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ABSTRACT
The basic concepts of the theory of intuitionidtizzy topological spaces have been
defined by D. Coker and his co-workers. In thisgrapve define some new notions of
T, —spaces using intuitionistic fuzzy sets. We alsowsladl of these good extensions
property. Furthermore, we study some relations atbem. Moreover, some of their
other properties are obtained.
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intuitionistic fuzzyT; -spaces.

1. Introduction

After the introduction of fuzzy sets by Zadeh [16]1965 and fuzzy topology by Chang
[6] in 1968, several researches were conducteti@gédneralization of the notions of the
fuzzy sets and topology. The concepts of intuiStai fuzzy sets was introducedby
Atanassov [1, 2] as a generalization of fuzzy s€tker [3, 4, 5, 7, 8, 9, 10] and his
colleagues introducedintuitionistic fuzzy topolaglispaces by using intuitionistic fuzzy

sets. In this paper, we investigate the propesatigsfeatures @} -spaces.

Definition 1.1. [10] An intuitionistic setd is an object having the for=(x, 4, 4,)
whered;andA, are subsets dfsatisfyingd; N A, = ¢. The se#d, is called the set of
member afl while A, is called the set of non-memberAf

Throughoutthis paper, we use the simpler notatios (A, 4,) for an
intuitionistic set.

Remark 1.2. [10] Every subsefl on a nonempty s&tmay obviously be regarded as an
intuitionistic set having the forai = (4, A¢), whereA® = X \ A is the complement of
AinX.

Definition 1.3. [10] Let the intuitionistic setd andB onX be of the formal = (4,, A,)
andB = (B,, B;) respectively. Furthermore, letd{: j€ J } be an arbitrary family of
intuitionistic sets in,where4; = (A", A%). Then

(@) A c BifandonlyifA; € Bjand4, 2 B,.

(b) A= BifandonlyifA € BandB < A.
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(c) A= (4,, A,), denotes the complement Af
(d) N4; = (nA®P,uaP).

(e) U4; = (U4, na®).

0 ¢~ = (¢ X)andX. = (X, ¢).

Definition: 1.4. (cf [7]) An intuitionistic topology on a sdfis a familyt of intuitionistic
sets inX satisfying the following axioms:

Q) ¢, X_ €.

(2) G, n G, € tfor anyG,, G, € 7.

(3) U G; € tfor any arbitrary familyG; € 7.

In this case, the paiX(t ) is called an intuitionistic topological space (|Ti$ short)
and any intuitionistic set inis known as an intuitionistic open set (I0S, inrghin X.

Definition 1.5. [2] Let X be a non empty set andbe the unit intervdD, 1].An
intuitionistic fuzzy set A (IFS, in short) inX is an object having the
formA={(x, ua(x),va(x)), x € X}, where u,: X - Iandv,: X — I denote the degree of
membership and the degree of non- membership reaggcandu,(x) + v, (x) < 1.

Let I(X) denote the set of all intuitionistic fuzzy sets(i Obviouslyevery fuzzy
setuy,in X is an intuitionistic fuzzy set of the formuf, 1 — py).

Throughout this paper, we use the simpler notatibrr (u,,v4) instead of
A={(x, g (x), vA(x)),x € X} .

Definition 1.6. [2] Let A=(u, ,v4) andB= (ug , vg) be intuitionistic fuzzy sets k. Then

(1) A c Bifand only ifu, < pugandv, = vp.
(2) A = Bifand only ifA € B andB < A.
(3) A= (Va.ia)-

(4) ANB=(uy N pp; vy Y vp).

(5) AUB=(ug U pp;va Nvp).

(6) 0.=(0~,17)and1.=(17,07).

Definition 1.7. [8] An intuitionistic fuzzy topology (IFT, in shgronX is a familyt of
IFS’s inX which satisfies the following axioms:

Q) 0_.,1_ € t.

(2) if Ay, A, et, then4d; N A, €t.

(3) If A; € t foreachi, thenu 4; € t.
The pair &, t) is called an intuitionistic fuzzy topological sga(IFTS, in short).
Let (X,t) be an IFTS. Then any membertad$ called an intuitionistic fuzzy open set
(IFOS,in short) inX.The complement of an IFOS his called an intuitionistic fuzzy
closed set (IFCS, in short) a

2. Intuitionistic fuzzy T, —spaces
Definition 2.1. An intuitionistic fuzzy topological spac#(t) is called
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QIF=T, (@) fVYx, yeXx+y3a A = (us,vs), B=(ug,vg) €t such that
pa(x)=1,v4(x)=0;u4 (¥)=0,v4(¥)=1 andig (y)=1, vg(y)=0;up (x)=0, v (x)=1.

) IF-=T, (i) if Vx,y €X,x#y3I A= (uyg,vs),B =(ug,vg) €t such that
Ba(x)=1,v4(x)=0;14(¥)=0,v4(y)> 0 angiz(y)=1, vg(¥)=0; up(x)=0, vg(x)> 0.

@B)IF=Ty (iii)y if Vx,y eX,x#y3IA= (uy,v4),B=(ug,vg) €tsuch that
MA((x))> 0, v4(x)=0;u4 (¥)=0, v4 (¥)= 1andup (y)> 0, vz (¥)=0; ug (x)=0,
vg(x) = 1.

4 IIE—Tl(iV) ifvx, vy €X,x #y 3 A= (uu,v4), B=(up ,vg) € t such thap,(x)>
0, va(x) = Oua(¥)=0,v4(y)> Oandup (y)> 0, vp(y) =0; up(x)=0, v (x)> 0.

Definition 2.2. Leta € (0, 1). An intuitionistic fuzzy topological spac,(t) is called

@a—-IF-T, () if Vx, y eX,x#y3IA= (ug,v4),B=(g,vg) Et such
thatu, (x)=1, v4(x) = Ops(¥)= 0,v4(y)= aanduz (y)=1, vz (y)=0; up(x)= 0,
vg(x)= a.

(b) a—IF =T, (i) if Vx,y eEX,x#y3TA= (uy,v4),B=(g,vg) Et such
thatu, (x)= a, va(x) = O;ua(y)= 0,va(y)= aanduip(y)= a,vp(y) = O;up(x)= 0,
vg(x)= a.

€) a—IF =T, (i) if Vx, y eX,x+y3IA= (uy,vs),,B=g,vg) € tsuch
that, (x)> 0, v4(x) = 0us (¥) = 0,v4(y)= aandup(y)> 0, vg(y) = Oup(x) =0,
vg(x) = a.

Theorem 2.3. Let (X, t) be an intuitionistic fuzzy topological space. fhee have the
following implications: IF-T,(ii)

IF—T, (i) F=T

TN T G

Proof: SupposéX,t) is IF— T, (i) space. We shall prove tha¥,¢) is IF— T,(ii). Since
(X,t) is IF=T. (i), thenVx, y € X,x # y3 A = (us,v4) , B=(ug,vg) €t such that
pa(x) =1,v4(x) = O;p4(y) = 0,v4(y) = langiz(y)=1,vg(y) = O;up(x)= Opp(x) = 1
= pa(x)=1,v4(x) = Opua(y) = 0,va(y) > Oandup(y) = 1, vp(y) = O;up(x)= 0,vp(x)
> 0.Which is IF-T,(ii).Hence IF-T,(i) = IF—T(ii).Again, suppos€X,t) is IF-T,(i)
space. We shall prove thaf, ¢) is IF-T(iii)). Since X,t) is IFT,(i), thenVvx, y €
X, x#y3A=(ua,va),B=(up,vp) € tsuch that,(x) =1,v,(x) = Ous(y) = 0,
va(y) =1 angip(y) =1,vp(y) = 0 ;up(x)= 0,vp(x) =1 = pa(x)> 0, v4(x) = O;ps(y)
=0,v,(y) =landiz (y)> 0,vg(y) = O;up(x)=0,vg(x) = 1.Which is IFTy(iii). Hence
IF=T;(i) = IF=T,(iii).

Furthermore, it can easily verify that #; (i) = IF =T, (iv), IF-T, (i) =
IF-T,(iv) andIF-T,(iii) = IF=T,(iv).

Noneofthereverse implications is true in generatWhcan be seen from the
following examples.

Example 2.3.1. LetX = {x, y} andt be the intuitionistic fuzzy topology ot generated

by{A, B} whereA= {(x, 1, 0), ¢, 0, 0.5)} andB ={(x, 0, 0.7), ¢, 1, 0)}.We see that the
IFTS (X, t) is IF-Ty(ii) but not IF-T,(i).
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Example 2.3.2. LetX = {x,y} andt be the intuitionistic fuzzy topology at generated
by {4, Bjwhere A = {(x, 0.2, 0), ¢, O, 1)} andB={(x, O, 1), §, 0.6, 0)}.We see that the
IFTS (X, t) is IF-T,(iii) but not IF-T;(i).

Example 2.3.3. LetX = {x, y} andt be the intuitionistic fuzzy topology ot generated
by{4, B}jwhere A={(x, 1, 0), §, 0, 0.4)} andB = {(x, 0, 0.6), ¢, 1, 0)}.We see that the
IFTS (X, t) is IF- T, (ii) but not IF-T,(iii).

Example 2.34. LetX = {x,y} andt be the intuitionistic fuzzy topology dt generated
by {4, B}where A = {(x, 0.3, 0), ¢, 0, 1)} andB={(x, O, 1), , 0.5, 0)}.We see that the
IFTS (X, t) is IF- Ty (iii) but not IF-T,(ii).

Theorem 2.4. Let (X,t) be an intuitionistic fuzzy topological space. fhee have the
following implications:

a —IF=T;(ii)

a —IF=T,()

Proof: Suppose(X,t) is a — IF =T (i) space. We shall prove thatX(t) is
a —IF-Ty(ii).Let « € (O, 1). Since X,t) isa —IF—Ty(i), thenVx, y € X,x # y3A =
(#a,va), B= (up ,vg) € tsuch thatu, (x) =L,v4(x)= Oius(y) = 0,v4(y) =«
anduz(¥)=1vp(y) = Opp(x)=0,vp(x) =
= pa(x) = a,vy(x) =0us(y) = 0,v4(y) = aandup(y) = a,vp(y) = Oug(x)= 0,vp(x)
> afor anya € (0, 1), which isx —IF—T,(ii). Hencea —IF—T;(i) = a —IF—T,(ii).
Again, supposg, t) is IF-T,(ii) space. We shall prove thaX,(t) is a —IF—T,(iii).Let
a € (0, 1). Since X,t) isa—IF-T,(ii)), thenV x, y€X, x # y3A = (uy,v4),B=
(1p ,vp) € t such thatu,(x) = a,vu(x) = Oua(y) = 0,v4(y) = aandup(y) = a,vp(y) =
Oup(x)= 0,vp(x) = a = pa(x)> 0,v4(x) = Oua(y) = Ova(y) = @ andug(y) >
0,vg(y) = Ojug(x)= 0,vg(x) = afor anya € (0, 1). Which ise —IF—T;(iii). Hence
a —IF=T,(ii) = a —IF=T,(iii).

Furthermore, it can easily verify that—IF—T; (i) = a —IF—T,(iii).

None of thereverse implications is true in genwfaich can be seen from the following
examples.

Example 2.4.1. LetX = {x,y} andt be the intuitionistic fuzzy topology on X generite
by{4, B}where A= {(x, 0.5, 0), ¢, 0, 0.5)} andB= {(x, O, 0.4), ¢, 0.4, 0)}. Fora =0.3,
we see that the IFTX(t) is a —IF—T,(ii) but not a —IF—T;(i).

Examples 2.4.2. Let X = {x, y} andt be the intuitionistic fuzzy topology dt generated
by{4, B}jwhere A= {(x, 0.2, 0), ¢, 0, 0.4)} and B= {f, 0, 0.5),(y, 0.3, 0)}.Fora =0.4,
we see that the IFTX(t) is a —IF—T,(iii) but not a —IF—T;(ii).

Theorem 2.5. Let (X, t) be an intuitionistic fuzzy topological space drda < 8 < 1,
then
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@) B —IF=T()) = a—IF—T,().
(b) B —IF=T,(il) = a —IF—T,(ii).
(©) B —IF=T,(iil) = a —IF—T,(iii).

Proof (a): Suppose the intuitionistic fuzzy topological spd&et) isp —IF—T,(i).We
shall prove thatX,t) isa —IF—T;(i).Since ,t) isg —IF—T.(i), therwvx, y € X,x #
yW'thﬁ € (0, 1)314 = (l,lA ,VA),B = (‘HB ,VB) Et SUCh tha.tﬂA(x) =1 y Va (x) :0,
ra(y)= 0,va(y)= fandup(y) = 1,vp(y) = Opp(x)= 0,vp(x) = B = ualx) = 1va(x)
= Oipa(y) = 0,va(y) = @ andup(y) = 1,vp(y) = Ojup(x)= O0,vp(x) Zaas Ka<
B < 1, which isr —IF-T;,(i). Hence® —IF-T, (i) = a —IF-T4(i).

Furthermore, it can easily verify tifat-IF—T;
(i) = a —IF=Ty(i)andB —IF=Ty(iii) = a —IF=T,(iii).

None of the reverse implications is true in gengrich can be seen from the
following examples.

Example 25.1. Let X = {x,y} and let be the intuitionistic fuzzy topology OoX
generated by4, Bjwhered= {(x, 1, 0), ¢, 0, 0.6)} an®= {(x, 0, 0.5), ¢, 1, 0)}. For
a =0.5ands =0.7, it is clear that the IFTX (t) is a —IF—T, (i) but notg —IF—T,(i).

Example 25.2. Let X = {x,y} and let be the intuitionistic fuzzy topology oA
generated by4, B} whereA= {(x, 0.5, 0), ¢, 0, 0.5)} andB= {(x, O, 0.6), ¢, 0.7, 0)}.
For a =0.5 andp =0.8, it is clear that the IFTSX(t) is a —IF —T; (ii) but not
B —IF—=T(ii).

Example 25.3. Let X = {x,y} and let be the intuitionistic fuzzy topology O&K
generated by, B} where A= {(x, 0.2, 0), ¢, 0, 0.4)} andB= {(x, 0, 0.5), ¢, 0.3, 0)}.
Fora =0.4 andf=0.6, it is clear that the IFTSX(t) is a —IF —T, (iii) but not
B —IF—=T(iii).

Theorem 2.6. Let(X,t)be an intuitionistic fuzzy topological spatec X andt; ={
A|U : A € t} anda € (0, 1), then

@) (X,t)is IF-T,(i) = (U, t) is IF-Ty(i).
(b) (X, t) is IF=T,(ii) = (U, t,) is IF—T,(ii).

(©) (X, ¢) is IF=Ty (i) = (U, t,,) is IF—T4(iii).

(d) (X, ¢) is IF=Ty(iv) = (U, t,) is IF—Ty(iv).

(€) (X,t)isa —IF=T,(i) = (U, t,) isa —IF=T;(i).
) (X,t)isa —IF=Ty(ii) = (U, t) is & —IF=T,(ii).
(@) (X, 1) isa —IF=T,(iii) = (U, ty) isa —IF—Ty(iii).

The proofs (a), (b), (c), (d), (e), (f), (g) arendar. As an example we proved (e).

Proof (€): Suppose ,t) isan intuitionistic fuzzy topological space ansl also
a —IF=T;(i).We shall prove thatU, ty) isa —IF-T;(i). Letx, y € Ux # ytherx, y €
X,x # yasU € X. Since {,t) isa —IF=T;(i), then3 A =(uu,v4), B=(ug,vg) €t
such thap,(x) =1,v,(x) = 0;pua(¥)= 0, va(y)= a andug(y) =1,vp(y) = O;up(x)=
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0,vp(x) = a = pua|U(x) =1, v4|U(x) = OjuU(y)= 0, v4|U(y) = a andup|U (y)
=1,vp|U(y) = Oup|U(x) =0 ,vg|U(x)= a. Since{(ua|U,v4|U),(up|U, vg|U)} €
ty ={(B|U, CIU )}€ ty. Hence, it is clear that the intuitionistic fuzppological space
U, ty) isa —IF=T;(i).

Definition 2.7. An intuitionistic topological space ( ITS, in sho( X, ) is called
intuitionisticT; —space ( T; space ) ifvx, y € X, x #y3C=(Cy, C;),D = (D,
,Dz) ETSUCh thatECl,yECZ andyEDl, xED2

Theorem 2.8. Let (X,7) be an intuitionistic topological space and leX, ) be an
intuitionistic fuzzy topological space. Then we &dke following implications:

IFT, (i)
IF-T, () «— —L‘l — IFTy(iv)
IF=T, (iii)

Proof: Suppose &,7) is | —T, space. We shall prove thaX(t ) is IF-T,(i). Since
(X,7)is | =Ty, thenvx, y € X, x#y3C= (Cy, C;),D=(D;,D, )€ T such that
x€C ,y€ Gandy €Dy, x €D, = 1., (x) =1,1,() =1 andl, (y) =1,

1p,(x)=1. Let 1, =us, 1¢, =v4 ,1p, =ug, 1p, =vg then p,(x) =1,

Ua()=0sua(y) =0,v4(y) =1 andup(y) =1,vp(y)=0; up(x) = O,up(x) =1. Since {fi,,

Ua) (ug, vg)} € t =( X, t)is IF-T,(i). Hence T, =IF-T,(i).

Conversely, supposeX(t) is IF-T,(i). We shall show that X,7)is | —T; . Since
(X,t)is IFTy(i), thenvVvx, y € X, x #y 3 A= (ua,v4), B= (g, vp) € t such that
pa(x) =1,v4(x) =0; ua(y) =0,u4(¥)=1 anduz(y) =1,vp(y) =0; up(x) = 0,vp(x) =1.
Let C; = u {1}, C,=v;*{1}, D; = uz*{1}, D, =vz'{1} = x €,y € D, and
YED;, x € Dy. Since {(Cy, C;),(D;,D; )}eET= (X,7)is | =T; . Hence
IF-T,(i) = | —T,. Therefore -T; <IF-T,(i).

Furthermore, it caneasily verify that-I;, = IF— T, (ii), | — T; =IF— Ty (iii)
andT; = IF— Ty(iv).

None of the reverse implications is true in gengrich can be seen from the
following examples.

Examples 2.8.1. Let X = {x, y} andt be the intuitionistic fuzzy topology at generated
by{A, B}whereA ={(x, 1, 0), ¢, 0, 0.4)} andB={(x, 0, 0.5),(y, 1, 0)}, it is clear that the
IFTS (X, t) is IF-T,(ii) but not corresponding- T; .

Examples 2.8.2. Let X = {x, y} andt be the intuitionistic fuzzy topology at generated

by{4, B} where A={(x, 0.5, 0), ¢, 0, 1)} andB={(x, 0, 1),(y, 0.6, 0)}, it is clear that
the IFTS &, t) is IF=T;(iii) but not correspondingt T;.
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Examples 2.8.3. Let X ={x,y} andt be the intuitionistic fuzzy topology oH
generated by4, B} where A={(x, 0.2, 0), ¢, 0, 0.3 )} andB={(x, 0, 0.4),(y, 0.6, 0)}, it
is clear that the IFTSX( t) is IF-T;(iv) but not correspondingH T;.

Theorem 2.9. Let (X,t) be an intuitionistic topological space and léf,{) be the
intuitionistic fuzzy topological space. Then we &adke following implications:

a —IF=T;(ii)
| -T,—» a —IF=T;(i)
a —IF—T, (iii)

Proof: Leta € (0, 1). Suppose X,t) is | —T; space. We shall prove tha(t) is
a —IF=T,(i). Since X,t)is |-T,, thetwx, y € X, x # y3C= (Cy, C;),D = (Dy,
D, ) €t such that x€(, ,yeCandy€D;, x €D, = 1, (x) =1,1,(y) =
landlp, ) =1,1p,(x)=1=1,(x) =1, 1,(y) 2 a andlp (y) =1, 1p,(x) = a
for anya € (0, 1). Let 1¢, = ua, 1¢, =va,1p, = ug, 1p, = vg then= u,(x)=1,
Ua(x)=0; g (¥)=0,v4(y) = a andup(y) =1,vp(y)=0; up(x) = O,vp(x) = « for any
a € (0, 1). Since {4, v4), (ug,vp)tet =(X,t)is a —IF-T,(i). Hence T, =
a —IF-T;(i). Furthermore, it can be shown that T, = a —IF-Ty(ii) and - T; =
a —IF=T,(iii).
None of the reverse implications is true in gengrich can be seen from the

following examples.

Example 2.9.1. Let X = {x,y} and let be the intuitionistic fuzzy topology oA
generated by4, B} whereA={(x, 1, 0), {, 0, 0.7)} andB= {(x, 0, 0.8), ¢, 1, 0)}. For
a =0.7, it is clear that the IFTX(t) isa —IF—T,(i)but not correspondingd T; .

Example 2.9.2. Let X = {x,y} and let be the intuitionistic fuzzy topology oA
generated by, B} whereA= {(x, 0.5, 0), ¢, 0, 0.5)} andB= {(x, 0, 0.6), ¢, 0.6, 0)}.
Fora =0.4, it is clear that the IFTX(t) is a —IF—T(ii) but not corresponding- T; .

Example 2.9.3. Let X = {x,y} and let be the intuitionistic fuzzy topology oA
generated by, B} where A= {(x, 0.3, 0), ¢, 0, 0.5)} andB= {(x, 0, 0.5), ¢, 0.4, 0)}.
Fora =0.4, itis clear that the IFTX(t) is a —IF—T,(iii) but not correspondingH T; .
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