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ABSTRACT
In this paper, we introduce the concept of Q — compact fuzzy sets and study their several
features.
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1. Introduction

Compactness occupies a very important place in fuzzy topological spaces. The purpose of
this paper is to introduce and study the concept of Q — compact fuzzy sets in more detail
and to obtain several features of the concept. In doing this, we have used the idea of q —
coincident of a fuzzy singleton with a fuzzy set or the same between two fuzzy sets. We
find that this concept has a different and tangible flavour.

2. Preliminaries
We briefly touch upon the terminological concepts and some definitions, which are
needed in the sequel. The following are essential in our study and can be found in the
paper referred to.

Definition 2.1. [9] Let X be a non-empty set and | is the closed unit interval [0, 1]. A
fuzzy set in X is a function u : X — | which assigns to every element x € X. u(x)
denotes a degree or the grade of membership of x. The set of all fuzzy sets in X is

denoted by 1* . A member of 1 may also be a called fuzzy subset of X.

Definition 2.2. [7] A fuzzy set is empty iff its grade of membership is identically zero. It
is denoted by 0 or ¢.

Definition 2.3. [7] A fuzzy set is whole iff its grade of membership is identically one in
X. Itis denoted by 1 or X.

Definition 2.4. [1] Let A be a fuzzy setin X, then the set { x € X : 4 (x) >0 } is called
the support of A and is denoted by A, or supp 4,

87



D. M. Ali and M. A. M. Talukder

Definition 2.5. [2] Let u and v be two fuzzy sets in X. Then we define
M u=viff ux)=v(x)forallx € X

(i u < viff u(x) < v(x)forallx e X

(ii) A =u wviff A(X)=(u Uv) (X)=max[u(x),v(x)]forallx € X
(iv) g =unviff g (x)=@unv)(x)=min[u(x), v(x)]forallx e X

(v) y = u® iff y(x)=1-u(x)forallx e X.

Definition 2.6. [2] Let f: X — Y be a mapping and u be a fuzzy set in X. Then the
image of u, written f (u), is a fuzzy set in Y whose membership function is given by

0 &) = sup{u(x): x e f i (y)}if f7(y)=¢
0 if f(y)=¢

Definition 2.7. [5] Let f be a mapping from a set X into Y and v be a fuzzy set of Y.

Then the inverse of v written as f ™ (v) is a fuzzy set of X and is defined by f ™ (v)(x) = v
(f(x)), forxeX.

De-Morgan’s laws 2.8. [9] De-Morgan’s Laws valid for fuzzy sets in X i.e. ifuand v
are any fuzzy sets in X, then

MH1l-uuv)=L-uyn((l-v)

il-unv)=0-uwyu@d-v

For any fuzzy setin uin X, um (1 — u) need not be zero and u (1 — u)need not be one.

Distributive laws 2.9. [9] Distributive laws remain valid for fuzzy sets in X i.e. if u, v
and w are fuzzy sets in X, then

Huuvnw)=uuv)Nn(uuw)

(iun(vuw)=uNnv)u (unw).

Definition 2.10. [7] A fuzzy set A in X is called quasi — coincident ( in short q —
coincident ) with a fuzzy set x in X, denoted by Aqu iff 4 (x) + x (x) > 1 for some x
e X.

Definition 2.11. [2] Let X be a non-empty setand t— 1 * i.e. tis a collection of fuzzy set
in X. Then tis called a fuzzy topology on X if
()0,1 et
(ii) u; etforeachiel, then | J u; et
i

(iii)u, v et, thenunNv et.

The pair (X , t) is called a fuzzy topological space and in short, fts. Every

member of t is called a t-open fuzzy set. A fuzzy set is t-closed iff its complements is t-
open. In the sequel, when no confusion is likely to arise, we shall call a t-open ( t-closed )
fuzzy set simply an open ( closed ) fuzzy set.

88



Some Features of Q—Compact Fuzzy Sets

Definition 2.12. [7] Let A be a fuzzy set in an fts (X , t). Then the interior of A4 is
denoted by A° orintAand definedby 2° = U{ u: pc A and u et}

Definition 2.13. [2] Let (X ,t) and (Y , S) be two fuzzy topological spaces. A

mapping f: (X ,t) — (Y, 's) is called an fuzzy continuous iff the inverse of each s-
open fuzzy set is t-open.

Definition 2.14. [7] Let (X , t) be an fts and A < X. Then the collection t,= { u/A:
uet}={umA:uet} isfuzzy topology on A, called the subspace fuzzy topology on
A and the pair ( A | t,) is referred to as a fuzzy subspace of ( X, t )

Definition 2.15. [3] Let (A,t,)and (B, s, ) be fuzzy subspaces of fts’s ( X , t ) and
(Y, s) respectively and f is a mapping from (X, t) to (Y, s), then we say that f is a
mapping from (A, t,)to (B, sg)if f (A)cB.

Definition 2.16. [3] Let (A, t,) and (B, s, ) be fuzzy subspaces of fts’s ( X , t ) and
(Y, s) respectively. Then a mapping f : (A , tA) - (B , SB) is relatively fuzzy
continuous iff for each

V € sy, the intersection f ' (v) N Aet,.

Definition 2.17. [4] An fts (X 1t ) is said to be fuzzy Hausdorfff iff for all x, y € X, x
# Y, there existu, v € tsuch thatu(x) =1,v(y)=landu nv =0.

Definition 2.18. [1] Let (X ,T) be a topological space. A function f : X — R
(with usual topology) is called lower semi-continuous ( I. s. c. ) if for each a € R, the
set f'(a,o)eT.Foratopology T onaset X, let @(T) be the set of all I. s. c.
functions  from (X,T) to | (with usual topology); thus
o(T)={uel”:u"(a,1]eT ,ael,}. It can be shown that w(T) is a fuzzy

topology on X.
Let P be a property of topological spaces and FP be its fuzzy topology analogue. Then
FP is called a ‘ good extension’ of P “ iff the statement (X ,T) has P iff

(X, w(T)) has FP”  holds good for every topological space (X ,T). Thus
characteristic functions are I.s.c.

3. Characterizations of Q—compact fuzzy sets
Now we obtain some tangible features of Q — compact fuzzy sets.

Definition 3.1. Let (X , t) be an ftsand A be a fuzzy setin X. Let M ={u, :ie J}
c 1™ be a family of fuzzy sets. Then M = {u, } is called a Q — cover of A if 1(x) +
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U,(x) > 1 forall x € X and for some u, € M. If each u, is open, then M = {u; } is
called an open Q — cover of A .

Definition 3.2. A fuzzy set A in X is said to be Q — compact iff every open Q — cover of
A has a finite Q — subcover i.e. there exist u; , U , U e{u;} such that 4 (x) +

i2’ NPT

u, (x) = 1forallx € Xand for some u; e{u;}.1f 4 < wand pe I X then u is
also Q — compact.

Theorem 3.3. Let A be a fuzzy set in an fts (X , t) and A < X. Then the following

are equivalent :
(i) A is Q — compact with respect to t.

(if) A is Q — compact with respect to the subspace fuzzy topology t, on A.

Proof : (i) = (ii): Let{u, :ie J} bea t,—open Q - cover of A.Then by definition of
subspace fuzzy topology, there exists v, € tsuchthat u; = A NV, cV,.Hence A(x)
+ U, (x) = 1forall x € X and consequently A (x) + Vv; (x) > 1 forall x € X . Therefore
{v, :ie J}isat—open Q- coverof 4.

As A is Q — compact in (X , t ) then 4 has finite Q — subcover i.e. there exist v; €
{vi} (ke J,)suchthat A(x) + v, (x) = 1forallx € X. Butthen A(x) +(A NV, )
(x) = 1 forall x € X and therefore A (x) + u; (x) = 1forall x € X. Thus {u;}
contains a finite Q — subcover of { u,, uU,, ...., U, } and hence (4, t, )is Q -

compact.
(i) = (i) : Let{ v, :ie J}beat-open Q—coverof A.Setu, =A NV,,then 4(x)

+V;(x) 2 1forallx € X.Hence A(x)+ (A NV, ) (x) = 1forall x € X implies that
A(X) + U;(x) > 1forallx e X.But u,et,,so{u; :ied}isat, -openQ - cover
of 4. As 4 is Q - compact in (A, t, ), then there exist u; € { u; } (k € J,)such
that 4 (x) + u; (x) = 1 forall x € X . This implies that 4 (x) + (A NV, ) (x) = 1 for
all x € X and consequently A (x) + vV, (x) 2 1forall x € X. Thus { v; } contains a

finite Q — subcover {vik } and therefore A is Q — compact with respect to t.

Theorem 3.4. Let A be a Q — compact fuzzy setinanfts (X, t). If x c A and u
t°, then u isalso Q — compact.

Proof: Let {u;, :i € J } be anopen Q - cover of . Then {u,}u{ "} isanopen Q-
cover of A.As g (x)+ u,(x) > 1forallx € X, then A (x)+ max (U,(x), £°(x)) >1
forall x € X. Hence £ (x) + U;(x) < A(X)+ U,(x) > 1forall x € X. Since 4 isQ -
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compact in (X T ) then each open Q — cover of A has a finite Q — subcover i.e. there
exist a finite subset J < J, such that {u;, ke J.} u {u}is an open Q - cover of
A.Then{u; 1k € J,}isafinite subfamily of {u; :i e J} and isan open Q - cover
of pie {u;, 1k e J,}isafinite Q- subcover of x.Hence u is Q- compact.

Theorem 3.5. Let A and u be Q — compact fuzzy sets in an fts ( X, t). Then 1 U u
is also Q — compactin ( X, t).

Proof : LetM = {u, :ie J}andN={ v, :ie J} beanyopen Q- cover of 4 and u
respectively. As A and u are Q — compact fuzzy sets in (X , 1 ) then M and N have
finite open Q — subcovers, say M; ={ u; :k e J }and N, ={v, ke J } Itis
clear that M; or N; isan open Q — subcover of 4 U x and this implies that 4 U u
is Q — compact.

Theorem 3.6. Let ( X, t ) and (Y , s) be two fts’s and A be a Q — compact fuzzy set in
(X , t). Letf: (X , t) - (Y , S) be fuzzy continuous, one — one and onto.
Then f(A) is also Q — compact in (Y , s).

Proof : Let {u, :i e J } beanopen Q — cover of f(1) in (Y, s) i.e. (F(4)) (X) +Uu; (x)
> 1 forall x €Y. Since f is fuzzy continuous, then f ~(u,) € tand hence { f *(u,):i
€ J}isanopen Q—coverof A. As A is Q- compactin (X t ) then A has a finite
Q - subcover i.e. there exist u; e{u; } (k e J,)suchthat A(x)+(f 2 U, ))(x) >

1 forall x € X. Again, let u be any fuzzy setin Y. Since f is onto, then forany y €Y, we
have

f(FH(u) @ =sup{ 7 (u)@:ze f7(y), T7(y) = ¢ }=sup{u(f2) : f(2) =
y } = sup {u(y) } = u(y) i.e. f( f (u)) = u. This is true for any fuzzy set in Y. As f is
one — one and onto, so f(1) = 1. Hence f(A (x) + ( f ( u; )) () = f(1) (since fis one
—one and onto ) implies that (f (1)) (x) + ( u; )) (x) = 1forall x € X. Therefore
f(4) is Q — compact in (Y , s).

Theorem 3.7. Let (A,t,) and (B, s,) be fuzzy subspaces of fts’s (X, t) and
(Y, s) respectively.

Let A be a Q-compact fuzzy setin (A, t,)andf: (A, t,) — (B, sg) be relatively
fuzzy continuous, one — one and onto. Then f( 1) is also Q — compact in ( B, SB).
Proof : Suppose A is Q — compact in (A , tA). LetM={ vV, :ie J} beanopenQ-
cover of f(A)in(B,sy) ie. (F(A)) (X) +V, (x) > 1 forall x € X. Since V, € S,
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then there exist U, es such that v, = u, N B. Hence (f(1)) (x) + (u; "B (x) = 1 for
all x € X. As f is fuzzy relatively continuous, then f ~( vV;,) N A e t, and hence {
f*(v,) " A:ie J}isanopen Q- cover of A.Since A is Q — compact in (A : tA),
then there exist v; e{ v;} (k€ J,) such that 4 (x) + (f‘l(vik )N A)(X) = 1 for
all x e Xandk € J, . Again, let v be any fuzzy set in B. Since f is onto, then for any y
eB,wehave f(f *(v))(y)=sup{ T (v)@:ze f(y), f'(y)# ¢ }=sup
{vf@2):f(2)=y } = sup {v (y) } = v(y) i.e. f(f " (v)) = v. This is true for any
fuzzy set in B. As f is one — one and onto, so f(1) = 1. Hence f (4 (x) + ( f ‘l(vik )N A)
(x)) = f(1) (since fis one —one and onto ) implies that (f(A) (X + (v, Nf(A))

(x) = 1forall x € X. Therefore f(4) is Q — compact in (B , SB).

The following example will show that the open subset of a Q — compact fuzzy set need
not be Q — compact.

Example 3.8. Let X = {a, b }and I = [0, 1]. Let u,, U,, Us, U, € 1* defined by
u,(@ =03, u;(b)=05; u,(a) =02, u,(b) =0.6; us(a) =0.3, uy;(b) =0.6 ; u,(a) =
0.2, u,(b) =05. Now taket={0, 1, u,, u,, Uy, U, } then we see that (X , t) is an
fts. Again, let A, 1z e 1” definedby A(a)=0.9, A(b)=0.6and w(a)=0.3, x(b) =
0.5. Thenweseethat A < u and u € t. Now, A (x)+ U,(x) = 1forall x € X and for
some U;. Hence by definition of Q — compact, A is Q — compact. But x (a) + U, (a) =
1. Hence u is not Q — compact.

The following example will show that Q — compact fuzzy set in an fts (X , 1 )
need not be closed.

Example 3.9. Let X ={a,b}and 1 =[0, 1]. Let u,, u, € 1 X defined by u,(a) = 0.2,
u,(b) =0.4 and u, (a) = 0.5, u, (b) =0.6. Now, putt={0, 1, u;, u, }, then we see that
(X,t)isanfts. Let A€ 1* defined by A(a) =0.9, A(b) =0.7. Then A (x) + U, (X)
> 1 for all x € X and for some u,. Hence by definition of Q — compact, A is Q —

compact. But A is not closed, as its complements A° is not open in (X , 1 )
The following example will show that the subset of a Q — compact fuzzy set in an fts
(X, t) need not be Q — compact.

Example 3.10. Let X = {a,b}and 1 =[0, 1]. Let u,, u, € |1* defined by u,(a)=0.3,
u,(b) =0.5and u, (a) = 0.6, u, (b) =0.5. Now, putt={0, 1, u;, u, }, then we see that
(X , t) isan fts. Let 1, e 1” definedby A(a)=0.8, A(b)=0.6and x(a)=0.3,
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4 (b) = 0.4. Hence we see that £ — A and A is clearly Q — compact . But g is not Q —
compact, since x (a) + U;(a) = Land x (b) + u;(b) = 1.
The following example will show that the interior of a Q — compact fuzzy set in an fts
(X, t) need not be Q — compact.

Example 3.11. Let X ={a, b }and 1 =[O, 1]. Let u,;, U,, Uz, U, € I * defined by
u,(@ =102, u(b)=05; u,(@ =03, u,(b)=04; uz(@ =0.3, us(b)=05; u,(a) =
0.2, u,(b) =0.4.

Now, taket={0, 1, u,, U,, Us, U, }, then we see that (X ,t) is an fts. Let 4 €
I * defined by A (a) = 0.8, A (b) =0.6. Now A(x) + U,(x) > 1 forall x € X and for
some u;. Hence A is Q — compact. We observe that u,, u,, U;, u, < A. Therefore
A=uuvUu,uu,uu, =u,ie 2°@=03, 2°(h)=05 Now 2°(a) + u,(a) > 1.

Hence A° isnot Q — compact.

Theorem 3.12. Let A be a Q — compact fuzzy set in a fuzzy Hausdorff space (X , 1 )
with 4, < X (proper subset ). Suppose xg 4, (4 (x) =0), then there existu, v € t

such thatu(x) =1, 4, < v*(0,1]andu Nv=0.

Proof : Lety € A,. Then clearly x # y. As ( X, t ) is fuzzy Hausdorff, then there exist
u,, v, € tsuchthatu, (x)=1, v (y)=1and u, n v, =0. Hence 1(x) + u,(x) = 1,
xeXand A(y)+Vv,(y) =21, yedyie{u,V, yei,}isanopenQ - cover of
A.Since A is Q — compact in (X , t ) then there exist Uy, Uy s ,u, € {uy}
.V, € {v, }suchthat A (x)+ u, (x) = 1forallx € X when A (x)
=0and some u, € {u,}and A(y) + v, (y) = 1forally € X when 4(y) >0 and

and v, , V
Y1 2

some v, € {v,}. Now, letv=v, Uv U ... uv,andu=u, N U, N o
MU, . Then we see that v and u are open fuzzy sets, as they are the union and finite
intersection of open fuzzy sets respectively i.e. v, u e t. Furthermore, A, < v(0,1]
andu(x) =1, as u, (x) =1 foreachk.

Finally, we have to show that u Nv =0. As u, Nv, = 0 impliesu M vy, = 0,

by distributive law, we see thatu "v=u (v, UV, U ... vv, )=0.

Theorem 3.13. Let A and u are disjoint Q — compact fuzzy sets in a fuzzy Hausdorff
space (X , t ) with 4,, u, < X (proper subsets ). Then there exist u, v € t such that

A, U(0,1], 1y < V'(0,1]andu Nv =0.
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Proof : Lety € 4,. Theny ¢ u,,as A and u are disjoint. As x is Q — compact in
(X , t), then by previous theorem, there exist u,, v, € t such that uy(y) =1, u,

v;l(O, Jand u, N v, =0.As u,(y)=1then A(X)+ U, (x) = 1,x € X and A(y) +
v,(y)2lyel,ie{u, Vv, 1yei,}isanopen Q-coverof A.Since 4 isQ-
compact in (X ,t), then there exist u, , U ,u, e {uyandv, v,
v, € {v, }suchthat 4 (x) + u, (x) = 1forallx € Xwhen A(x)=0andsome u, €
{uy}and A(y) + v, (y) = L forally € X when A(y) >0 and some v, € {v, }.
Furthermore, £ (x) + u, (x) = 1 forall x € X when x(x) >0 and some u, < {u }
and u (y)+ v, (y) 2 1forally € Xwhen x (y)=0andsome v, € {v,} Now, let

u=u, U u, U ... Ju, andv=V, NV, N ..... MV, . Thus we see that
1 Yo Yn Y1 Y2 Yn

Ag< UT(0,1]andp, < v7(0,1],as u <V, foreachk. Henceuand v are open

fuzzy sets, as they are the union and finite intersection of open fuzzy sets respectively i.e.
u v et

Finally, we have to show thatu Nv =0. As u, NV, =0implies u, Nv=0,
k Yk Yk

by distributive law, we see thatu Nv=(u, U u, U ...... vu, )Nv=0.

The following example will show that the Q — compact fuzzy set of a fuzzy
Hausdorff space need not be closed.

Example 3.14. Let X ={a,b}and I =[O0, 1]. Let u;, u, € 1 X defined by u,(a) =1,
u,(b) =0and u,(@ =0, u,(b) =1 Now, putt={0, 1, u, u, } then we see that
(X , t) is a fuzzy Hausdorff space. Let A € 1* defined by A(a) = 0.6, A (b) = 0.4.
Thus we see that A (x) + U, (x) = 1 for all x € X and for some u,. Hence by definition

of Q — compact fuzzy set, A is Q — compact. But A is not closed, as its complement A°
is not openin (X, ).

The following example will show that the “good extension” property does not
hold for Q — compact fuzzy sets.

Example 3.15. Let X = {a,b,c }and T = { {a}, {b}, {a, b}, ¢, X }. Let M = {a, b}.
Then clearly M is compact in (X , T ). 1,, is not Q — compactin (X , @ (T) ) as there
does not exist u € @ (T) such that 1,, (c) + u(c) > 1. Let 1 € I* with A(a) =0.5, A (b)
=0, A(c) = 1. Then clearly 1 is Q — compactin (X , @ (T)),but A*(0,1]={a, c}
is not compact in (X T ) It is , therefore, observe that the “good extension property”
does not hold good for Q — compact fuzzy sets.

94



wn e

Some Features of Q—Compact Fuzzy Sets
REFERENCES

D. M. Ali, Ph.D. Thesis, Banaras Hindu University, 1990.

C. L. Chang, Fuzzy Topological Spaces, J. Math. Anal. Appl., 24 (1968) 182 — 190.
H. Foster, David, Fuzzy Topological Groups, J. Math. Anal. Appl., 67 (1979) 549 —
564.

T. E. Gantner, R. C. Steinlage and R. H. Warren, Compactness in Fuzzy Topological
Spaces, J. Math. Anal. Appl., 62(1978) 547 — 562.

M. S. Hossain and D. M. Ali, Fuzzy normality and some of its « — forms, J. Phy.
Sciences, 14 (2010) 87 — 94.

S. Lipschutz, Theory and problems of general topology, Schaum’s Outline Series,
McGraw-Hill Book Publication Company, Singapore, 1965.

Pu Pao — Ming and Liu Ying - Ming, Fuzzy topology. I. Neighborhood Structure of a
fuzzy point and Moore — Smith Convergence, J. Math. Anal. Appl., 76 (1980) 571 -
599.

M. G. Murdeshwar, General topology, Wiley Eastern Limited, New Delhi,
Bangalore, Bombay, Calcutta, 1983.

L. A. Zadeh, Fuzzy Sets, Information and Control, 8 (1965) 338 — 353.

95



