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ABSTRACT
In this paper, we introduce and discuss almosigligrta —compact fuzzy sets in fuzzy
topological spaces. We show that the continuousgémaf an almost partiallya —
compact fuzzy set is almost partiallg —compact. Also we introducedr —level
continuous mapping.

Keywords: Fuzzy topological spaces; almost partiatty-compact fuzzy sets.

1. Introduction

Fuzzy compactness is very important in fuzzy togigal spaces. Fundamental concept
of fuzzy set was first introduced by Zadeh [16].a80 developed the theory of fuzzy
topological spaces and fuzzy compactness [3]. @amthal. introducedr —compactness
in [6]. Talukder and Ali first introduced partiallg —compact fuzzy set in [14]. Many
other researchers discussed other fuzzy compadtméssir different papersa —almost
compactness was first introduced by Mukherjee amatt@charyya [12]. Here we discuss
almost partiallya —compact fuzzy sets and obtain its several pragserti

2. Preliminaries
In this section, we recall some basic definitionsiol are needed in the sequel. The
followings are necessary in our discussion andogafound in the paper referred to.

Definition 2.1. [16] Let X be a non-empty set and | is the closed imtérval [0, 1]. A
fuzzy set in X is a function u : X- | which assigns to every elementlX. u(x) denotes

a degree or the grade of membership of x. Thefsat fuzzy sets in X is denoted by’ .
A member ofl* may also be called a fuzzy subset of X.

Definition 2.2. [11] Let A be a fuzzy set in X , then the set {XX : A(x) >0} is
called the support offi and is denoted by, or supp/ .

Definition 2.3. [3] Let X be a non-empty set and® 1* i.e. t is a collection of fuzzy
sets in X. Then t is called a fuzzy topology onf X i
(o, 10t
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(if) if u, Ut for eachi LJ, then(_J u; Ut

(iii) if u, v Ot, thenun v Ut
The pair(X , t) is called a fuzzy topological space and in sHtst,

Definition 2.4. [11] Let A be a fuzzy set in an ft(sX , t). Then the closure ofl is

denoted byl_ and defined b)ﬂ =n{pu:A 0 pandyu Ot}

Definition 2.5. [11] Let A be a fuzzy set in an ft(sX : t). Then the interior ofd is
denoted byA° orintA and definedbyl® = 0{ ¢ : g O A andy Ot}

Definition 2.6. [3] Letf: X — Y be a mapping and u be a fuzzy set in X. Then the
image of u, writterf (u), is a fuzzy set in Y whose membership functiogiven by

W) = sug u(X):xOf ()} if (YY) 2@
0 if fiy)=¢

Definition 2.7. [8] Let f be a mapping from a set X into Y and v biizzy set of Y.

Then the inverse of v written ds*(v) is a fuzzy set of X and is drfined iy (v) (x) =
v(f(x)), for xIX.

Definition 2.8. [3] Let (X : t) and (Y ,s) be two fuzzy topological spaces. A

mapping f :(X , t) - (Y ,s) is called an fuzzy continuous iff the inverse atle s—
open fuzzy set is t—open.

Definition 2.9. [15] Let (X , t) and (Y ,s) be two fuzzy topological spaces. Let f:

(X ,t) - (Y ,s) be a mapping from an ﬁ(s)( , t) to another fts(Y ,s). Then fis
called

(i) a fuzzy open mapping iff f (U)ls for each Uult.

(i) a fuzzy closed mapping iff f (v) is a closaakzfy set of Y, for each closed fuzzy set v
of X.

Definition 2.10. [11] Let (X , t) be an fts and ALl X. Then the collectiont, =
{uA :ullt}={un A :ullt} isfuzzy topology on A, called the subspaaezy
topology on A and the pa(rA , L ) is referred to as a fuzzy subspace(k(f, t).

Definition 2.11. [5] Let (A ,tA) and (B ,SB) be fuzzy subspaces of fts(sX ,t)
and (Y ,s) respectively. Then a mapping (A ,ta ) - (B ,Sg ) is relatively fuzzy
continuous iff for each {J s;, the intersectiorf Twvn AO t,.
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Definition 2.12. [2] Let ALJ1* and g U 1" . Then (A x i ) is a fuzzy set in XY
for which (A x ¢ ) (x,y)=min{A(x), u(y)}, forevery (x,y)OX xY.

Definition 2.13. [13] An fts (X , t) is said to be fuzzyl,—space iff for every x, ¥! X,
X # vy, there exist u, Wt such that u(x) = 1, u(y) = 0 and v(x) =0, v(ylL=

Definition 2.14. [4] An fts (X , t) is said to be fuzzy regular iff each open fuzzywse

of X is a union of open fuzzy setg of X such thallji Uu for eachi .

Definition 2.15. [6] Let (X , t) be an fts andx LI I. A collection M of fuzzy sets is

called ana —shading ( resa” —shading ) of X if for each XI X there exists a il M
such that u(x) & (res. u(X)=a ). A subcollection of ana —shading ( resa’ —
shading ) of X which is also am —shading ( resa’—shading ) is called amr—
subshading (resr” —subshading ) of X.

Definition 2.16. [9] Let (X ,t) be an fts and @ a < 1, then the familyt, = {a (u) :

u Ot} of all subsets of X of the forn@r (u) = {x I X : u(x) >a }is called a —level
sets, forms a topology on X and is called ttre-level topology on X and the pair

(X b, ) is calleda —level topological space.

Definition 2.17. [14] Let (X , t) be an fts andr [II. A family M of fuzzy sets is called
a partial a —shading ( respectively partialr’ —shading ), in shortpa —shading (
respectivelypa’ — shading ) of a fuzzy set in X if for each x[J Ays (A, # X)) there
exists a ullM with u(x) >a ( respectively u(x)=z a ). If each u is open, then M is
called an operpa —shading ( respectively opgar —shading ) of1 in (X , t).

A subfamily of apa —shading ( respectivelpa’ —shading ) ofAd which is also gpa —
shading ( respectivelpa” —shading ) ofA is called apa —subshading ( respectively

pa’ —subshading ) ofl .
For definitions of other concepts, used here, Ef.[1

3. Characterizations of almost partially @ —compact fuzzy sets
In this section, we define and discuss charact#oiza of almost partiallyg —compact
fuzzy sets.

Definition 3.1. A family {u, : i JJ } is a proximate partialr —shading ( respectively
partial @” —shading ), in shorppa —shading ( respectivelppa’ —shading ) of a fuzzy
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setA in X when {Ui . i 0 J}is apa —shading ( respectivelpa” —shading ) ofA i.e.
u_i(x) >a (respectivelyai (xX) =2 a )foreachxJ A,.
A subfamily of {u, : i [JJ } which is also gopa —shading ( respectivelppa’ —shading
) of A is said to beppa —subshading ( respectivefypa” —subshading ) ofl .

Definition 3.2. Let (X , t) be an fts andx [II. A fuzzy setA is said to be almost
partially @ —compact, in shortaga —compact ( respectively almost partially —
compact, in shortapa’ —compact ) iff every opempa —shading ( respectivelpa’ —
shading ) ofA has a finite subfamily whose closureisr —shading ( respectivelpa” —
shading ) ofA or equivalently every opepa —shading ( respectivelpa” —shading ) of

A has a finiteppa —subshading ( respectivefypa” —subshading ).
The ideas of the theorems 3.3, 3.6, 3.11, 3.123alRlare taken from [7, 10]

Theorem 3.3. Let (X , t) be an fts, A1X and A be a fuzzy set in X with, OA.
Then

(i) A is apa —compactin(X , t) iff A is apa —compactin(A ,t, ).

(ii) A is apa” —compact in(X ,t) iff A is apa’ —compactin(A ,t, ).

Proof (i ): Supposel is apa —compact in(X : t). Let {u, : i JJ} be an operpa —

shading ofA in (A s ) then {(UI) 1 JJ }is also an opempa —shading of4 in
(A LA ) So there existy; Ut such thatu,= A n v; O v,. Therefore {v,: i JJ }is

an openpa —shading of4 in (X ,t). ButUiz Anvy, OA N v_I Dvi, SO {(v_l) :

i [0J }is also an opepa —shading of4 in (X : t). Since(v ) 0 V, and A is afa —

compact in(X , t), then {(V,) : 1 UJ } has a finite ppa —subshading, say\,(_.k
:k0J,} such thatv, (x) >a for each %I A,. Now, (A n [Jv, ) ) >a =
kOJ,

U(K N W ) (X) >a = Uu_ik(x) >a, asA, LA and hence it shows thau_{k ;
kOJ, kOJ,

kU J, }is a finite ppa —subshading of §I, : i LJJ }. ThereforeA is apa —compact in

(A, t,).
Conversely, supposd is apa —compact in(A , A ) Let {v, : i [1J } be an open

pa —shading ofA in (X , t), then {(v_i)O i JJ }is also an opempa —shading ofA
in (X,t). Putu=Anv, thenAn(Jv)=UJ(Anv, )=Ju. But

i0J i0J i0J
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u, Ot,, so{u, : i 0J}is an openpa —shading of4 in (A A ) Therefore {(u_,)0 :
i 0J } is also an opepa —shading ofA in (A ,t, ). As (u_,)0 Ou, andA is apa -
compact in(A , ta ) then {(u_i)0 : 1 0J } has a finiteppa —subshading, say E :
kJ, }such thatu_ik(x) >qg foreachxJA,.Butu = Anv, DA nv, Ov,,then
{K : kOJ, }is afinite ppa —subshading of ¢, : i 0J }. Thus A is apa —compact
in (X , t).

(i) The proof is similar.

Corollary 3.4. Let (Y, t ) be a fuzzy subspace of an (té( , t) and ALY O X

( proper subsets ). Lel be a fuzzy set in X withl, I A. Then A is apa —compact
( respectivelyapa” —compact ) in(X ,t) iff A is apa —compact ( respectivelgpa’ —

compact ) in(Y, t )

Proof : Lett, and t; be the subspace fuzzy topologies on A. Then piegatieorem,
A is apa —compact in(X ,t) or (Y, t*) iff A is apa—compact in(A,t, ) or

(A, t, ). Butt,=t,.

Similar proof ofapa” —compactness can be given.

Theorem 3.5. Let (X , t) and (Y ,s) be two fts’s and f :(X , t) - (Y ,S) be
fuzzy continuous and surjective. Then

(i) If A is apa —compact in(X , t), then f (1) is aga —compact in(Y ,s).

(i) If A is apa”—compactin(X ,t), then f (1) is apa”—compactin(Y ,s).

Proof (i ): Let {u, : i JJ } be an operpa —shading of f ) in (Y ,s), then {(UI) :
i J }is also an opempa —shading of f @) in (Y ,S). As f is fuzzy continuous, then

f (u_,)0 Ut and hence { (u_,)0 1 i J }is an openpa —shading ofA in (X, t).
For, let xJ A, then f (x) Uf (A,). So there exist:{u_io)0 LI{ (u_l)0 : 1 J } such that
(u_lo)D fx)>a = (u_lo)o (x) >a. As A is apa —compact, then f (u_l)0

i 0J } has a finite subfamily, say§ ~* (u_lk) : k0 J, } such thatf ‘1(u_) (x) >a for

i

each xtJA,. But (U_|) N UI and fuzzy continuity of ff ™ (U_.) must be a closed fuzzy

set in X such thatf (u_,)o Of (u_) and thenf ‘1(5)0 Of (u_l) Therefore f

(f ‘1(u_i) ) O UI for eachi [1J. Now, if y[If (A,), theny = f (x) for some kI A, as f
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is surjective. So there exists k such that (uik) ®>a = u (fx))>a = u,(y)

>a . Hence f @) is aga —compact in(Y ,S).
(i) The proof is similar.

Theorem 3.6. Let (X , t) and (Y ,s) be two fts’s and f :(X : t) - (Y ,s) be
open, closed and bijective . Then

(i) If A is apa —compact in(Y ,s), thenf (1) is aga —compact in(X , t).

(i) If A is apa’—compactin(Y ,s), thenf (1) is apa’ —compact in(X , t ).

Proof (i ): Let {u, : i 0J } be an opempa —shading off 1(A)in (X : t), then {(u_i)D

. i0J }is also an opema —shading off () in (X ,t). Since f is open, then f
(u_,)o [Is and hence {(u_i)0 . i JJ }is an openpa —shading ofA in (Y ,s). For, lety
0A,, then f *(y) Of *(A,). So there exists(u_io)0 0{ (U_|)0 : i0J } such that

(u_io)o(f Ty )ca = f (u_lo)o (y) >a. As A is afa —compact in(Y ,s), then

{f (ui)0 : 1 JJ } has a finite subfamily, say { (LTk)O: k[1J, } such thatf (E)0 (y)
>q for each yll A,. But (U_|)0 U GI and f is closed, (U,) must be a closed fuzzy set in
Y such that f(u_i)0 uf (U_|) and thenf (U_.)D uf (U_|) Thereforef ™ ( f (U_|)0 ) O u,
for eachi (JJ. For, if xO f ™(A,), then x =f ™ (y) for some y[I A, as f is bijective.
So we can obtain, there exists k such thﬁ) ) >a = u_ik(f ty)) >a =
u_ik (x) >a . Hencef (1) is apa —compact in(X : t).

(i) The proof is similar.

Theorem 3.7. Let f : (A ,tA) - (B ,SB) be relatively fuzzy continuous and
bijective. If A is aga —compact ( respectivelppa’ —compact ) in (A ,tA), then f
(A)is apa —compact ( respectivelgpa” —compact ) in( B ,SB).

Proof : We have f (A) = B, as f is bijective. Lev{ : v, Us; } be an openpa—shading

of f (A)in (B ,SB) for everyi [1J, then {(V,) . Vv, Usg }is also an operpo—shading
of f (A) in (B ,SB) for every i L1J. Since f is fuzzy relatively continuous, then

f( (VI)O )n A Ot, and hence {™*( (VI)O )n A :iJ}is an openpa—shading of
A in (A : tA). For, let xLI A, then f (x) LUf (A,). So there existe(ﬁ)0 L (7,)D

103} (kO J,) suchthaly, ) (F00)>a = (F2([v, )) nA) 0 >a. But A is
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afa —compact in(A  ta ) then {f ™*( ( ) )n A:i0J} has a finite subfamily, say
{7 ( ) yn A : kO J }such thatf ~ ( ik) n A (x) >a for each xJ A,. Since
(V_I) U vi and fuzzy relatively continuity of ff ™ (V) N A must be a closed fuzzy set
inAsuchthatf‘l(( ) )n AOf™*(v,) n Aand thenf 1(( ) )yn A O f(v,)

N A. Therefore f { "1((vi) )nA) [ vi n f(A) = vi nB Ov, for everyilJ.
Now, if y LIf (A,), theny = f (x) for xJ A,, as fis bijective. Then there exists k such
that K(f x))>a = K(y) >q for each yll f (A,). Thus f (1) is apa —compact

n (B ,SB).

Similar proof ofapa” —compactness can be done.

Definition 3.8. A mapping f :(X, t, ) - (X, t) is said to bexr —level continuous iff
a(f*(u))0t, foreveryu [t

Theorem 3.9. Let f : (X, ta) - (X, t) be a —level continuous, bijective and be
a fuzzy set in in X. IfA, is compact in(X, t, ) then f (1) is afa —compact in

(X,t).

Proof: Supposel, is compact in(X, t, ) Let {u, : iU J} be an opema—shading
f(A)in (X, t), then {(u_i)0 : 1 0J }is also an opema—shading of f @) in (X t)
Since f isa —level continuous, ther (f ™ (u,)) Ot, = a(f~ (( ) ))UOt, and
hence { a ( f‘l((u_i)O )) 1 ilJ }is an open cover ofl, in (X, t,,)- As A, is
compact in(X t, ) then { a( f‘l((ai)0 ) ) : i0J }has a finite subcover, say
{ a( f"l(( ) )) : kUJ, }. Now, we have f (x) = y foe somelif (A,), as fis

bijective. But from(u ) U u and{a (f ‘1(( ) )): kU J, }is afinite subcober of

{ a( f‘l((u_i) ) ) : i 0J}, there exist some k such tha;k (f(x)>a = uik )
>a for each Y f (A,). Thus { q : kOJ, }is a finite ppa —subshading of @, :
i 0 J}. Therefore is f4) is apa —compact in(X, t).

The following example will show that thega —compact ( respectivelgpa” —compact )
fuzzy set in an fts need not be closed.
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Example 3.10. Let X ={a,b,c}, 1=[0,1]andr [JI,. Let u, vO I* defined by
u(@) = 0.3, u(b) = 0.2, u(c)—04andv(a)-®(4;)-05 v(c)—06 Chooset-{o u,
v, 1} then(X , t) is an fts. So we have(a) = 0.6,u (b) = 0.5,u(c) = 0.4 andv (a) =
0.7, \_/(b) = 0.8,v(c) = 0.6. Again, letA O 1 with A(a) =0, (b) =0.9,14(c) = 0.7.
Take a = 0.4. Then clearlyl is aga —compact in(X , t). But A is not closed, as its
complementA® is not open ir(X ,t).

This example is also applicable fapa” —compactness.

Theorem 3.11. Let (X , t) be an fts and let every family of closed fuzzyssatX with
empty intersection has a finite subfamily with eynjsttersection. Then any fuzzy st

in X is apa —compact ( respectivelypa” —compact ). The converse is not true in
general.

Proof : LetA be any fuzzy setin X and lety : i [1J } be an operpa — shading ofA,

then {(u_,) : 13 } is also an opempa —shading ofA . By the first condition of the
theorem, we havé | uf = 0,. Therefore | J u; = 1, and hencq | (u_,) = 1. Again,

i0J i0J i0J
by the second condition of the theorerm u; = Oy. So, we haveU u, =1, and
kOJ, kOJn
hence U( ) =1,. But from u, D(UI) Ou, then we get | Ju, =1 and
kOJ, kOJ,

consequently we haveTk (x) >a for each x[J A,. Therefore {q :kdJ, }isa
finite ppa —subshading of §, : 1 JJ }. Hence A is apa —compact. The proof for

apa’ —compactness is similar.

Now consider the following example.

LetX={a,b,c}1=[0,1]andr Ul,. Letu, vO I* defined by u(a) = 0.3, u(b) =
0.2, u(c) = 0.4 and v(a) = 0.4, v(b) = 0.3, v(cP5. Choose t ={ 0, u, v, 1 }, then
(X t) is an fts. So we hava(a) =0.6,u (b) = 0.7, u(c) =05 andv(a) = 0.6, v(b)
=0.7,v(c) = 0.5. Again, letA O I* with A(a) =0, (b) = 0.3,1(c) = 0.8. Takea =
0.2. Then clearlyA is apa—compact in(X ,t). But u®n v°# 0. Therefore the
converse is not true in general. This example aisitks for apa” —compactness.

Theorem 3.12. Let (X , t) be fuzzy T,—space andA be an apa —compact (
respectivelyapa” —compact ) fuzzy set in X withl , U X ( proper subset ). Let Xl A,

(A (x) =0), then there exist u,lt such thatu (x)=1andA, O (\_/) (0, 1].

74



On Almost Partiallya -Compact Fuzzy Sets
Proof : Let yLI A,. So clearly we have ¥ y. As (X , t) is fuzzy T,—space, there exist

u,, v, Ot such thatu, (x) = 1, u, (y) = 0 andv, (x) = 0, v, (y) = 1. Let us assume that
a U1, such thatv, (y) >a >0 (asv,(y) = 1). Thus we see thatf{ :y U A, }isan

open po.—shading ofA . Also we have(u_y)O x) =1, (V_y)0 (y) =1, then {(V_y)o: yl Ay}

is also an opema—shading ofA . Since A is aga —compact, then Q\/_y) :yL Ay} has
a finite ppa —subshading, sayg : kOJ, }such thatg (y) >a foreachyllA,.

Now, let(v) = (v, ) 0 (v, ) 0 ..o, ) andt) =(0,) 0 (@) 0 ..o

Y1 Y2 Yn Y1 Y2

N (uyn )0. Hence (v)D and (G)O are open fuzzy sets, as they are the union aiig fin

_\0 0 0 J—
intersection of open fuzzy sets respectively(\é. , (u) LIt. But we have (vy) vy,

(u_y) U u_y Moreover, A, U (V) (0, 1] andu x)=1, asq (x) = 1 for eachk..

The proof ofapa” —compactness can similarly be done.
Theorem 3.13. Let (X ,t) be fuzzyT,—space andl, u be disjoint d n p =0)
ara —compact ( respectivelgpa’ —compact ) fuzzy sets in X with ), p, LX (

proper subsets ). Then there exist wltvsuch that1, U (ﬁ) (0,1] and u, (\_/) (
0, 1].
Proof : Let ylJA,. Then we have Y1 4,, asA and i are disjoint. Asu is apa —

compact, then by preceding theorem, there axjstv, [t such thatu_y (y)=1and yu,

0 (v_y)il( 0, 1]. Assume thatr U I; such that u_y(y) >a> 0. Sinceu_y (y) = 1, then

we have {(u_y)0 :y UA, }is an openpa—shading ofA. But A is aga —compact, so
y

{ (u_) :y U A, } has a finiteppa —subshading, say![J_yk : kUJ, }such thatq )

>a for each ylJ A,. Again, u is aga —compact, then @/_y) :x Uy, } has a finite
ppa — subshading, say\{_yk : kUJ, } such thatv_yk(x) >a for each xU u, and

Ho D(v_yk)_l( 0 , 1] for eachk. Now, let (ﬁ)o = (u_)O ad (u_)0 a ...

Y1 )

U ( v )0 and (V)O = (V_)0 N (v )O n ... N (v )O. But from (u_)0 U u_y and

Y1 Y2 Yn y

(V_y)0 U v_y we see tha#l, L] (ﬁ)_l (0,1]and u,U (\_/)_1 (0, 1]. Also (G)O and (\_/)0
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are open fuzzy sets, as they are the union antk fintersection of open fuzzy sets

respectivelyi.e.(ﬁ) . (V) Lt.
Similar proof ofapa” —compactness can be given.

Note : If A(x) # O forall xJ Xi.e. A, = X, then the above two theorems are not at all
true.

The following example will show that thefa —compact ( respectivelgpa” —compact )
fuzzy set in fuzzyT,—space need not be closed.

Example 3.14.Let X ={a,b,c}, I=[0,1]andr LI l,. Letu,, u,, U, U,, U, Ug
01 defined byu, (a) = 1,u,(b) = 0, u,(c) = 0; U,(a) = 0, U, (b) = 1, U, (c) = 0; U (a)
=0, uy(b) =0, uz(c) =1; u,(a) =1,u,(b) =1,u,(c) =0; u;(a) = 1,u.(b) = 0, u;(c)
=1; us(@) =0,uq(b) =1,us(c) = 1. Putt={0,u,, u,, U, U,, Ug, Ug, 1} then
(X , t) is a fuzzyT, — space. So we havel_l (@ = 1,u_l (b) =0, u_l (c) =0; u_z(a) =0,
U, (b) = 1, U, (c) = 0; Uy (a) = 0, Uy (b) = 0, Uy (€) = 1; U, (8) = 1, u, (b) = 1, u, ()
=0; Ug (@) = 1, Ug (b) =0, U, (c) = 1 andu, (a) = 0, U, (b) = 1, U, (c) =1. Again, let
A 01X with A(a) =0.3,4 (b) = 0.6,4 (c) = 0. Takea = 0.8. Then clearlyl is afa —
compact in(X , t). But A is not closed, as its complemedit is not open ir(X , t).
This example is also applicable fapa” —compactness.

Theorem 3.15. An afa —compact ( respectivelgpa” —compact ) fuzzy set in a fuzzy
regular space ipo.—compact ( respectivelpa” —compact ).
Proof : Let {u, : i JJ } be an operpa—shading of a fuzzy set in X i.e. u, (x) >a for

each xLI A,. Since(X , t) is fuzzy regular, then we haug = Uvij , Where,v;; is a
i0J

open fuzzy set such thaﬁ;_-j U u, for eachi.But U, (x) > a = Uvij (x) > a for
i0J

each xU A,. Thereforev, (x) >a for each xJ A, and for somd [1J . So {v;; : i [1J

} is an openpa.—shading ofA . As A is apa —compact, then §;; : i [1J } has a finite

ppa — subshading, say\,{._kj : kOJ, }such thatrkj (x) >a for each xJ A,. But we

havev, ; U u; ,thenu, (x)>a for each XJA,. Thus we see thatf : kO J, }is
a finite pa.—subshading of §, : i LJJ } and hencedl po—compact.
Similar proof ofapa” —compactness can be given.
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Theorem 3.16. Let A and y be afa —compact fuzzy sets in an f(sX , t). Then

(A x ) is alsoaga —compact in(X xX, t><t).

Proof: Let {u, X v, : i JJ } be an openpo.— shading of @ x &) in (X xX, t><t) i.e.

(u; xVv,) (x,y) >a for each (x, y) (/] X ,u)o. Therefore, we have, (x) >a for each
x LA, andv, (y) >a foreach yll ;. Hence{u, : i J} and{v, : i 0 J}are open

0

pa— shading ofA and u respectively. Thus (ﬁl) -i0J} and {(v_l) Si0J }are

also open pa-shading of A and u respectively. Now we have(u_i)D U GI and
(VI)O Ov,.As A and u areafa —compact, then &u_l)0 ;i J}and {(Vi)0 10 J}
have finite ppa —subshading, say {; kOJ, } and { v, :riJ; } such that
u_ik(x) >q for each x[JA, and v_ir(y) >q for each yll i, respectively. Hence we
can write (u_Ik xv_ir) (x, y) >a for each (x, y)U ()I X ,u)o. Therefore @ x u) is

ara —compact in(X xX, t><t).

Theorem 3.17. Let (X, T) be a topological spacéX , w(T) ) be an fts andl be a
fuzzy set in X withA, Ll X ( proper subset ). Il is compact in(X ,T), then A is

ara —compact ( respectivelgpa” —compact ) in(X ,w(T) ) The converse is not true
in general.

Proof: Supposel, is compact in(X ,T). Let{u, : i 0 J} be an opermpa—shading of
A in (X,a)(T)), then {(u_l) : iUJ } is also an openpa—shading of A in
(X, @(T)). Thus we haves™(a, 1]0T and hence ¢ (a, 1]:i ] J}is an open
cover of A, in (X, T). As A, is compact in( X , T), then {u™* (a, 1]:i U J} has
a finite subcover, sayy;*(a, 1]:k U J,} such thatA, O u;*(a, 110 u;'(a, 1]

u ... U ui'nl( a, 1 ]. Butu, O (U_.) DE, thus we observe that there exists

(u_lk) L (u_l) (13} (kUJ,) such thaﬂ?k (x) >a for each xLJA,. Hence it is clear
that { u_Ik : kOJ, }is a finite ppa —subshading of §. : 1 0 J }. HenceA is afa —

compactin(X , w(T)).
Now, we consider the following example.
Let X ={a, b,c}and T ={g, {b}, {c}, {b, c}, X}. Then (X, T) is a topological

space. Letu,, uU,, u, [ I with u,(a) =0,u,(b) =0.3,u,(c) =0;u,(a =0,u,(b) =
0, u,(c) = 0.4 andu,(a) = 0,u,(b) = 0.3,u,(c) =0.4. Thenw(T)={0, u,, u,, Us,
1}and (X o ( T)) is an fts. Again, letd 0 1* defined byA (a) = 0.2,A (b) = 0.3,
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A (c) = 0. Then we havel ;= { a, b }. Again, we haveu, (a) = 1,u, (b) = 0.7,u, (c) =
0.6 ; u,(a) = 1,u,(b) =0.7,u,(c) = 0.6 and u, (a) = 1, u, (b) = 0.7, u (c) = 0.6.
Take a = 0.3. Then clearlyl is aga —compact in(X ,w(T) ) But A, is not compact
in (X,T).
Similar proof ofapa” —compactness can be given.

Theorem 3.18. Let (X, t) be an fts andl be a fuzzy set in X withd, O X ( proper
subset ). If A, is compact in(X, t,,), then A is apa —compact in(X,t). The
converse is not true in general.

Proof: Supposel, is compact ir‘(X, t, ) Let{u, : i O J} be an operpo—shadingA
in (X, t), then {(u_l) : 10J } is also an operpa—shading ofA in (X, t). So the
family { a ((UI) )i J}is an open cover o, in (X, t, ). For let xJ A, so there
exists a(u_io) [ (U_.) 1 0J }such that(u_io) (X) >a . Hence X a ((u_,o) ) and thus
a((u_io) ) { a ((u_i) ):i0J}. But A, is compactin( X, t, ), so{a((u_i) ):i0J
} has a finite subcover, sa;o{((q) )k OJ}So{a ((u_lk) ) k O J,}forms a

finite subfamily of {(u_i)0 103} such thatq (x) >a for each xL1A, i.e. {u_ik tk

O J, }is a finite ppa —subshading of §, : i J }. HenceA is apa —compact in
(X,t).

Conversely, let X ={a,b,c}, I=[0,1]an@d UI,. Letu, v I* defined by u(a) =
0.2, u(b) = 0.3, u(c) = 0.4 and v(a) = 0.3, v(0.4, v(c) = 0.5. Putt={ 0, u, v, 1}, then
(X ,t) is an fts. So we hava(a) = 0.7,u (b) = 0.6,u(c) = 0.5 and v (a) = 0.7,V (b)

= 0.6, \_/(c) = 0.5. Again, letd O 1 with A (a) = 0,4 (b) = 0.6, 4 (c) = 0.8. Takeqa =
0.4. Then clearlyl is apa —compact in(X ,t). Again, we haved, = { b, c } and
t,,={ ¢.{c}, X}. Thenit is clear thatd, is not compact il{X, t0_4).
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