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ABSTRACT
This is the second in a series of papers on U-espadere paracompactness has been
introduced for U- spaces and many topological thesrrelated to paracompactness have
been generalized to U- spaces, as an extensidadyf ef supratopological spaces.

Keywords: Supratopology, U-space, paracompact, locally finginement, barycentric
refinement.

1. Introduction

In a previous paper [1] we have introduced U- spaared studied some of their
properties. In this paper we use the terminology|f Some study of these spaces was
done previously in ([2,3,9,11]) in less generalniprand the spaces were called
supratopological spaces.

The concept of paracompactness for topological epawas defined by
Dieudonne [4]. This concept has been proved todrg important and useful. In this
paper the notion of a paracompact U- space has b#mduced and a number of
sufficient conditions for paracompactness for ssjgéices have been established.

In connection with paracompactnesdJefspaces. We have generalized the
concepts of refinement, locally finite, countablycally finite, star and barycentric
refinements in U- spaces and proved the U- spaasions of a few theorems concerning
paracompact topological spaces (see [5,8,10]). w felevant examples have been
provided.

2. Paracompact U-spaces
We start with a few necessary definitions in U- cg®a which generalize the
corresponding topological concepts.

Definition 2.1. Let & be a collection of subsets of the U- space X. Aectibn .5 of
subsets of X is said to be a U- refinemengdbr is said to refingz) if for each element
B of .3, there is an element(G &, such that BIG. If the elements of5 are open sets,
we call .5 a U-open refinement of ; if they are closed sets, we call a U- closed
refinement ofG.

Definition 2.2. A collectionG of subsets of a U- space X is locally finite if v@oint of
X has a neighborhood that intersects only finitaBny members of-
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Thus, for a U-space X and a collection JAf subsets of X, {A} is locally finite if, for
each X1 X, there exists a U-open set G containing x such that
Gn A, # ® foronly afinite number ofr ’s.

Locally finite collections are also called neighhaod- finite.

Example 2.1. Let X =N and let? consist of X,® and all subsets ofl of the form G
={n, n+ 1, n + 2, n +}3and their unions. Then (X¢/ ) is a proper U- space, since

Gin Gy, =142, 3, 4}1 . Let Gdenote the family of sets, & {nLJ N |n >k}, kU N.
Let xLIX. Then x = g, for some gLl N. For the neighborhood, ng;: {nony+1, m+ 2,
no+ 3} of x, Gno NC, Z®,onlyfork=1,2,3;--, np+ 3.

Hence is locally finite.

Definition 2.3. A collection G of subsets of a U- space X is said to be countiaiolyily

finite if Gis a countable union of locally finite collectiols i.e.,G= U G
n=1

Example 2.2. Let (X, 7/ ) be the proper U- space of example 2.1. For eadltiye
integer k and m, leG n = {nO N |n2£}, Let G, ={ Gk m}yon- FOr each m,
m
G ,is locally- finite. ThereforeG = U G, is countably locally- finite.
m

Definition 2.4. A U-space X is paracompact if X is Hausdorff anérg\U- open cover
G of X has a locally finite U-open refinement@fthat covers X.

Clearly, any compact Hausdorff U-space is paracampa
We now give a non- trivial example of a paracomp&cspace.

Example 2.3. Let X =Z and = The collection of all As and their unions, where for
nUZ, A,={xX :n <x <n + 3}. Then ¥ is a U- structure but not a topology, since
A;NA,={x0X:2 < x £ 4} which does not belong té4. Also, (X,%£) is Hausdorff.
For, if m, JZ, m # n, thenletm<n, Ml Ans N0 A, and Az NA,= D.

We shall now show that every U-opemsver of X has a locally finite
refinement. LetG be a U-open cover of X. For eachlX, x[J An,x LIGy for some

AnxUAn, where G is a member ofG.(Such A and G exist. G exists becaus® is a

U- open cover of X. And, by definition,,3s a union of a class of & at least one of
which must contain x. Call this,AA, ).
Let# = {A,x XLUX}. Then 7 is a refinement ofc which covers X. Let gl 1X

and let G = A T Then G is a U- open set containingand G intersects only seven

members of%, viz, A A An—lyxo'An'Xg’Anﬂ'Xo’A A

Thus,## is locally finite refinement of; which covers X.
Hence X is a paracompact U- space which is nopalogical space.

n-3:% ' n-2.x° N+2:% " n+3: %
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It is clear that an infinite number of such proparacompact U- spaces can be similarly
constructed.

Our next example is a proper U- space which ispapacompact but in which every U-
open cover has a locally finite refinement thatersuX.

Example 2.4. Let X =Z, fix x,lZ. For each xlZ, let A, ={X,, X, X+1,x + 2}.
Let & be the collection of®, all A,’s, Xl Z and their unions. Then (X¢£) is

U- space, but not a topological space. Singe,/M A, . = {Xq} U .

LetG be an U- open cover of X. Lett®X. Then there is a &I1G such that
xOGx and so XJA,, for some ¥1X. Let D be the collection of all sets,B such that for

somey, B, =A , and for each # y,, B, = A, — {X4}.

TherD is a refinement oz and covers X. Now pis a U-open set containing
x and it is clear that pAintersects only a finite number of’'8.
Thus D is a locally finite refinement ot

We now note that (X7¢) is not Hausdorff, since for each X,J¥, A,n Ay # @®. Hence

X is not paracompact.
We recollect that the usual U- spdtes R with the U — structure consisting of
all subsets oR of the forms (z0,a) and (bgo ) and their unions.

Remark 2.1. R with the usual topology is paracompact. But thealif)- spaceR is not
paracompact. We prove its truth below:

ForG = {(-»,a)|d] R } is an open cover ark. If x[J R, and XJG with G is U-
open, then G is the forhﬂ[(—OO,aJ O (bj ,0)], for some gs, b's, and x belongs to

[y
some (0,8) or, some (jpo).

If 2D is a refinement ofc which coversR, thenD is a collection of sets of the
form (<0, c), where ¢ < a, for each a witho(-a) UG. Clearly, is an infinite collection
of U- open sets, and G meets infinitely many memboé®n. SoD is not locally finite.
ThusG has no locally finite refinement.

Let (X, & ) be a U- space arid = 7 be the topology generated iy on X.
Then we have the following theorem.

Theorem 2.1. If (X, &) is paracompact, then (X,)= (X, 7 ) is paracompact.
Proof: Clearly (X, ) is Hausdorff if (X,7/) is Hausdorff. LetG be an open cover of X
in (X, 7). For each kI X, there exists @in G such that XIG,. Then G contains a set H
such that XIH, and H is the intersection of a finite collection of sets,, U,y,....,Uix in
. Choose any | and call it Y. LetD = {Uy : x(OX} . Then, D is a U - cover of X.

Since (X7£ ) is paracompactp has a locally finite refinement sa§’ which
covers X. For each yin X, letyV, U 2D. LetH, =G, n V,.

11
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ThenG'={H y- YUX} is a open cover of XG' is a locally finite refinement o, since

2'is a locally finite refinement ab. Thus(X, 7+, is paracompact.
Our next theorems are generalizations of Theorerf@&] i( p. 160-161).

Theorem 2.2. Every paracompact U-space X is normal.

Proof: Let X be a paracompact U-space. Firstly, we sHadhsthat X is regular. Let
x[d X and B be a U —closed subset of X, wheke B. since X is Hausdorff, for every
bLIB there exist two disjoint U- open setg ¥V, such that kI U, and b1V, . So

xD\Tb.Thent? ={V}prOe{X - B} is a U- open cover of X. Since X is paracpatt,
there exists a locally finite refinementof G which is a U-open cover of X. L&t be the
sub collection ofp consisting of all those members®bfwhich intersect B. Thef is a

U-open cover of B. Since for everyli, xD\Tb, so for every EIZ, x [ E.

Let W =UE, then W is U- open set of B. We shall now show 4t =
EOE

|JE -Obviously, | JEDO W. If possible, suppose (XW. Then for every

ED¢ ECE
U- open set G containing x, &W# ®. Since E is locally finite, G intersects only a
finite number of members say,E,, E;,------ ,E; of E.

Let W= E; LI Ep L Es )~ UEandw=|JE

EDS  E#E,E, Egpeneeinn) E,
So, GhW, =®. This implies that x DV_\IZ. Since W = V_VlD V_\lz,
x OW, = E;0 E,0 Es0-——0 E,.SoW U | JE.

EO¢E
Thus, W = U E . But this is a contradiction, sincsJE for each E. S&UW .
EO¢E

HenceW'is a U- open set containing x. Therefore X is ragul

Now let A and B be two U- closed sets. Since X is regular, for everyla
and for B there exist disjoint U- open sef &hd V, such that BlU, and BV, One

merely repeats the same argument, there exists @péh set WU E containing A,
EDE

where (i) is a locally finite U- open cover of A and (ii) &y E n B =®.SinceZ is

U-locally finite, W = UE, and BJ W . Hence X is normal.

EOE

Theorem 2.3 Every U- closed subspace of a paracompact U- Spgaracompact.
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Proof: Let X be a paracompact U-space and Y be a U-clegbdpace of X. Obviously,
Y is Hausdroff. LetG '= {C’a} be a U-open cover set of Y. Then for each

c',=C,n Y whereCs is a U-open set of X. Now supposes= { Ca 1.

Thed = {Cg,} 0 {YC} is a U-open cover of X. Since X is a paracomphete

exists locally finite U- open covef which is a refinement afi - & is the sub collection
of members off whose members are not subsets 0aid & is refinement ofG. For this

reasong is a U-open cover of Y and a refinement®@f. Since% ig locally finite, G is

locally finite.
Hence Y isparacompact

Remark 2.2. A U- subspace of a paracompact U- space neédengbaracompact.
Since this statement is true about topological epgsee [8], p.161), it is also true about
U- spaces.

For proof, we need to define a special U- structur® which is called the lower
limit U- structure. This U- space is denotedly

Definition 2.5. Let G be the collectiorof subsets of the form [a, b) = {1'aSX<b},
where a < b, the U- structure generateddig called the lower limit U- structure dh

Theorem 2.4. Product of two paracompact U-spaces need not bac@apact.
Proof: As for topological spaces one can be shown thaUthgpaceR, is paracompact,
butR, X R, is not normal, and hence, not paracompact.

We now generalize the theorems and lemma in [8)6R.- 166). The proofs are almost
the same as those for topological spaces.

Theorem 2.5. Let X be a regular U-space and fetbe a U- open cover of X. Consider
the following conditions ofG: G has a refinement which is

() a U- open cover of X and count ably locally finite,

(i) a cover of X and locally finite,

(i) a U-closed cover of X and locally finite,

(iv) a U- open cover of X and locally finite.
Among the above four conditions orG, the following implications hold;
(i) = (v)= (@) = (ii).
Proof: It is trivial that (iv) = (i).
(i) = (i) Let & be a U- open cover of X. Leb be an U-open refinement @& that
covers X and is countably locally finite i.é. = [l .53, where.5is a |ocally finite. Let V{

= UG and for each NN and each G .5, define $G)= G—UVi . Let Gx =

uoB i<n

{§,(G) |GD 5,}. Since S, (G)UG, thernG is refinement of5,, because $(G) U G,

13
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for each &) B. Let ¢ = U G, . We shall show thai; is a locally finite collection

refinement of &, covers X. Suppose XX - We shall show that for any ong(S),
x1S4(G) a neighborhood of x that intersects finite edets- . Since.5 covers X, there

is a smallest positive integer numbegrsach that XJ1GL Eno . Since x does not belong
to any member off; for i <y, x U S (G) U ¢ Since each collectioi, is locally

finite, we can choose for each n =1, 2, 3, ...rv.a neighborhood Wof x that intersects
only finitely many members of5, .Now if W, intersects the member(8) of G, W,

must intersect the member V.& , since §V) L V.

Therefore, Wintersects only finitely many members af - Furthermore,
because G .5,, G does not intersect any element®f ,for n > . As a result, the

neighborhood Wn W, W3
elements ofG .
(i) = (iv)

Let b&z a U-open cover of X. Using (iii) Choosg be a refinement of- that
is locally finite and a U- closed cover of X. Novwewonsider for every B .3 a U-open
set D(B) UB that the collection {D(B)|B! .5 }is also locally finite and refinement @&.

Since B is locally finite. For everylXX, there exist a neighborhood, Nf x that intersect
finite members of3. Then {N,| x(1X} is a U-open cover of X.

According to (iii) there is a colteam G refinement of{N, | xUUX} that is
U-closed cover of X. Clearly for everyLCG intersects finite members B.3. For each
BU.A, letG(B)={C: CLU G and CUX - B}.

n Wno n G of x intersects only finitely many

Again let, E(B) = X- LEJ(): . By lemma-“Let {A} be locally finite collection
Cé(B

of subsets of X. Then (a) Any sub collection of JAs locally finite. (b) {Aa} is locally
finite.(c) UAa :UAa LJC)Z is U- closed. So E(B) is an U-open set. Accordimg

a a CLOé(B
the definition E(Bjj B. The collection {E(B)}is a U- open cover of X. Feach B..3,
FB)Jg, where F(BJ-'B.

LetD = {E(B) n F(B)|BLI .3 }. Then the collectior® is refinement ofg and
U-open cover of X. Since B E(B) n F(B) and B is a U-open cover of X. Suppose
xJX. Now we shall show thab is locally finite. Sinceg; is locally finite, there exists a
neighborhood W of x that intersects only finite ners of C, (say) € C,, Cs, ------ , G
SinceG is U-cover of X, soW] C,JC, 0 G300 ------ 0ocC,.

Now if any member C af intersects the set E(B) F(B), then CIX- B.

Therefore C intersects B. Since C intersect fimtembers B, so C will intersect
maximum members ab. Therefore W will also intersect finite membersfof

Now if we writ€E(B) n F(B), the collection = {D(B)|BU .5} is refinement
of G and is a locally finite U-open cover of X.

14
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Comment 2.1.[5] The properties (i) - (iv) of the above Theoreb can also be stated
as:

(a) Each U- open covering of X has a Urpefinement that can be decomposed
into an at most countable collection of locallyitinfamilies of U-open sets.

(b) Each U- open covering of X has a Iycthite refinement, consisting of sets
not necessarily either U- open or U-closed.

(c) Each U- open covering of X has a U- closexlly finite refinement.

(d) X is paracompact.

We now generalize the theorems in [8] (p. 165-166).
Theorem 2.6. If a locally compact Hausdorff U- space X is a caiste union of
compact U-spaces then X is paracompact.

Proof: Let X be a locally compact Hausdorff U-space and- >UCn, where G is
n
compact. Let for each n,,@1C,;; (We can assume this, for otherwise we can consider

C’, instead of Gwhere C, = UCi ). At first we shall show that X £1 W,, where W,

i=1
is U—open,VVn is compact anldvn LIWn+1. Let X1C; and let G be a neighborhood of

X, WhereG_X is compact. Then {G e, is a U - opercover of G. Since G is compact
n
there is a finite U-open subcoveB, ,G, ,—————— G, }of Ci. Let Wy = UGxi :
i=1
Thereforéa/’vl is compact, this implies that, val is compact. Suppose M5
a U-open set ofC, val obtained in the same way as the U-open sgoVC,. SOVV2
is compact, ¢LIW, andvv1 L W.. Let, for each m< n, the U-open set,\Be defined in
a similar member such that,CG1W,, VTm is compact an(VTm U W 1. Proceeding as

before we get for each positive integer & a U-open set Wof G, UW_; , whereVTn

is compact an®V,_, [TW,.

Letw” = {G,} be a U-open cover of X and K= VVn—Wn_l. Then K, is
compact. Now for everylX K, , there is a neighborhood, ¥6f x such that for anyr , V,
LUGqg. Assume that VI Wy, sincevvn O Wy and VM nW,, = @, since
W,_, OW_,. Since K is compact, so there is a finite coveD, =
{VXl ,VX2 ————— Vxn} of K. We denote by” the union of the finite coverd, of K,

for all n. Then?7~ is a U- open cover of X and sincglV 77 is contained in a GLI#~.
77 is refinement of”. Suppose kKIX. Then there exists a least natural number n such

that x an Since XJW, .4, so, xUK,. As a result there is a neighborhood! V}*
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which intersect only finite member of those memhbafr§~ which covers K., Kn1,K,
and K1

Theorem 2.7. A locally compact Hausdorff U-space with a coungaldasis is
paracompact.

Proof: Let X be a locally compact Hausdorff U-space wittoantable basis and let {B
be a countable basis of X. LetlX. Then there exists a neighborhooddf x, such that

V, is compact. Again since {Bis basis, XIB,(x) [V , for some n. SincéTX is

compact, evenB, (X) is compact. So X a is union &, (x) . Hence X is paracompact.

The following five theorems are the U- space gdirton of those in [5].
To prove the next theorem we need a lemma.

Lemma2.l. If X, Y are U- spaces with X normal, and p:=X Y is a U-continuous  U-
closed surjection, then Y is too normal.

Proof: Let A and B be two disjoint U- closed sets in Yn&i p is U- continuous, Pp(A)
and p*(B) are disjoint U- closed sets in X. X being notnthere are disjoint U-open

sets G and H in X such that'fA) OG, p(B) OH. Since p is U- closed, p(G) and
p(H) are disjoint U- open sets in Y with[Ap(G), B p(H). Thus Y is normal.
We now generalize the theorems in [5]

Theorem 2.8. Every U-continuous closed image of a paracompacspabe is
paracompact.
Proof: Let X and Y be U- spaces with X paracompact, andpe X - Y be

U- continuous U-closed surjection mapping. Leta{qia U ##} be any U- open covering
of Y. Since X is normal and p is U-continuous, Wsgd and surjection, Y is normal. By
Theorem 2.5 and comment 2.1 it suffices to show {Ga, |a' [ #} has an U- open

refinement which can be decomposed into at mogitably many locally finite families.
We assumes#£ is well-ordered and begin by constructing a U-opeovering

{V .. [(@,n) 05 x 2"} of X such that:
(i) For each n,\T{ an |0'D # } is a U-covering of X and a precise locally

finite refinement of {5*(G,) |a O 7#}.

(i) fB>a then pV ; 11 )N PV ain) =O.

Proceeding by induction, we take a precise U-opecally finite refinement of
{ p™(G,)} and shrink it by normality of X to get\? 21} Assuming {V 1} to be

16



Paracompact U-spaces

defined for all € n, let W, ,,, = p(G,) = p~p( U\7 1n)- Each W, . is U- open,

a
A<a

since by local finitenesUV 1nis U-closed and p is a U- closed map.

A<a

Furthermore { W, .., |a U #} is a U- covering of X: given KX, let a_be

the first index for which K p™(G,); then x O W since p'p

a,,n+l?
(\7 AU p™(G,) for each A. Taking a precise, U- open locally finite refinemef
{W |a’ [ # }, shrink it to get {\70,, n+1}. Clearly, condition (i) holds, and since

a,n+l

\7/3, n+1 IS NOt in the inverse image of any%&,n) for a <, condition (ii) is also
satisfied.

Foreach nand, letH, , =Y — p(UVﬁ]n ) which is an U- open set. We have
Bra

€) H o Dp(\7a,n) UG, for each n andr . Indeed,

P (Hyn) =X-pp(| Va0 ) OX-pp(X-Va,n) O Van O p(G,).
Bra

(b). Hynn Hz,= @ for each n whenever Z 3. In fact,

a,n

yUH,,=>yO p(\7g,n) and is in no other &/;,n).

(c). {H, . |(a’, n) & x Z*}is an U- open covering of Y. LetlyY be given; for
each fixed n there is, because of (i), a figfwith pr(\7gn,n); choosing now
a, =min{a, |nDZ+}, we have YIp(V 4, «). If B<a,, then the definition ofa,
shows 3Dp(\_/5, k+1); If B>a,, then by (i), we find that iy p(\75, k+1); therefore we
conclude thatyl H,, ., .

To complete the proof, we needyamodify the H,  slightly to assure
locally finiteness for each n. Choose a preciseopen locally finite refinement of
{pt(H a,n)|(a’ n) [0 & x Z*}, and shrink it to get an U- open locally finitewering

{K , .} satisfying p(Ra, n)UH, .. Foreachn,let S={y |some nbd of y intersects at
most one H '}, S is U- open and contains the U—close@ p(Kan) = p

(U Ra,n), so by normality of Y we find an U-open @ith Up(Ra,n) W

17
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G, 0G, 0 S,. The U-open covering { Gn H,, |(a, n)0O & x Z'}, with the
decomposition { G N H, | |aD A} forn=1, 2, 3, - satisfies the condition$
Theorem 2.5 and comment 2.1 for the given, {G

Definition 2.6. Let & ={G, |a' L1 7} be a covering of U- space X. For any BX the

setlU{G, |B NG, Z®} is called the Ustar of B with respect t@z , and is denoted
by St (B,%).

Definition 2.7. A U-covering.3 is called a U- barrycentric refinement of a U-cangr
G whenever the covering {St 3§ ) |x [ X } refinesg.

Theorem 2.9. Let X be normal U- space, ar@d = {G, |a U ##} a locally finite U-
open covering. The: has an U- open barrycentric refinement.

Proof: Shrink & to an U- open covering = {V , |a 0 &} such thatV , O G, for
each a; clearly, .53 is also locally finite. For each [XX, define W(x) =
N {G, [xOVa}n () {T Vs [xOV,b

We show tha* = {W(x) |xDX} is the required U- open covering. Note that
each W(x) is U- open: the locally finiteness.b6fassures that the first term is a finite
intersection and that the last ter@, D\75 is a U- open set. Nexf3* is a U- covering,
since xLJW(x) for each x1X. Finally, fix any x, LJX and choose ¥, containing x, .
Now, for each x such that XJW(x), we must have XV 4 also, otherwise W(\)] G

Vo and becauseXV , , we conclude that WM G, . Thus, St(x,.5*)0 G,, and
the proof is complete.

Definition 2.8. A U- covering.5 = {V , |,6’D.//} is called a U- star refinement of the
U- coveringGg whenevethe U- covering {St (\}, -5 | L0} refines G.

Theorem 2.10. A U- barrycentric refinemen *of a U- barrycentric refinemer$ of &
is a U- star refinement .

Proof: Given W, [l .5% choose a fixed xJ W,. For each WI .5* such that
WnW,#®, choose a @2Wn W ,; then W W, St(z, .5*) Usome VI .5.
Because each such V containg, xve conclude that St(\V, .5*) U St(x,, -5) [Isome

GO &. Since it is clear that a U- barycentric refinemehany refinement ofz is also a
U-barycentric refinement ¢, it follows from Theorem-2.9 that each U- openarning
of a paracompact U- space has an U- open baryceatril an U- open star, refinement.
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Much more important, however, is that this propetharacterizes the paracompact
U-spaces, not only among the Hausdorff U-spaces, ibufact also among the
T,-U- spaces.

Theorem 2.11. A T;-U- space X is paracompact if and only if each Pero covering
has an U- open barycentric refinement.
Proof: Only the sufficiency requires proof. We first shelmat any U- open covering

g={G, |a U #£} has a refinement as in Theorem-2.5 and commént 2.
Letg* be an U- open star refinement@fand let {& |n >0} be a sequence

of U- open coverings, where eagh_., U-star refinesg ,andg ¢

n+1
U-Star refines G* .Define a sequence of U-covering inductively b= & 1,
L= {SUV, G2) NV OB}, B = {SUV, G ) [V OBy e

Each.5, is an U-open refinement of & ,; in fact, each covering
{St(V, Gn) |V U .5} refines &, : this is true for n = 1 and, proceeding by indtt if
itis true for n = k — 1, its truth for n = k folles by noting that whenever V = St(V Gy )
for some V, Ll .51, thenSt(V ,, G«) = St[St(V, ,Gx«), @] U St(V,, Gi.1) becauséz
is a U-starefinement ofGy.1 .

Now well-order X and for each (n,[xJ" x X define E(x) = St(x, .5) -

O {St(z, -Bn1) |z precedes x}. Thetd = {E4(x) |(n, x) 0Z* xX} is a U-covering:

given pl X, the set A= {z|pO| ] St(z..5 )} is not empty, since[p A; if x is the first
i=1
member of A, then [g St(x,.5,) for some 111Z" and @] St(z,.B,.1 ) for all z preceding X,
so [ E(x). Moreover, sinces, refines o, we find thatd refinesg*.
Each G G..1can meet at most ong(E): for, if Gn E,(x) # @, then there is a
VO .By,with x OV and Vh G # @, so xUUVU GOV, U B and GU St(X, -Bny).
Thus, if E(X) is the first set G meets, it cannot meet ay(pEor p following x.

Now let W(X) = St(E(X), Gn + 1)- Then.5 * = {W(X) |(n, X) dZ"xX} is
clearly an U- open covering of X. Furthermo®,* refines & becauseDd refinesG*.
Finally, for each fixed nJZz", the family {Wx(x) |xDX} is locally finite: indeed, each
GU G, .. can meet at most on®/,(x), becauseG n W, (x) Z @, if, and only if, E(x)
N St(G,Gn+2) # @ and St(GGn -+ ) is contained in some (1 &, ., which we know

can meet at most ong(K).

The theorem will follow from Theorenb2and comment 2.1, once we show that
X is regular U- space. To this end, let BX be U-closed and[XB. Since in a T-U-
space each point is a U- closed %t {X — x, 'GB} is an U- open covering. Lef be an
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U- open star refinement. Then St(§) and St(B,.5) are the required disjoint

neighborhoods of x and B: for if there were a Vtedming x and a Vmeeting B such
that Vn V' # @, then St( V.5 ) would contain x and points of B, which is impdgsi
The theorem is proved.

Definition 2.9. Let & = {G, |a'D # } be an U- open coveringf X. A sequence
{Gn |n [JZ"} of U- open coverings is called U- locally stagifor & if for each Xx1X
there exists an nbd V(x) and.hZ" such that St(Vg,) L! some G, .

Theorem 2.12. A T;-U-space is paracompact if and only if each U-nopeverings:
there exista sequencé€g, |n (0Z"} of U- open coverings that is U- locally starrifay

G.
Proof: “Only if” is trivial. “If’: We can assume thalz, . 1 < &, for each nJZ". Let.5

={V openin X |Dn:[\/ UGUG ][ St(V, &)U some G, ]}. For each V.5, let

n(V ) be the smallest integer satisfying the cdoditBecause &, |n 0Z" is locally

starring forg, it follows that. is a U- open covering; we will show thdtis in fact a
U-barrycentric refinement o

Let XIX be fixed, let n(x) = min{n(V) |(XD X)ONv O.5)}, and let vV,
5 be a set containing x such that (V= n(x).
For any MIJ .5 containing X, we have n(\g n(x), and consequently
st(x, A )0 {Stx, @ ) i=n(x)}. Since G .1 < G for each i, this shows
St(x,-5) UStX, Gnx) USUV,, &, ,) U some G,. By Theorem-2.11, X is therefore
paracompact.
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