic example
being the very popular in the USBrade Point Average (GPA) indde.g. see [12]:
Section 4.1) .

The GPA index is a weighted average of a groupéopmance. For calculating it,
the individual performance of each group’s membeatharacterized by one of the grades
A (85-100%) = excellent, B (75-84%) = very good(8D-74%) = good, D (50-59%) =
fair and F (< 50%) = unsatisfactory. Notice that #bove percentages assigned to each
grade are indicativeonly, which means that they whiffer (slightly) from case to case.
Now, if n is the total number of the group’s members diadk & denote the

numbers of them obtaining the grades A, B, C, D Enéspectively, the GPA index is
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On. +1n, + 2. + 3, + 4n,
n

(1) In the worst casenf = n) formula (1) gives that GPA = 0, while in the itlease

= n) it gives that GPA = 4. Therefore, we have in gahthat 0 < GPA < 4.

calculated by the formula: GPA =

2.2. Fuzzy assessment methods
Fuzzy logic the development of which is based on fuzzy detery [14], provides a
rich and meaningful addition to the standard (Bapnjelogic. Unlike Boolean logic,
which has only two states, true or false, fuzzyidatgals with truth values which range
continuously from 0 to 1. Thus something coulchb# true 0.5 orvery likely true0.9 or
probably not trued.1, etc. In this way fuzzy logic allows one tqeess knowledge in a
rule format that is close to a natural languageesgion and therefore it opens the door
to construction of mathematical solutions of comagiohal problems which are
imprecisely defined (e.g. [3, 8-13,15-17})e

In particular, assessment cases frequently appeaur everyday life involving a
degree of uncertainty and (or) ambiguity. Fuzzyidpdue to its nature of characterizing
such cases with multiple values, offers rich resesirffor dealing with them. This was
our motive in earlier works for using a number 0tZy methods for the assessment of
several human activities, like learning (see odrolfuction), problem-solving, decision
making, etc (e.g. [8, 12, 13]), but also for thesemsment of the effectiveness of
Case-Based Reasoning Systems [15]. Below we surmentdme most important of these
methods:
() Measurement of the Uncertaintgs it is well known from the classicéiformation
Theory[18], the reduction of aystem’s uncertaintwith respect to an action performed
within the system is connected to the new infororatobtained by this action: The
greater is the reduction of the uncertainty, theertbe new information obtained. The
reduction of the uncertainty (and therefore thernmfation connected to it) is calculated
by the classicabhannon’s formul§l8] , better known as th&hannon's entropywhich is
based on principles &robability TheoryThis formula has been properly adapted for use
in a fuzzy environment (17: p. 20). However, SchadR0] and many other researchers
after him believe that the human behaviour candtebrepresented by thossibility
rather [21] than by the Probability Theory. Thivg us in earlier works (e.g. [8, 10],
etc) the idea of utilize a systenttstal possibilistic uncertaint{{19]: p. 28) for assessing

! Let U denote the universal set of the discoursenTwe recall that fuzzy sefA onU (or otherwise duzzy
subsetof U), is a set of ordered pairs of the forn= {(x, m,(x)): x LJU}, where m,: U — [0,1] is its
membership functiothat assigns to each element x of U a real vatra the interval [0,1]. The value4x),
called themembership degree (or grade) of x ineXpresses the degree to which x verifies theachexristic
property of A. Thus, the nearer is,(R) to 1, the better x satisfies this property. FEasons of simplicity many
authors identify a fuzzy set with its membershipdiion. A fuzzy set A is also frequently represdregher by

a symbolic sum (finite or infinite) of the forrrz mA(X)/ Xor, if U has the power of the continuous, by a
xOou

symbolic integral of the fornj; mA( X) dx. Obviously each classical (crisp) subset A of b lba considered as
U
a fuzzy set on U, with gfx) = 1, if x[JU and m(x)=0, if x[JU. Most of the concepts of crisp sets are

extended to fuzzy sets. For general facts on feety and the uncertainty connected to them we tefére
book of Klir and Folger [21].

66



An Application of Triangular Fuzzy Numbers to Leimg Assessment

its effectiveness with respect to an action peréatwithin it. The main disadvantage of
this (fuzzy) assessment method, which focuses @mtran system’s performande that

it requires laborious calculations. Therefore we ot going to present any more details
of this method here.

(i) The COG Defuzzification TechniquaVhen reasoning with fuzzy rules, the initial
numeric data values afezzified that is they are turned into fuzzy values usirgtoper
membership functions. These values are combined) fiszzy logic operators. The result
is a single fuzzy set, which then mustdeduzzifiedo return to a crisp output value. There
are several defuzzification techniques in usentbst popular being probably ti@entre

of Gravity (COG) technique (e.g. see [22]). For applying the COGhn@ue one
corresponds to each x of the universal set U amiat of real values taken from a prefixed
numerical distribution (i.e. it replaces U with et ®f real intervals), which enables to
construct the graph of the membership functionlive. Then, according to the principles
of the COG technique, the final fuzzy outcome gresented by the coordinates of the
COG of the level's section contained between thaply and the X- axis.

In earlier papers (e.g. [12]: Section 2, etc) weeharoperly adapted the COG
defuzzification technique for use as an assessmetitod. For this, we have expressed
the group G under assessment as a fuzzy set aethé= {A, B, C, D, F} of the grades
characterizing its members’ individual performaiisee GPA index above) and we have
replaced U with a set of real intervals as follows.. [0, 1), D -~ [1, 2), C - [2, 3),

B - [3,4), A -~ [4,5]. Then the graph of the membership functdrG takes the
form of a bar graph consisting of five rectangksch one of them corresponding to the
grades F =3, D =x,, C =x3, B =%, and A =xs respectively (see Figure 1 of [12]). The
side of each rectangle lying on the X-axis, hagtlerequal to 1 metric unit, while the
other side has length equalyjo = m(x), for i=1,2, 3, 4, 5 respectively, wheyem(x)

is the corresponding membership function. Thennpgusivell known from Mechanics
formulas - see formulas (4) below in the proof odgdsition 2 - it is straightforward to
calculate the coordinates of the COG of the remylscheme and further to obtain a
criterion for comparing the performance of two foore) groups (e.g. see [12]: Section
2). However, as said in our Introduction, we relsehaive developed two (equivalent to
each other) variations of the COG technique trgaliatter the ambiguous assessment
cases. Consequently, here we shall focus on thasatisns rather, than on the COG
technique.

(iii) The Trapezoidal Fuzzy Assessment Model (TpFEANhe central idea of the TpFAM
is the replacement of the five rectangles appeanitige COG’s scheme by five isosceles
trapezoids sharing common parts and correspondinipe grades F, D, C, B and A
respectively (see Figure 2 of [12]). The heightsthie trapezoids have lengths equal to the
percentagey; , i = 1, 2, 3, 4, 5 of the members of G obtaining corresponding grade,
while their common parts correspond to the ambigucases being at the boundaries
between two successive grades (e.g. something8ik85% being at the boundaries
between A and B, etc). It is logical to considexttall the ambiguous caskeslong to both

of the corresponding gradesid consequently the common parts of the adjaagdzoids
must be included twice in the whole area of the A5 scheme, which is therefore equal
to the sum of the areas of the five trapezoids.sTlive COG of the whole areatrse
resultant of the system of the GOC's of the fiaparoids Then, it is straightforward to
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check ([12]: Section 3) that the coordinat&s ) of the COG of the TpFAM’s scheme

5 3
are calculated by the formulas.= (7_i¥,)= 2, Y,= 72 % ).
i=1 i=1

Further, using elementary algebraic inequalitied by simple geometric observations
it is straightforward to verify ([12]: Section 3hat the greater the value of .@he
better the corresponding group’s performanddso, if two groups have equal val
ues for X then: a) If X = 19, the group with the greater. ¥emonstrates the bet
ter performance, b) If X < 19, the group with the smaller. Ydemonstrates the
better performance

(iv) The Triangular Fuzzy Assessment Model (TFAM)e corresponding idea of the
TFAM is the use of isosceles triangles insteadhefttapezoids of the TpFAM (see Figure
2 of [13]). Then, following a similar procedure WwitpFAM ( [13]: Section 3), one finds
that the coordinatesX(, Y.) of the COG of the TFAM’'s scheme are calculatedthy
formulas:

5 1S )
X, = (7;iyi)-2, Yczg;yi 3).

The same with the TpFAM criterion is also obtaif@dcomparing the performance of two
(or more) groups. Observing formulas (2) and (& oan immediately see that the only
difference between the TpFAM and the TFAM is in tladues ofY,, but this does not
affect the assessment of the group performancerefidre the above two fuzzy
assessment modgl§FAM and TpFAM)are equivalent to each othém the sense that
through them one obtains exactly the same assetseseiits.

3. Fuzzy numbers (FNSs)

3.1. Definitions

A Fuzzy Numbe(FN) is a special form of fuzzy set on the Retf real numbers. FNs
play a fundamental role in fuzzy mathematics, ag@lis to the role played by the
ordinary numbers in classical mathematics. For gariacts on FNs we refer to Chapter
3 of the book of Theodorou [23], which is writtem Greek language, and also to the
classical on the subject book of Kaufmann and G[8#th

For introducing the notion of a FN, it becomes seey first to give the following three
introductory definitions:

Definition 1: A fuzzy set A on U with membership functign= m(x) is said to be
normal if there existx in U, such tham(x)= 1.

Definition 2: Let A be a fuzzy set in U, and let x be a real nendf the interval [0, 1].
Then the xcutof A, denoted by A is defined to be the set A {y OU: m(y)> x}.

Definition 3: A fuzzy set A orR is said to beconvexif its x-cuts A" are ordinary closed
real intervals, for all x in [0, 1].

For example, for the fuzzy set A whose membershiztion’s graph is represented in
Figure 1, we observe that*A= [5, 8.5] O [11, 13] and therefore A is not a convex
fuzzy set.

68



An Application of Triangular Fuzzy Numbers to Leimg Assessment

Figure 1: Graph of a non convex fuzzy set

We are ready now to give the definition of a FN:

Definition 4: A FN is a normal and convex fuzzy set ARmwith a piecewise continuous
membership function.

Figure 2 represents the graph of a FN expressiagfulzy concept‘The real
number X is approximately equal to 3\Ve observe that the membership function of this
FN takes constantly the value 0 outside the intdf4al0], while its graph in [0, 1] is a
parabola.

o
=Ty O Ll 1

0 1n

Figure 2: Graph of a fuzzy number

Since the x-cuts Aof a FN A are closed real intervals, we can whfe= [ A*, A*] for

each x in [0, 1], where A, A" are real numbers depending on x.

The following statement definegartial orderin the set of all FNs:
Definition 5: Given the FNs A and B we write AB (orx=) if, and only if,

A*<B*andA* < B* (orz) for all xin [0, 1]. Two FNs for which the abovelations
hold are calledomparable otherwise they are callewbn comparable

3.2. Arithmetic operations on FNs
The basic arithmetic operations on FNs are definegeneral in two alternative ways,
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equivalent to each other:

(i) With the help of their x-cuts and the Represemaflecomposition Theorefor fuzzy
seté: In fact, if A andB are given FNs, and “*" denotes an arithmetic oplena(addition,
subtraction, multiplication or division) betweereth, then applying the above theorem

X
for the fuzzy sefA * B we find thatA * B = Z x(A* B . But the x-cuts of the FNs
xJ0,1]

are ordinary closed real intervals, therefore, éf define that4 * B)‘= A** B* (where,
for reasons of simplicity, “*” in the second ternf the last equation denotes the
corresponding operation between closed real intErvinefuzzy arithmetids turned to
the well known arithmetic of the closed real intdsv.

(ii) By applying theZadeh’s extension principlg21]: Section 1.4, p.20), which provides
the means for any function f mapping the crispé&tt the crisp set Y to be generalized
so that to map fuzzy subsets of X to fuzzy subseYs

In practice the above two general methods of thleyfiarithmetic, requiring laborious
calculations, are rarely used in applications, whbe utilization of simpler forms of FNs
is preferred.

4. Triangular fuzzy numbers (TFNSs)

4.1. Definition and basic properties of TFNs

The membership function’s graph of the TR\ b, 9, wherea< b < ¢ are given real
numbers, is represented in Figure 3. We obsentahltbanembership functiopem(x) of
it takes constantly the value 0, if x is outside thterval i, d, while its graph in the
interval [a, d is the union of two straight line segments forquia triangle with the
X-axis.

B(b,1)

o A0,0) M C(c,0)
Figure 3: Graph and COG of the TFN (a, b, c)

Therefore, the analytic definition of a TFN is givas follows:

2 The Representation-Decomposition TheofrRalesscou-Negoita ([25]: Theorem 2.1, p. 16)estthat a

fuzzy set A can be completely and uniquely expiésds the family of its x-cuts in the form
> XA
x(00,1]
3 We recall that an arithmetic operation “** betwestosed real intervals is defined by the general r
[a,b] *[a, bl ={x*y:x,y JR,a < x < a,b <y < b}[24].

A=
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Definition 6: Leta, bandc be real numbers with < b < c. Then theTriangular Fuzzy
Number (TFNA = (a, b, ¢) is a FN with membership function:

x
Q

, xO[a b

O T
X o

mY=1——, X[bh¢

C_
0, X<aor Xx>c¢

y

In the above definition we obviously have thafb)=1, while b need not be in the
“middle” of a andc.

The following two Propositions refer to basic prdjes of TFNs that we are going to use
later in this paper:

Proposition 1. The x-cuts Aof a TFN A = @, b, 9, xO[0, 1], are calculated by the
formula A =[A*, A*]=[a+ x(b - a), c- x(c-b)].
Proof: Since A = {yOR: m(y= x}, Definition 6 gives for the case of\*that

y—-a - X c-y
=X < y=a+ x(b—a). Similarly for the case ofA " we have that

=X

b-a c-b

= y=c-x(c-h).

Proposition 2. The coordinatesX, Y) of the COG of the triangle forming the graphloé t
TFN (@ b, c) are calculated by the formulaX = a+§+c , Y = % .

Proof: The graph of the TFNa( b, c) is the triangle ABC of Figure 3, with A,(0), B (©,
1) and C ¢, 0). Then, the COG, say G, of ABC is the interiacpoint of its medians AN

b+c b at+c . .
and BM, where N (T ’E) and M (T, 0). Therefore the equation of the straight

X—a _Y
line on which AN liesis ¢ T ,orx+(2a-b-cly=a (4).

——-a

2 2
In the same way one finds that the equation oftraght line on which BM lies is
2X+(a+c+2b)y=a+c (5)
2 a+c-2
1 2a-b-
solution with the respect to the variabbesand y determining the coordinates of the

triangle’s COG.
The proof of the Proposition is completed by obisgythat

a+c at+tc-2
=a’-c’+ba-bc=(ar ) a ¥+ ba X
a 2a-b-

Since D =

j =3(a-c)# 0, the linear system of (4) and (5) has a unique

D=
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1 a+o‘
=c-a.

= (a-c)(a+c+t Pandp 5 a

4.2. Arithmetic operations on TFNs
It can be shown that the two general methods féinidg arithmetic operations on FNs
presented in the previous Section lead to thevatig simple rules for thaddition and
subtractionof TFNs:
LetA=(a, b, 9 and B = &, by, ¢;) be two TFNs. Then
e The sumA + B =d+a,, b+h,, c+cy).
* The difference A - B = A + (-B) =a&f¢, b-b;, c-a), where —B =1y, -by, -a) is
defined to be theppositeof B *.
In other words, the opposite of a TFN, as wellressum and the difference of two TFNs
are also TFNs.
On the contrary, the product and the quotient af W#Ns, although they are FNbey
are not always TFN$However, in the special case wharé, c, a, b, ¢, are inR", it can
be shown that the fuzzy operations raliltiplication and division of TFNs can be
approximately performefy the rules:
e The product A B = (aa,, bb, cac).
Th tient A: B=AB" abChBl IR
. e quotient A : = = (<) whereB = (T <)is
q ( ) ( a'h'c )
defined to be thinverseof B.

a b g

In other words, irR" the inverse of a TFN, as well as the product &eddivision of two
TFNs can be approximately considered to be TFNs too
Further, one can define the following twoalar operations

o k+A=(k+ta, k+b, k+c), kOR

* kA=(ka, kb, ko),ifk>0and kA = (k, kb, ka), if k<O.
We close with the following definition, which wille proved useful in the next Section of
this paper for the assessment of learning skiilsguthe TFNs :
Definition 7: Let A (a, b, ¢) ben TFENs, wheren is a non negative integer2 2. Then

1
we define thenean valuef the above TFNs to be the TFN Aﬁ A+ A+ ... +A).

5. Use of the TFNs for student assessment

In this Section we utilize the TFENs as an alterrmatiool for student assessment. The
effectiveness of this approach is validated by canmg the results obtained with the
corresponding results of other assessment metHoedg established in earlier works
(see the second Section of this paper). All thesenaaterialized through the following

classroom application on learning mathematics:

5.1. The classroom application
Mathematical activity is an original and naturabrabnt of the human cognition.

4 Obviously A + (-A) = (a-c, 0, c-a¢ O = (0, 0, 0), where the TFN O is defined by O(X),# x =0 and
O(x)=0, ifx£0
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Therefore, it is of great importance to experimenteffective ways of evaluating the
student skills for learning mathematics. This gawe the impulse to perform the
following classroom experiment, which is based loa traditional and fuzzy assessment
methods for learning presented in this paper.

The experiment took place recently at the Graduaehnological Educational
Institute (T. E. 1.) of Western Greece and it wakted to the teaching (by the same
instructor) of the definite integral to the studewf two different Departments of the
School of Management and Economics within their mam course “Mathematics for
Economists I” of their first term of studies.

The duration of the corresponding lecture was tihiae's for each Department, but
the teaching methods followed were different: dotf for the first Departmentgntrol
group) the lecture was performed in the classical wayttmn board, starting with the
presentation of the relevant theoretical resulie (tetails of some proofs were omitted),
which was followed by the detailed solution of aner of suitably chosen exercises and
problems ([26]: Chapter 17). The students were dbleask questions, but not to
participate in the solutions’ procedure. In thisywihe instructor saved time resulting to
the solution of more exercises and problems oitized.

On the contrary, for the second Departmemtpérimental grou)p the instructor
followed the process @édiscovenyf27], keeping in mind what Polya [28] says &mtive
learning: “For an effective learning the learner discovel@na the biggest possible,
under the circumstances, part of the new informé&ti®@hus, in his short introduction he
presented the concept of the definite integraluphothe need of calculating the area
under a curve, but he stated the fundamental threofeéhe integral calculus - connecting
the indefinite (that have been already taught edrlwvith the definite integral of a
continuous in a closed interval function - withqubof. Then he left students to work
alone on their drafts and he was inspecting thiarts and reactions, giving to them
from time to time suitable hints or instructionsisHhtension was to help students to
understand the basic methods of calculating a itiefintegral in terms of the already
known corresponding methods for the indefinite gné& step of interpretation of the
Voss's [4] framework for learning; see our Introtan.

Next, the instructor gave to students for soluttonumber of exercises involving
calculation of improper integrals as limits of aéfe integrals and also calculation of the
area under a curve, or among curves. In this waydrged to help students to generalize
the new information to a variety of situations [stef generalization). Finally,
integrating his lecture, he presented for solutomumber of composite problems
involving applications to economics, such as calboh of the present value in cash
flows, of the consumer’s and producer’s surplusiltegy from the change of prices of a
given good, of probability density functions, etf. ((26], chapter 17). In this way he
wanted to help students to relate the new infoimnatio their existing knowledge
structures (step of categorization). Obviously teaching method followed for the
experimental group was consuming time, which mebaspart of the above composite
problems was left to students as homework. Theulestfor the definite integral were
followed (the next week) by a written test (exam) €hecking the student progress.
Students achieved the following scores (in a clifinasn 0 to 100) in this test:

First Department(D,): 100(2 times), 99(3), 98(5), 95(8), 94(7), 93(1), @2, 90(5),
89(3), 88(7), 85(13), 82(6), 80(14), 79(8), 78(B(3), 75(3), 74(3), 73(1), 72(5), 70(4),
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68(2), 63(2), 60(3), 59(5), 58(1), 57(2), 56(3), 55(4), 54(2), 53(1), 52(2), 51(2), 50(8),
48(7), 45(8), 42(1), 40(3), 35(1).

Second Department (D,) :  100(1), 99(2), 98(3), 97(4), 95(9), 92(4), 91(2), 90(3), 88(6),
85(26), 82(18), 80(29), 78(11), 75(32), 70(17), 64(12), 60(16), 58(19), 56(3), 55(6), 50(17),
45(9), 40(6).

5.2. Assessment of the application’s data
Traditional MethodsCalculating the means of the above scores, on®xippately finds

the values%z 72.44 for Qand %ﬁ;ggz 72.04 for Qyrespectively, showing that,D

demonstrated a slightly betterean performandianD..
Next, summarizing the student scores presentedealdth respect to the grades

(linguistic labels) A, B, C, D and F defined earlisee paragraph for the GPA index), one
forms Table 1 as follows:

TEN D, D,
A 60 60
B 40 90
C 20 45
D 30 45
F 20 15

Total 17C 25E

Table 1: Students’ performance in terms of the linguistiadgs

Replacing the data of Table 1 in formula (1) onedd$i for O the value GPA =
30+ 2*20;73(;4% 4760_ 4—735)): 2.529 and similarly the same value fos. ’his means
that both Departments demonstrated the sauality performance which can be
characterized as more than satisfactory, sinceahge 2.529 found for the GPA index is
greater than the half of its maximal possible vgiug=2).

The TpFAM/TFAM method$irom Table 1 one easily calculates the percentafjéise
students of D who obtained the grades F, D, C, B and A respelgtiwhich are the

. 2 3 4 6 . .
following: y; = y3 = =, = = vy,= —,Vys = —. Replacing these values in the
0 Y1=Ys 17 Y2 17 Ya 17 Ys 17 p g

first of formulas (2) or (3) one finds that the aerdinate of the COG of the
2+42"3+3*2+4%4+5%6) _ , _

corresponding schemefor D;is equal toX, = 7( T
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31176~ 22.7. Working similarly one also finds the samé&ugeof X. for D,. Therefore, in

order to compare the two Departments’ performanoe must also calculate the
y-coordinatesy; of the corresponding COGs. This is done by reptatie values of the
yi, fori=1, 2, 3, 4, 5, in the second of formula¥ @2 (3). For example, the second of (3)
gives for chat

Y= _[(17) 17) 6)72] =% In the same way one finds for.he

valueY, = —m. ButX, = 22.7 >19, therefore, according to the correspandiiterion

(see paragraph for the TpFAM), Demonstrated a slightly bettquality performance
than D.

Notice also that in case of the ideal performangge (,y;= y»= y3= y,= 0) the first
of formulas (2) or (3) give thaX. = 33. Therefore, since the valueXf = 22.7 found
for both Departments is greater than the half sfvialue corresponding to the ideal
performance (33:2 = 16.5), the quality performanéethe two Departments can be
characterized as more than satisfactory.

Finally we observe that, although according to@&#A index the two Departments
demonstrated the same quality performance, the WBFBAM methods have shown
that D, demonstrated a slightly better than @uality performance. In order to explain
this difference, observe first that formula (1)atéhting the GPA index can be written in
terms of the student percentages in the form GRAE=2y; + 3y, + 4. Then, a simple
observation of the last formula and the first ofnfialas (2) or (3) combined with the
corresponding criterion for the comparison of theug performance (depending on the
values of X;), shows that the TpFAM/TFAM methods assign greateefficients
(weights) to the higher scores than the COG indiexther wordsthe TpFAM/TFAM
methods are more sensitive than the GPA indexaditfher scoresind this explains the
above difference.
Use of the TFNd: et us now come to the core of this section, wisdhe use of TFNs as
an alternative tool for learning assessment. Her tie assign to each linguistic grade a
TFN (denoted, for simplicity, by the same lettes)fallows: A= (85, 92.5, 100), B = (75,
79.5, 84), C = (60, 67, 74), D= (50, 54.5, 59) &d (0, 24.5, 49). Namely, the middle
entry of each TFN is equal to the mean value ofthdent scores previously assigned to
the corresponding linguist label (grade). In thesyva TFN corresponds to each student
assessing his (hemdividual performanceThe replacement of the linguistic grades by
TFNs for the individual student assessmdmdve the advantage of determining
numerically the scores assigned to each gradsch, as we have already seen, are not
standard, since they may slightly differ from ctsease.
It is of worth to notice here that in an earlierrw$29] an assessment of the student
individual performance in problem solving was afpéed by assigning to each student an
ordered triple of linguistic gradesharacterizing his (her) performance in the thmeén
steps of the problem solving process. In the saor& Wwwas shown that this approach is
equivalent to the A. Jones method [30] of assessisiydent’s knowledge in terms of his
(her)fuzzy deviation with respect to the teacher

The same approach can be also applied here fossisgethe individual student
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learning skills. For example, the ordered triple BA C) could be assigned to a student
who demonstrated an excellent performance at #e st interpretation, a very good
performance at the step of generalization and ad goerformance at the step of
categorization. However, in this way the overaltfpenances of two different students
are not always comparable. For example this happéhgwo students with profiles (A,
B, C) and (B, B, B) respectively. Mathematicallyeaging, this approach defines a
partial order only on the student individual performances; a.gtudent with profile (A,
B, C) demonstrates a better performance than otteprafile (B, B, D), etc. Further, this
approach is laborious requiring an independentuai@n of the student performance at
each stepof the learning process, which could not be pradicpossible, since the
boundaries between these steps are not always clear

After this parenthesis, let us return to the TFM& observe that in Table 1 we
actually have 170 TFNs representing the indivicamtformance of the students of D
and 255 TFNs representing the individual perforreasicthe students of DTherefore,
it is logical to accept that the overall performamt each Department can be represented
by the corresponding mean values of the above TB&s Definition 7). For simplifying
our notation, let us denote the above means blettez of the corresponding Department.
Then, making straightforward calculations, one ditioht

1
Di= 775 (B0A+40B+20C+30D+20F)= (6353, 71.74, 83.47) and

1
D,= ——.(60A+90B+45C+45D+15F)= (65.88, 72.63, 79.53).

255
The above TFNs (mean valuggye us the following information:
® The overall performance of,0s characterized numerically by a score lying

in the interval [63.53, 83.47], i.e. from good (©@)very good (B). Similarly,
the performance of Os characterized by a score lying in the intef@al88,
79.53].

(i) The middle entries 71.74 and 72.63 of the two THFdige a rough
approximation (C=good) of the scores characterizing numericalhe t
performance of Pand 3 respectively.

But, let us explain why we have characterized thkias of the middle entries of the
TFNs D, and B as been rough approximations of the corresporstioges. We observe
first that these valuedo not calculate the mean performances of the tepattmentsin
fact, calculating the means of the student scardisd classical way we found above (see
Traditional Methods) the values 72.44 and 72.04aetvely, demonstrating a slightly
better mean performance fog.[ et us now go back to the definition of the TFAISB,

C, D and F. The middle entries of these TFNs waasen to be equal to the means of
the scores assigned to each of the correspondiggidtic grades. Therefore the middle
entries of the TFENS Dand D are actuallyequal to the mean values of these mgans
which justifies completely the characterizationdigh” given to them.

Thus, the question is how one can compare the bysreormances of the two
Departments. If the TFNSand Dy are comparable (see Definition 5), the answerigo th
guestion is easy. For example, if ®D,, then Q demonstrates a better performance than
D,. Therefore, it becomes necessary to check if #dsTD, and 3 obtained above are
comparable or not.
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For this, by Proposition 1 one finds that the xsooftthe two TFNs are

D, = [63.53+8.21x%, 83.47-11.73x] and,'D- [65.88+6.75%, 79.53-6.9x] respectively for
all x in [0, 1]. Further, we have that 63.53+8.2%x 65.88+6.75x = 1.46x <2.35
< X < 1.61, which is true for all x in [0, 1]. But 8347.73x< 79.53-6.9x
= 3.94< 4.83x = 0.82< x, which does not hold for all x in [0, 1]. Theredpaccording
to Definition 5, the TFNs Pand 3 are not comparable, which means that cas@ not
immediately decide which of the two Departmentsotestnates the better performance
A good way to overcome this difficulty is tefuzzify our fuzzy outpuise. the TFNs B
and D. For this, we apply the COG defuzzification tecjud. In fact, by Proposition 2,
the COGs of the triangles forming the graphs oftRé&ls Db and D have x-coordinates
63.53+ 71.74 83.47 _ 65.88+ 72.63 79.53

= 7291 and X' = = 72.68

equal to X =
3 3

respectively.

Observe now that the GOGs of the graphs pald D lie in a rectangle with sides
of length 100 units on the X-axis (student scoresnfO to 100) and one unit on the
Y-axis (hormal fuzzy sets). Therefotbe nearer the x-coordinate of the COG to 100, the
better the corresponding Department’s performafideus, sinceX > X’, D; demonstrates
a better overall performance than D

6. Discussion and conclusions

In the present paper we used the TFNs as a tooktfadent assessment. The main
advantage of this approach is that in casmdividual assessmem¢ads to a numerical
result, which is more indicative than the qualitatresults obtained in earlier works by
applying alternative fuzzy assessment methods. I@n contrary, in case ofroup
assessmentthis approachinitially leads to a linguistic characterization othe
corresponding group’s overall performance, whicmét always sufficient for comparing
the performances of two different groups our fuzzy assessment methods applied in
earlier works do. This is due to the fact thatitrexjuality between TFNs defines on them
a relation of partial order only. In such caseme extra calculations are needadrder

to obtain the required comparison by defuzzifyihg resulting TFNs. This could be
considered a disadvantage of this approach, althtiug extra calculations needed are
very simple.

Concerning our classroom experiment on meaguttie student learning skills,
notice first that the student scores obtained & Blanhellenic Exam for entering the
Tertiary Education were at the same level for bogpartments. This means that the
potential of the two Departments concerning thieident competencies on the secondary
mathematics was almost the same. Therefore, dimamd¢an performancef D, as well
as itsoverall performancessessed using the TFNs were proved to be be#erD, it
seems that the students of [rontrol group) were helped better in general by t
application of the classical method of teachingdignite integral, since in this way they
had the opportunity to see on the board more agjits solved in detail by the
instructor. However, according to the TpFAM/TFAM deb D, (control group)
demonstrated a slightly better quality performatiten O (the quality performances
were proved to be identical according to the GREex), which could mean that the good
students of B (higher scores) were benefit by the applicatiothefrediscovery method.
At any case, all the above are weak indicationy, @ihce the performance differences
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were very small in all cases. In concluding, mexperimental research is needed for
obtaining statistically safer conclusions about #ftectiveness of rediscovery as a
teaching method for mathematics,

Further, our new method of using the TFNsléarning assessment is of general
character, which means that it could be utilizeduiture for assessing other human (or
machine) activities too. Further, the utilizatiohother types of FNs as assessment tools
could be of particular interest. For examptapezoidal FNg24] of the form (a, b, c, d)
could be used in cases where one wants to assespo#sibility of a value to be
approximately in the interval [b, c]. All the abogenstitute targets of our future research
on the subject.
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