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ABSTRACT  
In this paper, we introduce and discuss almost partially α –compact fuzzy sets in fuzzy 
topological spaces. We show that the continuous image of an almost partially α –
compact fuzzy set is almost partially α –compact. Also we introduced α –level 
continuous mapping. 
 
Keywords: Fuzzy topological spaces; almost partially α –compact fuzzy sets. 
 
1. Introduction   
Fuzzy compactness is very important in fuzzy topological spaces. Fundamental concept 
of fuzzy set was first introduced by Zadeh [16]. Chang developed the theory of fuzzy 
topological spaces and fuzzy compactness [3]. Gantner et al. introduced α –compactness 
in [6]. Talukder and Ali first introduced partially α –compact fuzzy set in [14]. Many 
other researchers discussed other fuzzy compactness in their different papers. α –almost 
compactness was first introduced by Mukherjee and Bhattacharyya [12]. Here we discuss 
almost partially α –compact fuzzy sets and obtain its several properties. 
 
2. Preliminaries    
In this section, we recall some basic definitions which are needed in the sequel. The 
followings are necessary in our discussion and can be found in the paper referred to. 
 
Definition 2.1. [16]  Let X be a non-empty set and I is the closed unit interval [0, 1]. A 
fuzzy set in X is a function u : X →  I which assigns to every element x∈X. u(x) denotes 

a degree or the grade of membership of x. The set of all fuzzy sets in X is denoted by XI . 

A member of XI  may also be called a fuzzy subset of X. 
 
Definition 2.2. [11]  Let λ  be a fuzzy set in X , then the set { x ∈ X : λ (x) > 0 } is 
called the support of λ  and is denoted by 0λ  or suppλ .  

 

Definition 2.3. [3]  Let X be a non-empty set and t ⊆ XI  i.e. t is a collection of fuzzy 
sets in X. Then t is called a fuzzy topology on X if  
(i) 0, 1 ∈t 
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(ii) if iu ∈t for each i ∈J, then ∪
i

iu ∈t 

(iii) if u, v ∈t, then u ∩  v ∈t 
The pair ( )t,X  is called a fuzzy topological space and in short, fts.  
 
Definition 2.4. [11]  Let λ  be a fuzzy set in an fts ( )t,X . Then the closure of λ  is 

denoted by
_

λ  and defined by 
_

λ = ∩ { µ  : λ  ⊆  µ  and µ  ∈ ct }.  
 
Definition 2.5. [11]  Let λ  be a fuzzy set in an fts ( )t,X . Then the interior of λ  is 

denoted by 0λ  or intλ  and  defined by 0λ  = ∪ { µ  : µ  ⊆  λ  and µ  ∈t }.  
 
Definition 2.6. [3]  Let f : X →  Y be a mapping and u be a fuzzy set in X. Then the 
image of u, written (u)f , is a fuzzy set in Y whose membership function is given by 

f(u) (y) = 






=
≠∈

−

−−

φ
φ

(y)fif0

(y)fif}(y)fx:(x)u{sup
1

11

. 

 
 
Definition 2.7. [8]  Let f be a mapping from a set X into Y and v be a fuzzy set of Y. 
Then the inverse of v written as 1f − (v)  is a fuzzy set of X and is drfined by 1f − (v) (x) = 
v(f(x)), for x∈X. 
 
Definition 2.8. [3]  Let ( )t,X  and ( )s,Y  be two fuzzy topological spaces. A 

mapping f : ( )t,X  →  ( )s,Y  is called an fuzzy continuous iff the inverse of each s–
open fuzzy set is t–open. 
 
Definition 2.9. [15]  Let ( )t,X  and ( )s,Y  be two fuzzy topological spaces. Let f : 

( )t,X  →  ( )s,Y  be a mapping from an fts ( )t,X  to another fts ( )s,Y . Then f is 
called  
(i) a fuzzy open mapping iff f (u) ∈s for each u∈ t. 
(ii) a fuzzy closed mapping iff f (v) is a closed fuzzy set of Y, for each closed fuzzy set v 
of X.  
 
Definition 2.10. [11]  Let ( )t,X  be an fts and A ⊆  X. Then the collection At =      
{u|A  : u ∈ t } = { u ∩  A  : u ∈ t }  is fuzzy topology on A, called the subspace fuzzy 
topology on A and the pair ( )At,A  is referred to as a fuzzy subspace of ( )t,X . 
 
Definition 2.11. [5]  Let ( )At,A  and ( )Bs,B  be fuzzy subspaces of fts’s ( )t,X  

and ( )s,Y  respectively. Then a mapping f : ( )At,A  →  ( )Bs,B  is relatively fuzzy 

continuous iff for each v ∈ Bs , the intersection 1f − (v) ∩  A ∈ At . 
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Definition 2.12. [2]  Let λ ∈ XI  and µ ∈ YI . Then ( λ × µ  ) is a fuzzy set in  X × Y 

for which ( λ × µ  ) ( x , y ) = min { λ (x) , µ (y) } , for every ( x , y ) ∈X ×Y.  
 
Definition 2.13. [13]  An fts ( )t,X  is said to be fuzzy 1T –space iff for every x, y ∈ X, 
x ≠  y, there exist u, v ∈t such that u(x) = 1, u(y) = 0 and v(x) = 0, v(y) = 1.    
 
Definition 2.14. [4]  An fts ( )t,X  is said to be fuzzy regular iff each open fuzzy set u 

of X is a union of open fuzzy sets iu  of X such that iu ⊆ u for each i .  
 
Definition 2.15. [6]  Let ( )t,X  be an fts and α ∈ I. A collection M of fuzzy sets is 

called an α –shading  ( res. *α –shading ) of X if for each x ∈ X there exists a u ∈ M 

such that u(x) >α  ( res. u(x) ≥ α  ). A subcollection of an α –shading ( res. *α – 

shading ) of X which is also an α –shading  ( res. *α –shading ) is called an α –

subshading  ( res. *α –subshading ) of X.   
 
Definition 2.16. [9]  Let ( )t,X  be an fts and 0≤ α < 1 , then the family αt  = { α (u) : 

u ∈ t } of all subsets of X of the form α (u) = { x ∈ X : u(x) >α  } is called α –level 
sets, forms a topology on X and is called the α –level topology on X and the pair 
( )αt,X  is called α –level topological space.   

 
Definition 2.17. [14]  Let ( )t,X  be an fts and α ∈I. A family M of fuzzy sets is called 

a partial α –shading ( respectively partial *α –shading ), in short, αp –shading ( 

respectively *pα – shading ) of a fuzzy set λ  in X if for each x ∈ 0λ , ( 0λ  ≠  X ) there 

exists a u ∈M with u(x) >α  ( respectively u(x) ≥ α  ). If each u is open, then M is 

called an open αp –shading        ( respectively open *pα –shading ) of λ  in ( )t,X .   

A subfamily of a αp –shading ( respectively *pα –shading ) of λ  which is also a αp –

shading ( respectively *pα –shading ) of λ  is called a αp –subshading ( respectively 
*pα –subshading ) of λ .  

For definitions of other concepts, used here, cf.[1]. 
 
3. Characterizations of almost partially α –compact fuzzy sets  
In this section, we define and discuss characterizations of almost partially α –compact 
fuzzy sets.  
 
Definition 3.1.  A family { iu  : i ∈J } is a proximate partial α –shading ( respectively 

partial *α –shading ), in short αpp –shading ( respectively *ppα –shading ) of a fuzzy 



M. A. M. Talukder and D. M. Ali 

70 
 

set λ  in X when { iu  : i ∈ J } is a αp –shading ( respectively *pα –shading ) of λ  i.e. 

iu (x) >α  ( respectively iu (x) ≥ α  ) for each x ∈ 0λ .        

A subfamily of { iu  : i ∈J } which is also a αpp –shading ( respectively *ppα –shading 

) of λ  is said to be αpp –subshading ( respectively *ppα –subshading ) of λ .   
  
Definition 3.2.  Let ( )t,X  be an fts and α ∈I. A fuzzy set λ  is said to be almost 

partially α –compact, in short αap –compact ( respectively almost partially *α –

compact, in short *apα –compact ) iff every open αp –shading ( respectively *pα –

shading ) of λ  has a finite subfamily whose closure is αp –shading ( respectively *pα –

shading ) of λ  or equivalently every open αp –shading ( respectively *pα –shading ) of 

λ  has a finite αpp –subshading ( respectively *ppα –subshading ).  
The ideas of the theorems 3.3, 3.6, 3.11, 3.12 and 3.13 are taken from [7, 10]   
 
Theorem 3.3.  Let ( )t,X  be an fts, A⊂ X and λ  be a fuzzy set in X with 0λ ⊆ A. 

Then  
( i ) λ  is αap –compact in ( )t,X  iff λ  is αap –compact in ( )At,A . 

( ii ) λ  is *apα –compact in ( )t,X  iff λ  is *apα –compact in ( )At,A . 

Proof ( i ): Suppose λ  is αap –compact in ( )t,X . Let { iu  : i ∈J } be an open αp – 

shading of λ  in ( )At,A , then {( )0

iu  : i ∈J } is also an open αp –shading of λ  in 

( )At,A . So there exists iv ∈t such that iu = A ∩ iv ⊆ iv . Therefore { iv : i ∈J } is 

an open αp –shading of λ  in ( )t,X . But iu = ivA ∩ ⊆ A ∩ iv  ⊆ iv , so {( )0

iv  : 

i ∈J } is also an open αp –shading of λ  in ( )t,X . Since ( )0

iv ⊆ iv  and λ  is αap –

compact in ( )t,X , then {( )0

iv  : i ∈J } has a finite αpp –subshading, say {
ki

v  

: k ∈ nJ } such that 
ki

v (x) >α  for each  x∈ 0λ . Now, (A ∩ ∪
n

k
Jk

iv
∈

 ) (x) >α  ⇒  

∪
nJk

(
∈

A ∩
ki

v  ) (x) >α  ⇒  ∪
n

k
Jk

iu
∈

(x) >α , as 0λ ⊆ A and hence it shows that {
ki

u  : 

k ∈ nJ  } is a finite αpp –subshading of { iu  : i ∈J }. Therefore λ  is αap –compact in 

( )At,A .  

Conversely, suppose λ  is αap –compact in ( )At,A . Let { iv  : i ∈J } be an open 

αp –shading of λ  in ( )t,X , then {( )0

iv  : i ∈J } is also an open αp –shading of λ  

in ( )t,X . Put iu = A ∩ iv , then A ∩ ( ∪
Ji

iv
∈

) = ∪
Ji

(
∈

 A ∩ iv  ) = ∪
Ji

iu
∈

. But 
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iu ∈ At , so { iu  : i ∈J } is an open αp –shading of λ  in ( )At,A . Therefore {( )0

iu  : 

i ∈J } is also an open αp –shading of λ  in ( )At,A . As ( )0

iu ⊆ iu  and λ  is αap –

compact in ( )At,A , then {( )0

iu  : i ∈J } has a finite αpp –subshading, say { 
ki

u  : 

k ∈ nJ  } such that 
ki

u (x) >α  for each x ∈ 0λ . But iu = ivA ∩ ⊆ A ∩ iv ⊆ iv , then 

{
ki

v  : k ∈ nJ  } is a finite αpp –subshading of { iv  : i ∈J }. Thus λ  is αap –compact 

in ( )t,X .      
( ii ) The proof is similar. 
 

Corollary 3.4.  Let ( )*t,Y  be a fuzzy subspace of an fts ( )t,X  and A ⊂  Y ⊂  X       

( proper subsets ). Let λ  be a fuzzy set in X with 0λ ⊆  A. Then λ  is αap –compact      

( respectively *apα –compact ) in ( )t,X  iff λ  is αap –compact ( respectively *apα –

compact ) in ( )*t,Y . 

Proof : Let At  and *
At  be the subspace fuzzy topologies on A. Then preceding theorem, 

λ  is αap –compact in ( )t,X  or ( )*t,Y  iff λ  is αap –compact in ( )At,A  or 

( )*
At,A . But At = *

At .  

Similar proof of *apα –compactness can be given.    
 
Theorem 3.5.  Let ( )t,X  and ( )s,Y  be two fts’s and f : ( )t,X  →  ( )s,Y  be 
fuzzy continuous and surjective. Then 
( i ) If λ  is αap –compact in ( )t,X , then f (λ ) is αap –compact in ( )s,Y . 

( ii ) If λ  is *apα –compact in ( )t,X , then f (λ ) is *apα –compact in ( )s,Y .     

Proof (i ): Let { iu  : i ∈J } be an open αp –shading of f (λ ) in ( )s,Y , then {( )0

iu  : 

i ∈J } is also an open αp –shading of f (λ ) in ( )s,Y . As f is fuzzy continuous, then 

1f − ( )0

iu ∈ t and hence { 1f − ( )0

iu  : i ∈J } is an open αp –shading of λ  in ( )t,X . 

For, let x ∈ 0λ , then f (x) ∈f ( 0λ ). So there exists ( )0

0i
u ∈{ ( )0

iu  : i ∈J } such that         

( )0

0i
u (f (x) ) >α  ⇒  1f − ( )0

0i
u (x) >α . As λ  is αap –compact, then { 1f − ( )0

iu  : 

i ∈J } has a finite subfamily, say { 1f − ( )0

ki
u : k ∈ nJ  } such that ( )0

ki
1 uf − (x) >α  for 

each x ∈ 0λ . But ( )0

iu ⊆ iu  and fuzzy continuity of f, 1f − ( )iu  must be a closed fuzzy 

set in X such that 1f − ( )0

iu ⊆ 1f − ( )iu  and then ( )0

i
1 uf − ⊆ 1f − ( )iu . Therefore f 

( ( )0

i
1 uf − ) ⊆  iu  for each i ∈J. Now, if y ∈f ( 0λ ), then y = f (x) for some x ∈ 0λ , as f 
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is surjective. So there exists k such that 1f − ( )
ki

u  (x) >α  ⇒  
ki

u (f (x) ) >α  ⇒  
ki

u (y) 

>α . Hence f (λ ) is αap –compact in ( )s,Y .   
( ii ) The proof is similar.  
 
Theorem 3.6.  Let ( )t,X  and ( )s,Y  be two fts’s and f : ( )t,X  →  ( )s,Y  be 
open, closed and bijective . Then 

( i ) If λ  is αap –compact in ( )s,Y , then 1f − ( λ ) is αap –compact in ( )t,X . 

( ii ) If λ  is *apα –compact in ( )s,Y , then 1f − ( λ ) is *apα –compact in ( )t,X .     

Proof (i ): Let { iu  : i ∈J } be an open αp –shading of 1f − ( λ ) in ( )t,X , then {( )0

iu  

: i ∈J } is also an open αp –shading of 1f − ( λ ) in ( )t,X . Since f is open, then f 

( )0

iu ∈s and hence {f ( )0

iu  : i ∈J } is an open αp –shading of λ  in ( )s,Y . For, let y 

∈ 0λ , then 1f − (y) ∈ 1f − ( 0λ ). So there exists ( )0

0i
u ∈{ ( )0

iu  : i ∈J } such that 

( )0

0i
u ( 1f − (y) ) >α  ⇒  f ( )0

0i
u (y) >α . As λ  is αap –compact in ( )s,Y , then         

{f ( )0

iu  : i ∈J } has a finite subfamily, say { f ( )0

ki
u : k ∈ nJ  } such that ( )0

ki
u f (y) 

>α  for each y ∈ 0λ . But ( )0

iu ⊆ iu  and f is closed, f ( )iu  must be a closed fuzzy set in 

Y such that f ( )0

iu ⊆ f ( )iu  and then ( )0

iu f ⊆ f ( )iu . Therefore 1f − ( ( )0

iu f ) ⊆  iu  

for each i ∈J. For, if x ∈ 1f − ( 0λ ), then x = 1f − (y) for some y ∈ 0λ , as f is bijective. 

So we can obtain, there exists k such that f ( )
ki

u  (y) >α  ⇒  
ki

u ( 1f − (y) ) >α  ⇒  

ki
u (x) >α . Hence 1f − ( λ ) is αap –compact in ( )t,X .   

( ii ) The proof is similar.   
 
Theorem 3.7.  Let f : ( )At,A  →  ( )Bs,B  be relatively fuzzy continuous and 

bijective. If λ  is αap –compact ( respectively *apα –compact ) in  ( )At,A , then f 

( λ ) is αap –compact  ( respectively *apα –compact ) in ( )Bs,B . 

Proof : We have f (A) = B, as f is bijective. Let {iv  : iv ∈ Bs  } be an open pα–shading 

of f ( λ ) in ( )Bs,B  for every i ∈J, then {( )0

iv : iv ∈ Bs  } is also an open pα–shading 

of f ( λ ) in ( )Bs,B  for every i ∈J. Since f is fuzzy relatively continuous, then           

1f − ( ( )0

iv ) ∩  A ∈ At  and hence { 1f − ( ( )0

iv )∩  A : i ∈J } is an open pα –shading of 

λ  in ( )At,A . For, let x ∈ 0λ , then f (x) ∈f ( 0λ ). So there exists ( )0

ki
v ∈{ ( )0

iv : 

i ∈J } ( k ∈  nJ ) such that ( )0

ki
v ( f (x) ) >α  ⇒  ( 1f − ( ( )0

ki
v ) ∩ A ) (x) >α . But λ  is 
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αap –compact in ( )At,A , then { 1f − ( ( )0

iv ) ∩  A : i ∈J } has a finite subfamily, say 

{ 1f − ( ( )0

ki
v ) ∩  A  : k ∈ nJ } such that ( ) Avf

0

ki
1 ∩− (x) >α  for each x ∈ 0λ . Since 

( )0

iv ⊆ iv  and fuzzy relatively continuity of f, 1f − ( iv ) ∩  A must be a closed fuzzy set 

in A such that 1f − ( ( )0

iv ) ∩  A ⊆ 1f − ( iv ) ∩  A and then ( ) A)v(f
0

i
1 ∩− ⊆  1f − ( iv ) 

∩  A. Therefore f ( ( ) A)v(f
0

i
1 ∩− ) ⊆ iv ∩  f (A) = iv ∩ B ⊆ iv  for every i ∈J. 

Now, if y ∈f ( 0λ ), then y = f (x) for  x ∈ 0λ , as f is bijective. Then there exists k such 

that  
ki

v (f (x) ) >α  ⇒  
ki

v (y) >α  for each y ∈ f ( 0λ ). Thus f (λ ) is αap –compact 

in ( )Bs,B .   

Similar proof of *apα –compactness can be done.  
 
Definition 3.8.  A mapping f : ( )αt,X  →  ( )t,X  is said to be α –level continuous iff  

α ( 1f − ( µ ) ) ∈ αt  for every µ ∈t. 

 
Theorem 3.9.  Let f : ( )αt,X  →  ( )t,X  be α –level continuous, bijective and λ  be 

a fuzzy set in in X. If 0λ  is compact in ( )αt,X , then f (λ ) is αap –compact in 

( )t,X .                 

Proof: Suppose 0λ  is compact in ( )αt,X . Let { iu  : i ∈ J } be an open pα–shading       

f ( λ ) in ( )t,X , then {( )0

iu : i ∈J } is also an open pα–shading of f (λ ) in ( )t,X . 

Since f is α –level continuous, then α ( 1f −  ( iu ) ) ∈ αt  ⇒  α ( 1f − ( ( )0

iu  ) ) ∈ αt  and 

hence { α ( 1f − ( ( )0

iu  ) ) : i ∈J } is an open cover of 0λ  in ( )αt,X . As 0λ  is 

compact in ( )αt,X , then { α ( 1f − ( ( )0

iu  ) ) : i ∈J }has a finite subcover, say               

{ α ( 1f − ( ( )0

ki
u ) ) : k ∈ nJ  }. Now, we have f (x) = y foe some y∈f ( 0λ ), as f is 

bijective. But from ( )0

iu ⊆ iu  and { α ( 1f − ( ( )0

ki
u ) ) : k ∈ nJ  } is a finite subcober of 

{ α ( 1f − ( ( )0

iu  ) ) : i ∈J }, there exist some k such that 
ki

u ( f (x) ) >α  ⇒  
ki

u (y) 

>α  for each y∈ f ( 0λ ). Thus { 
ki

u  : k ∈ nJ  } is a finite αpp –subshading of { iu  : 

i ∈ J }. Therefore  is f (λ ) is αap –compact in ( )t,X .        
              

The following example will show that the αap –compact ( respectively *apα –compact ) 
fuzzy set in an fts need not be closed. 
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Example 3.10.  Let X = { a, b, c }, I = [ 0 , 1 ] and α ∈ 1I . Let u, v ∈ XI  defined by  
u(a) = 0.3, u(b) = 0.2, u(c) = 0.4 and v(a) = 0.4, v(b) = 0.5, v(c) = 0.6. Choose t = { 0, u, 

v, 1 }, then ( )t,X  is an fts. So we have u (a) = 0.6, u  (b) = 0.5, u (c) = 0.4 and v (a) = 

0.7, v (b) = 0.8, v (c) = 0.6. Again, let λ ∈ XI  with λ (a) = 0, λ (b) = 0.9, λ (c) = 0.7. 
Take α = 0.4. Then clearly λ  is αap –compact in ( )t,X . But λ  is not closed, as its 

complement cλ  is not open in ( )t,X . 

This example is also applicable for *apα –compactness. 
 
Theorem 3.11.  Let ( )t,X  be an fts and let every family of closed fuzzy sets in X with 

empty intersection has a finite subfamily with empty intersection. Then any fuzzy set λ  

in X is αap –compact ( respectively *apα –compact ). The converse is not true in 
general. 
Proof : Let λ  be any fuzzy set in X and let {iu  : i ∈J } be an open αp – shading of λ , 

then {( )0

iu  : i ∈J } is also an open αp –shading of λ . By the first condition of the 

theorem, we have ∩
Ji

c
iu

∈

= X0 . Therefore  ∪
Ji

iu
∈

= X1  and hence ( )0

Ji
iu∪

∈

= X1 . Again, 

by the second condition of the theorem, ∩
n

k

Jk

c
iu

∈

= X0 . So, we have ∪
n

k

Jk
iu

∈

= X1  and 

hence ( )∪
n

0

k

Jk
iu

∈

= X1 . But from iu ⊆ ( )0

iu ⊆ iu , then we get ∪
n

k
Jk

iu
∈

= X1  and 

consequently we have 
ki

u (x) >α  for each x ∈ 0λ . Therefore { 
ki

u  : k ∈ nJ  } is a 

finite αpp –subshading of { iu  : i ∈J }. Hence λ  is αap –compact. The proof for 
*apα –compactness is similar. 

Now consider the following example. 

Let X = { a, b, c }, I = [ 0 , 1 ] and α ∈ 1I . Let u, v ∈ XI  defined by  u(a) = 0.3, u(b) = 
0.2, u(c) = 0.4 and v(a) = 0.4, v(b) = 0.3, v(c) = 0.5. Choose t ={ 0, u, v, 1 }, then 

( )t,X  is an fts. So we have u (a) = 0.6, u  (b) = 0.7, u (c) = 0.5 and v (a) = 0.6, v (b) 

= 0.7, v (c) = 0.5. Again, let λ ∈ XI  with λ (a) = 0, λ (b) = 0.3, λ (c) = 0.8. Take α = 

0.2. Then clearly λ  is αap –compact in ( )t,X . But cu ∩ cv ≠  0. Therefore the 

converse is not true in general. This example also works for *apα –compactness.    
 
Theorem 3.12.  Let ( )t,X  be  fuzzy 1T –space and λ  be an αap –compact ( 

respectively *apα –compact ) fuzzy set in X with 0λ ⊂ X ( proper subset ). Let x ∉ 0λ  

( λ (x) = 0 ), then there exist u, v ∈t such that u (x) = 1 and 0λ ⊆  ( ) 1

v
−

( 0 , 1].  
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Proof : Let y ∈ 0λ . So clearly we have x ≠  y. As ( )t,X  is fuzzy 1T –space, there exist 

yu , yv ∈t such that yu (x) = 1, yu (y) = 0 and yv (x) = 0, yv (y) = 1. Let us assume that 

α ∈ 1I  such that yv (y) >α > 0 ( as yv (y) = 1 ). Thus we see that {yv  : y ∈ 0λ  } is an 

open pα–shading of λ . Also we have ( )0

yu (x) = 1, ( )0

yv (y) = 1, then {( )0

yv : y∈ 0λ } 

is also an open pα–shading of λ . Since λ  is αap –compact, then {( )0

yv : y∈ 0λ } has 

a finite αpp –subshading, say { 
kyv  : k ∈ nJ  } such that 

kyv (y) >α  for each y ∈ 0λ .    

Now, let ( )0

v  = ( )0

1yv ∪ ( )0

2yv ∪  ….. ∪ ( )0

nyv  and ( )0

u  = ( )0

1yu ∩  ( )0

2yu ∩  …… 

∩ ( )0

nyu . Hence ( )0

v  and ( )0

u  are open fuzzy sets, as they are the union and finite 

intersection of open fuzzy sets respectively i.e. ( )0

v , ( )0

u ∈t. But we have  ( )0

yv ⊆ yv , 

( )0

yu ⊆ yu .  Moreover, 0λ ⊆  ( ) 1

v
−

( 0 , 1] and u (x) = 1 , as 
kyu (x) = 1 for each k . 

The proof of *apα –compactness can similarly be done. 
 
Theorem 3.13.  Let ( )t,X  be  fuzzy 1T –space and λ , µ  be disjoint (λ ∩ µ  = 0 ) 

αap –compact ( respectively *apα –compact ) fuzzy sets in X with 0λ , 0µ ⊂ X          ( 

proper subsets ). Then there exist u, v ∈t such that 0λ ⊆  ( ) 1

u
−

( 0, 1] and  0µ ⊆ ( ) 1

v
−

( 

0, 1]. 
Proof : Let y ∈ 0λ . Then we have y ∉ 0µ , as λ  and µ  are disjoint. As µ  is αap – 

compact, then by preceding theorem, there exist yu , yv ∈t such that yu (y) = 1 and  0µ  

⊆ ( ) 1

yv
−

( 0 , 1]. Assume that α ∈ 1I  such that  yu (y) >α > 0. Since yu (y) = 1, then 

we have {( )0

yu  : y ∈ 0λ  } is an open pα –shading of λ . But λ  is αap –compact, so 

{ ( )0

yu  : y ∈ 0λ  } has a finite αpp –subshading, say { 
kyu  : k ∈ nJ  } such that 

kyu (y)  

>α  for each y ∈ 0λ . Again, µ  is αap –compact, then {( )0

yv  : x ∈ 0µ  } has a finite 

αpp – subshading, say {
kyv  : k ∈ nJ  } such that 

kyv (x) >α  for each x ∈ 0µ  and   

0µ  ⊆ ( ) 1

kyv
−

( 0 , 1] for each k . Now, let ( )0

u  = ( )0

1yu ∪  ( )0

2yu ∪  …… 

∪ ( )0

nyu and ( )0

v  = ( )0

1yv ∩ ( )0

2yv ∩  ….. ∩ ( )0

nyv . But from ( )0

yu ⊆ yu  and 

( )0

yv ⊆ yv , we see that 0λ ⊆ ( ) 1

u
−

( 0 , 1] and  0µ ⊆ ( ) 1

v
−

( 0 , 1]. Also ( )0

u  and ( )0

v  
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are open fuzzy sets, as they are the union and finite intersection of open fuzzy sets 

respectively i.e. ( )0

u , ( )0

v ∈t.  

Similar proof of *apα –compactness can be given.    
  
Note : If λ (x) ≠  0 for all x ∈ X i.e. 0λ  = X, then the above two theorems are not at all 

true.    
 

The following example will show that the αap –compact ( respectively *apα –compact ) 

fuzzy set in fuzzy 1T –space need not be closed. 
 
Example 3.14.  Let X = { a, b, c }, I = [ 0 , 1 ] and α ∈ 1I . Let 1u , 2u , 3u , 4u , 5u , 6u  

∈ XI  defined by 1u (a) = 1, 1u (b) = 0, 1u (c) = 0; 2u (a) = 0, 2u (b) = 1, 2u (c) = 0; 3u (a) 

= 0, 3u (b) = 0, 3u (c) = 1; 4u (a) = 1, 4u (b) = 1, 4u (c) = 0; 5u (a) = 1, 5u (b) = 0, 5u (c) 

= 1; 6u (a) = 0, 6u (b) = 1, 6u (c) = 1. Put t = { 0, 1u , 2u , 3u , 4u , 5u , 6u , 1 }, then  

( )t,X  is a  fuzzy 1T  – space. So we have  1u (a) = 1, 1u (b) = 0, 1u (c) = 0; 2u (a) = 0, 

2u (b) = 1, 2u (c) = 0; 3u (a) = 0, 3u (b) = 0, 3u (c) = 1; 4u (a) = 1, 4u (b) = 1, 4u (c) 

=0; 5u (a) = 1, 5u (b) =0, 5u (c) = 1 and 6u (a) = 0, 6u (b) = 1, 6u (c) =1. Again, let 

λ ∈ XI  with λ (a) = 0.3, λ (b) = 0.6, λ (c) = 0. Take α = 0.8. Then clearly λ  is αap –

compact in ( )t,X . But λ  is not closed, as its complement cλ  is not open in ( )t,X . 

This example is also applicable for *apα –compactness.      
 

Theorem 3.15.  An αap –compact ( respectively *apα –compact ) fuzzy set in a fuzzy 

regular space is pα–compact ( respectively *pα –compact ). 

Proof : Let { iu  : i ∈J } be an open pα –shading of a fuzzy set λ  in X i.e. iu (x) >α  for 

each x ∈ 0λ . Since ( )t,X  is fuzzy regular, then we have iu = ∪
Ji

jiv
∈

, where, jiv  is a 

open fuzzy set such that jiv ⊆ iu  for each i . But iu (x) > α  ⇒  ∪
Ji

jiv
∈

(x) > α  for 

each x ∈ 0λ . Therefore jiv (x) >α  for each x ∈ 0λ  and for some i ∈J . So { jiv  : i ∈J 

} is an open pα –shading of λ . As λ  is αap –compact, then { jiv  : i ∈J } has a finite 

αpp – subshading, say { ji k
v  :  k ∈ nJ  } such that ji k

v (x) >α  for each x ∈ 0λ . But we 

have ji k
v ⊆  

ki
u , then 

ki
u (x) >α  for each x ∈ 0λ . Thus we see that {

ki
u  :  k ∈ nJ  } is 

a finite pα–subshading of { iu  : i ∈J } and hence λ  pα–compact.   

Similar proof of *apα –compactness can be given.  
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Theorem 3.16.  Let λ  and µ  be αap –compact fuzzy sets in an fts ( )t,X . Then 

( λ × µ ) is also αap –compact in ( )tt,XX ×× . 

Proof: Let { iu × iv  : i ∈J } be an open  pα – shading of (λ × µ ) in ( )tt,XX ××  i.e.   

( iu × iv ) (x, y) >α  for each (x, y) ∈ ( )0µλ × . Therefore, we have iu (x) >α  for each 

x ∈ 0λ  and iv (y) >α  for each y ∈ 0µ . Hence { iu  : i ∈ J }  and { iv  : i ∈ J } are open 

pα– shading of λ  and µ  respectively. Thus {( )0

iu  : i ∈J }  and {( )0

iv  : i ∈J } are 

also open pα–shading of λ  and µ  respectively. Now we have ( )0

iu ⊆ iu  and 

( )0

iv ⊆ iv . As λ  and µ  are αap –compact, then {( )0

iu  : i ∈ J } and {( )0

iv  : i ∈ J } 

have  finite αpp –subshading, say { 
ki

u  : k ∈ nJ  } and { 
ri

v  : r ∈ nJ  } such that  

ki
u (x) >α  for each x ∈ 0λ  and 

ri
v (y) >α  for each y ∈ 0µ  respectively. Hence we 

can write (
ki

u ×
ri

v ) (x, y) >α  for each (x, y) ∈ ( )0µλ × . Therefore (λ × µ ) is 

αap –compact in ( )tt,XX ×× .    
 
Theorem 3.17.  Let ( )T,X  be a topological space, ( ))T(,X ω  be an fts and λ  be a 

fuzzy set in X with 0λ ⊂  X ( proper subset ). If 0λ  is compact in ( )T,X , then λ  is 

αap –compact ( respectively *apα –compact ) in ( ))T(,X ω . The converse is not true 
in general.       
Proof: Suppose 0λ  is compact in ( )T,X . Let { iu  : i ∈ J } be an open pα –shading of 

λ  in ( ))T(,X ω , then {( )0

iu  : i ∈J } is also an open pα–shading of λ  in 

( ))T(,X ω . Thus we have 1
iu− ( a, 1 ] ∈T and hence { 1

iu−  ( a , 1 ] : i ∈ J } is an open 

cover of 0λ  in ( )T,X . As 0λ  is compact in ( )T,X , then { 1
iu−  ( a , 1 ] : i ∈ J } has 

a finite subcover, say { 1
i k

u− ( a, 1 ] : k  ∈ nJ } such that 0λ ⊆ 1
i1

u− ( a, 1 ] ∪ 1
i 2

u− ( a, 1 ] 

∪  ….. ∪ 1
i n

u− ( a, 1 ]. But iu ⊆ ( )0

iu ⊆ iu , thus we observe that there exists 

( )0

ki
u ∈{ ( )0

iu : i ∈J } ( k ∈ nJ ) such that 
ki

u (x) >α  for each x ∈ 0λ . Hence it is clear 

that { 
ki

u  : k ∈ nJ  } is a finite αpp –subshading of { iu  : i ∈  J }. Hence λ  is αap –

compact in ( ))T(,X ω .   
Now, we consider the following example.           
Let X = { a, b, c } and T = { φ , {b}, {c}, {b, c},  X }. Then ( )T,X  is a topological 

space. Let 1u , 2u , 3u ∈ XI  with 1u (a) = 0, 1u (b) = 0.3, 1u (c) = 0 ; 2u (a) = 0, 2u (b) = 

0, 2u (c) = 0.4 and 3u (a) = 0, 3u (b) = 0.3, 3u (c) = 0.4. Then ω ( T ) = { 0, 1u , 2u , 3u , 

1 } and ( ))T(,X ω  is an fts. Again, let λ ∈ XI  defined by λ (a) = 0.2, λ (b) = 0.3, 



M. A. M. Talukder and D. M. Ali 

78 
 

λ (c) = 0. Then we have 0λ = { a, b }. Again, we have  1u (a) = 1, 1u (b) = 0.7, 1u (c) = 

0.6 ; 2u (a) = 1, 2u (b) = 0.7, 2u (c) = 0.6 and  3u (a) = 1, 3u (b) = 0.7, 3u (c) = 0.6. 

Take α = 0.3. Then clearly λ  is αap –compact in ( ))T(,X ω . But 0λ  is not compact 

in ( )T,X . 

Similar proof of *apα –compactness can be given.    
 
Theorem 3.18.  Let ( )t,X  be an fts and λ  be a fuzzy set in X with 0λ ⊂  X ( proper 

subset ). If 0λ  is compact in ( )αt,X , then λ  is αap –compact in ( )t,X . The 

converse is not true in general.       
Proof: Suppose 0λ  is compact in ( )αt,X . Let { iu  : i ∈ J } be an open pα–shading λ  

in ( )t,X , then {( )0

iu  : i ∈J } is also an open pα–shading of λ  in ( )t,X . So the 

family { α ( ( )0

iu ) : i ∈ J } is an open cover of 0λ  in ( )αt,X . For let x ∈ 0λ , so there 

exists a ( )0

0i
u ∈{ ( )0

iu  : i ∈J } such that ( )0

0i
u (x) >α . Hence x ∈ α ( ( )0

0i
u ) and thus 

α ( ( )0

0i
u ) ∈{ α ( ( )0

iu ) : i ∈ J }. But 0λ  is compact in ( )αt,X , so {α ( ( )0

iu ) : i ∈  J 

}  has a finite subcover, say {α ( ( )0

ki
u ) : k  ∈ nJ }. So {α ( ( )0

ki
u ) : k  ∈ nJ } forms a 

finite subfamily of {( )0

iu  : i ∈J } such that 
ki

u (x) >α  for each x ∈ 0λ  i.e. {
ki

u  : k  

∈ nJ  } is a finite αpp –subshading of { iu  : i ∈ J }. Hence λ  is αap –compact in 

( )tX , .   

Conversely, let X = { a, b, c }, I = [ 0 , 1 ] and α ∈ 1I . Let u, v ∈ XI  defined by  u(a) = 
0.2, u(b) = 0.3, u(c) = 0.4 and v(a) = 0.3, v(b) = 0.4, v(c) = 0.5. Put t = { 0, u, v, 1 }, then 

( )t,X  is an fts. So we have u (a) = 0.7, u  (b) = 0.6, u (c) = 0.5 and  v (a) = 0.7, v (b) 

= 0.6, v (c) = 0.5. Again, let λ ∈ XI  with λ (a) = 0, λ (b) = 0.6, λ (c) = 0.8. Take α = 
0.4. Then clearly λ  is αap –compact in ( )t,X . Again, we have 0λ  = { b, c } and 

0.4t ={ φ ,{c}, X }. Then it  is clear that 0λ  is   not compact in ( )4.0t,X .    
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