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ABSTRACT 

In this paper we prove the existence, uniqueness of a mild solution of mixed Volterra-
Fredholm functional integrodifferential equation of Sobolev type with nonlocal condition. 
The results are established by using the semigroup theory and the Banach fixed point 
theorem. 
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1.  Introduction 
Byszewski and Acka [6] established the existence, uniqueness and continuous 
dependence of a mild solution of a semilinear functional differential equation with 
nonlocal condition of the form 
ሻݐሺ′ݑ                     ൅ ሻݐሺݑܣ ൌ ݂ሺݐ, ݐ       ,௧ሻݑ א ሾ0, ܽሿ,  

ሻݏሺݑ                     ൅ ቂ݃ ቀݑ௧భ, … . , ௧೛ቁቃݑ ሺݏሻ ൌ ݏ        ,ሻݏሺ׎ א ሾെݎ, 0ሿ, 

where 0 ൏ ଵݐ ൏ ڮ ൏ ௣ݐ ൑ ܽ ሺ݌ א ܰሻ, െܣ is the infinitesimal generator of a ܥ଴ 
semigroup of operators on a general Banach space, ݂, ݃ and ׎ are given functions and 
ሻݏ௧ሺݑ ൌ ݐሺݑ ൅ ݐ  ሻ forݏ א ሾ0, ܽሿ, ݏ א ሾെݎ, 0ሿ. 
 In this paper, we shall prove the existence and uniqueness of a mild solution for a 
mixed Volterra-Fredholm functional integrodifferential equation of Sobolev type with 
nonlocal condition of the form  

൫ݑܤሺݐሻ൯′ ൅ ሻݐሺݑܣ ൌ ݂ ቌݐ, ,௧ݑ න ݇ሺݐ, ,ݏ ,ݏ௦ሻ݀ݑ න ݄ሺݐ, ,ݏ ݏ௦ሻ݀ݑ
௔

଴

௧

଴

ቍ , ݐ א ሾ0, ܽሿ,                     ሺ1ሻ 

ሻݏሺݑ ൅ ቂ݃ ቀݑ௧భ, … . , ௧೛ቁቃݑ ሺݏሻ ൌ ݏ        ,ሻݏሺ׎ א ሾെݎ, 0ሿ,                                                          ሺ2ሻ 
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where ܤ and ܣ are linear operators with domains contained in a Banach space ܳ and 
range contained in a Banach space ׎ ,ܧ א ,ݎሺሾെܥ 0ሿ, :݂ ,ሻܧ ܬ ൈ ܺ ൈ ܺ ൈ ܺ ՜    ,ܧ
݃: ܺ௣ ՜ ܺ and ݇, ݄: ܬ ൈ ܬ ൈ ܺ ՜ ܺ. 
 The work on abstract nonlocal semilinear initial value problems was initiated by 
Byszewski [7, 8]. Such problems with nonlocal conditions have been extensively studied 
in the literature [1, 3, 4, 9, 10, 11, 14]. Sobolev type equations arise in various 
applications such as in the flow of fluid through fissured rocks, thermodynamics and 
shear in the second order fluids. For more details, we refer to [5, 11, 12]. Recently, 
Xiaoping Xu [13] studied the existence for delay integrodifferential equations of sobolev 
type with nonlocal conditions by using the theory of semigroup and the method of fixed 
points. Balachandran and Park [2] established the existence and uniqueness of a mild 
solution of a functional integrodifferential equation of Sobolev type with nonlocal 
condition using the theory of semigroup and the Banach fixed point principle. In this 
paper, we generalize the results of Balachandran and Park [2] for a mixed Volterra-
Fredholm functional integrodifferential equation of Sobolev type with nonlocal condition.  
 
2. Preliminaries 
In order to prove our main theorem we consider some conditions on the operators ܣ and 
.| be Banach space with norm ܧ Let ܳ and .ܤ | and ԡ. ԡ respectively. The operators 
:ܣ ሻܣሺܦ ؿ ܳ ՜ :ܤ and ܧ ሻܤሺܦ ؿ ܳ ՜  :satisfy the assumptions which are given below ܧ
ሺܣଵሻ ܣ and ܤ are closed linear operators, 

ሺܣଶሻ ܦሺܤሻ ؿ  ,is bijective ܤ ሻ andܣሺܦ

ሺܣଷሻ  ିܤଵ: ܧ ՜  .ሻ is continuousܤሺܦ

 From the above fact and the closed graph theorem imply the boundedness of the 
linear operators ିܤܣଵ: ܧ ՜ – Again .ܧ  ଵ generates a uniformly continuousିܤܣ
semigroup ܵሺݐሻ, ݐ ൒ 0 and so max௧אሾ଴,௔ሿԡܵሺݐሻԡ is finite. In  this   continuation  the 
operator norm  ԡ. ԡ஻ሺாሻ  will  be  denoted  by  ԡ. ԡ. Consider  ܬ଴ ൌ ሾെݎ, 0ሿ, ܬ ൌ ሾ0, ܽሿ and 
ܺ ൌ ,ݎሺሾെܥ 0ሿ, ܻ  ,ሻܧ ൌ ,ݎሺሾെܥ ܽሿ, ܼ  ,ሻܧ ൌ ,ሺሾ0ܥ ܽሿ,  ሻ. We denoteܧ
ܯ ൌ max௧אሾ଴,௔ሿԡିܤଵܵሺݐሻܤԡ,  and ܴ ൌ ԡିܤଵܵሺݐሻԡ. We make the following hypothesis: 

ሺܪଵሻ  For every ݑ, ,ݒ ݓ א ܻ and ݐ א ሾ0, ܽሿ, ݂ሺ. , ,௧ݑ ,௧ݒ ௧ሻݓ א ܼ. 

ሺܪଶሻ  There exists a constant ܮ ൐ 0 such that 

ԡ݂ሺݐ, ,௧ݔ ,௧ݕ ௧ሻݖ െ ݂ሺݐ, ,௧ݑ ,௧ݒ ௧ሻԡݓ
൑ ݔ൫ԡܮ െ ݕԡ஼ሺሾି௥,௧ሿ,ாሻ൅ԡݑ െ ݖԡ஼ሺሾି௥,௧ሿ,ாሻ൅ԡݒ െ  ԡ஼ሺሾି௥,௧ሿ,ாሻ൯ݓ

for ݔ, ,ݕ ,ݖ ,ݑ ,ݒ ݓ א ܻ, ݐ א ሾ0, ܽሿ. 

 ሺܪଷሻ  There exists a constant ܭ ൐ 0 such that 

 ԡ݇ሺݐ, ,ݏ ௦ሻݑ െ ݇ሺݐ, ,ݏ ௦ሻԡݒ ൑ ݑԡܭ െ ,ݑ ԡ஼ሺሾି௥,௦ሿ,ாሻ, forݒ ݒ א ܻ, ݏ א ሾ0, ܽሿ. 

ሺܪସሻ  There exists a constant ܪ ൐ 0 such that 
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 ԡ݄ሺݐ, ,ݏ ௦ሻݑ െ ݄ሺݐ, ,ݏ ௦ሻԡݒ ൑ ݑԡܪ െ ,ݑ ԡ஼ሺሾି௥,௦ሿ,ாሻ, forݒ ݒ א ܻ, ݏ א ሾ0, ܽሿ. 

ሺܪହሻ  Let ݃: ܺ௣ ՜ ܺ and there exists a constant ܩ ൐ 0 such that 

              ቛቂ݃ ቀݑ௧భ, … . , ௧೛ቁቃݑ ሺݏሻ െ ቂ݃ ቀݒ௧భ, … . , ௧೛ቁቃݒ ሺݏሻቛ ൑ ݑԡܩ െ  ,ԡ௑ݒ

 for ݑ, ݒ א ܻ, ݏ א ሾെݎ, 0ሿ. 

ሺܪ଺ሻ ܩܯ ൅ ܽܮܴ ൅ ଶܽܭܮܴ ൅ ଶܽܪܮܴ ൏ 1. 

A function ݑ א ܻ satisfying 

(i)  ݑሺݐሻ ൌ ሺ0ሻ׎ܤሻݐଵܵሺିܤ െ ܤሻݐଵܵሺିܤ ቂ݃ ቀݑ௧భ, … . , ௧೛ቁቃݑ ሺ0ሻ  

                ൅ න ݐଵܵሺିܤ െ ሻ݂ݏ ቌݏ, ,௦ݑ න ݇൫ݏ, ,ߦ ,ߦక൯݀ݑ න ݄൫ݏ, ,ߦ ߦక൯݀ݑ
௔

଴

௦

଴

ቍ
௧

଴

,ݏ݀ ݐ א ሾ0, ܽሿ, 

(ii) ݑሺݏሻ ൅ ቂ݃ ቀݑ௧భ, … . , ௧೛ቁቃݑ ሺݏሻ ൌ ݏ        ,ሻݏሺ׎ א ሾെݎ, 0ሿ 

is called a mild solution of the nonlocal Cauchy problem (1) – (2). 

3. Existence of a mild solution 
Theorem 3.1: Consider that the assumptions ሺܣଵሻ െ ሺܣଶሻ holds and the functions ݂, ݃, ݄ 
and ݇ satisfy the conditions ሺܪଵሻ െ ሺܪ଺ሻ. Then the nonlocal Cauchy problem (1) – (2) 
has a unique mild solution. 
Proof: Define an operator ܨ on the Banach space ܻ by the formula 

ሺݑܨሻሺݐሻ  

         ൌ

ە
ۖۖ
۔

ۖۖ
ۓ ሻݐሺ׎ െ ቂ݃ ቀݑ௧భ, … . , ௧೛ቁቃݑ ሺݐሻ, ݐ א ሾെݎ, 0ሿ                                                      

ሺ0ሻ׎ܤሻݐଵܵሺିܤ െ ܤሻݐଵܵሺିܤ ቂ݃ ቀݑ௧భ, … . , ௧೛ቁቃݑ ሺ0ሻ                                       

 ൅ න ݐଵܵሺିܤ െ ሻ݂ݏ ቌݏ, ,௦ݑ න ݇൫ݏ, ,ߦ ,ߦక൯݀ݑ න ݄൫ݏ, ,ߦ ߦక൯݀ݑ
௔

଴

௦

଴

ቍ ,ݏ݀ ݐ א ሾ0, ܽሿ
௧

଴

   ሺ3ሻ 

where ݑ א ܻ. It is easy to see that ܨ maps ܻ into itself. Now, we will show that ܨ is 
contraction on ܻ. 

Consider the following two differences 

ሺݑܨሻሺݐሻ െ ሺݒܨሻሺݐሻ ൌ ቂ݃ ቀݑ௧భ, … . , ௧೛ቁቃݑ ሺݐሻ െ ቂ݃ ቀݒ௧భ, … . , ௧೛ቁቃݒ ሺݐሻ,                               ሺ4ሻ 

for ݑ, ݒ א ܻ, ݐ א ሾെݎ, 0ሿ and 
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ሺݑܨሻሺݐሻ െ ሺݒܨሻሺݐሻ ൌ ܤሻݐଵܵሺିܤ ቂ൬݃ ቀݑ௧భ, … . , ௧೛ቁ൰ݑ ሺ0ሻ െ ൬݃ ቀݒ௧భ, … . , ௧೛ቁ൰ݒ ሺ0ሻቃ  

൅ න ݐଵܵሺିܤ െ ሻݏ ቎݂ ቌݏ, ,௦ݑ න ݇൫ݏ, ,ߦ ,ߦక൯݀ݑ න ݄൫ݏ, ,ߦ ߦక൯݀ݑ
௔

଴

௦

଴

ቍ
௧

଴

െ ݂ ቌݏ, ,௦ݒ න ݇൫ݏ, ,ߦ ,ߦక൯݀ݒ න ݄൫ݏ, ,ߦ ߦక൯݀ݒ
௔

଴

௦

଴

ቍ቏  ,ݏ݀

                                                                                        for ݑ, ݒ א ܻ, ݐ א ሾ0, ܽሿ.                   ሺ5ሻ 

From (4) and ሺܪହሻ, we have 

ԡሺݑܨሻሺݐሻ െ ሺݒܨሻሺݐሻԡ ൑ ݑԡܩ െ ,ԡ௒ݒ ,ݑ ݎ݋݂ ݒ א ܻ, ݐ א ሾെݎ, 0ሿ                                   ሺ6ሻ 

Moreover by (5),ሺܪଶሻ െ ሺܪ଺ሻ, 

ԡሺݑܨሻሺݐሻ െ ሺݒܨሻሺݐሻԡ ൑ ԡିܤଵܵሺݐሻܤԡ ቛ൬݃ ቀݑ௧భ, … . , ௧೛ቁ൰ݑ ሺ0ሻ െ ൬݃ ቀݒ௧భ, … . , ௧೛ቁ൰ݒ ሺ0ሻቛ 

൅ නԡିܤଵܵሺݐ െ ሻԡݏ
௧

଴

ቯ݂ ቌݏ, ,௦ݑ න ݇൫ݏ, ,ߦ ,ߦక൯݀ݑ න ݄൫ݏ, ,ߦ ߦక൯݀ݑ
௔

଴

௦

଴

ቍ

െ ݂ ቌݏ, ,௦ݒ න ݇൫ݏ, ,ߦ ,ߦక൯݀ݒ න ݄൫ݏ, ,ߦ ߦక൯݀ݒ
௔

଴

௦

଴

ቍቯ  ݏ݀

൑ ݑԡܩܯ െ ԡ௒ݒ ൅ ܮܴ න ൥ԡݑ െ ԡ஼ሺሾି௥,௦ሿ,ாሻݒ ൅ නฮ݇൫ݏ, ,ߦ క൯ݑ െ ݇൫ݏ, ,ߦ            ߦక൯ฮ݀ݒ
௦

଴

௧

଴

൅ නฮ݄൫ݏ, ,ߦ క൯ݑ െ ݄൫ݏ, ,ߦ ߦక൯ฮ݀ݒ
௔

଴

൩  ݏ݀

൑ ݑԡܩܯ െ ԡ௒ݒ ൅ ܮܴ න ൥ԡݑ െ ԡ஼ሺሾି௥,௦ሿ,ாሻݒ ൅ ܭ නԡݑ െ ߦԡ஼ሺሾି௥,కሿ,ாሻ݀ݒ
௦

଴

                    
௧

଴

൅ ܪ නԡݑ െ ߦԡ஼ሺሾି௥,కሿ,ாሻ݀ݒ
௔

଴

൩   ݏ݀

൑ ݑԡܩܯ െ ԡ௒ݒ ൅ ݑԡܮܴ െ ԡ௒ݒ න ൥1 ൅ ܭ න ߦ݀ ൅ ܪ න ߦ݀
௔

଴

௦

଴

൩ ݏ݀
௧

଴

                                         

    ൑ ሾܩܯ ൅ ܽܮܴ ൅ ଶܽܭܮܴ ൅ ݑଶሿԡܽܪܮܴ െ  ԡ௒.                                                                  ሺ7ሻݒ
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From the equation (6) and (7) we get 

    ԡሺݑܨሻሺݐሻ െ ሺݒܨሻሺݐሻԡ ൑ ݑԡݍ െ ,ݑ ԡ௒, forݒ ݒ א ܻ,                                                      (8) 

where ݍ ൌ ܩܯ ൅ ܽܮܴ ൅ ଶܽܭܮܴ ൅ ݍ ,ଶ. Sinceܽܪܮܴ ൏ 1 then equation (8) shows that ܨ 
is a contraction on ܻ. Consequently, the operator ܨ satisfies all the assumptions of the 
Banach contraction mapping theorem. Therefore, in space ܻ there is a unique fixed point 
for ܨ and this point is the mild solution of the considered problem (1) – (2).          � 

4. Continuous dependence of mild solution 
Theorem 4.1: Assume that the assumptions ሺܣଵሻ െ ሺܣଷሻ hold and that the function 
݂, ݃, ݇ and ݄ satisfy the hypothesis ሺܪଵሻ െ ሺܪ଺ሻ. Then for each ׎ଵ, ଶ׎ א ܺ and for the 
corresponding mild solutions ݑଵ,  ଶ of the problemsݑ

൫ݑܤሺݐሻ൯′ ൅ ሻݐሺݑܣ ൌ ݂ ቌݐ, ,௧ݑ න ݇ሺݐ, ,ݏ ,ݏ௦ሻ݀ݑ න ݄ሺݐ, ,ݏ ݏ௦ሻ݀ݑ
௔

଴

௧

଴

ቍ ݐ   , א ሾ0, ܽሿ,                   ሺ9ሻ 

ሻݏሺݑ ൅ ቂ݃ ቀݑ௧భ, … . , ௧೛ቁቃݑ ሺݏሻ ൌ ݏ        ,ሻݏ௜ሺ׎ א ሾെݎ, 0ሿ, ሺ݅ ൌ 1,2ሻ                                    ሺ10ሻ 

the following inequality 

ԡݑଵ െ ଶԡ௒ݑ ൑ ଵ׎௔ோ௅ሺଵା௄௔ሻሾԡ݁ܯ െ ଶԡ௑׎ ൅ ሺܩ ൅ ଵݑଶሻԡܽܪܮ െ  ଶԡ௒ሿ                          ሺ11ሻݑ

is true. Additionally, if ሺܩ ൅ ଶሻܽܪܮ ൏ ଵ
ெ

݁ି௔ோ௅ሺଵା௄௔ሻ then, 

ԡݑଵ െ ଶԡ௒ݑ ൑
௔ோ௅ሺଵା௄௔ሻ݁ܯ

ሾ1 െ ܩሺܯ ൅ ଶሻ݁௔ோ௅ሺଵା௄௔ሻሿܽܪܮ
ԡ׎ଵ െ  ଶԡ௑.                                           ሺ12ሻ׎

Proof: Suppose that ׎௜ ሺ݅ ൌ 1,2ሻ be an arbitrary functions belonging to ܺ and suppose 
௜ ሺ݅ݑ ൌ 1,2ሻ be the mild solutions of the problem (9) - (10). Consequently, 

ሻݐଵሺݑ െ ሻݐଶሺݑ ൌ ଵሺ0ሻ׎ሾܤሻݐଵܵሺିܤ െ   ଶሺ0ሻሿ׎

െିܤଵܵሺݐሻܤ ቂ൬݃ ቀሺݑଵሻ௧భ, … . , ሺݑଵሻ௧೛ቁ൰ ሺ0ሻ െ ൬݃ ቀሺݑଶሻ௧భ, … . , ሺݑଶሻ௧೛ቁ൰ ሺ0ሻቃ 

൅ න ݐଵܵሺିܤ െ ሻݏ ቎݂ ቌݏ, ሺݑଵሻ௦, න ݇൫ݏ, ,ߦ ሺݑଵሻక൯݀ߦ, න ݄൫ݏ, ,ߦ ሺݑଵሻక൯݀ߦ
௔

଴

௦

଴

ቍ 
௧

଴

 

           െ݂ ቌݏ, ሺݑଶሻ௦, න ݇൫ݏ, ,ߦ ሺݑଶሻక൯݀ߦ, න ݄൫ݏ, ,ߦ ሺݑଶሻక൯݀ߦ
௔

଴

௦

଴

ቍ቏ ݐ   ,ݏ݀ א  ሺ13ሻ                      ,ܬ

and for ݐ א  ଴ we haveܬ

ሻݐଵሺݑ  െ ሻݐଶሺݑ ൌ ሾ׎ଵሺݐሻ െ  ሻሿݐଶሺ׎
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                     െ ቂ൬݃ ቀሺݑଵሻ௧భ, … . , ሺݑଵሻ௧೛ቁ൰ ሺݐሻ െ ൬݃ ቀሺݑଶሻ௧భ, … . , ሺݑଶሻ௧೛ቁ൰ ሺݐሻቃ.             ሺ14ሻ 

By our assumptions, 

ԡݑଵሺߜሻ െ ሻԡߜଶሺݑ ൑ ଵ׎ԡܯ െ ଶԡ௑׎ ൅ ଵݑԡܩܯ െ   ଶԡ௒ݑ

൅ නԡܵሺߜ െ ሻԡݏ ቯ݂ ቌݏ, ሺݑଵሻ௦, න ݇൫ݏ, ,ߦ ሺݑଵሻక൯݀ߦ, න ݄൫ݏ, ,ߦ ሺݑଵሻక൯݀ߦ
௔

଴

௦

଴

ቍ
ఋ

଴

െ ݂ ቌݏ, ሺݑଶሻ௦, න ݇൫ݏ, ,ߦ ሺݑଶሻక൯݀ߦ, න ݄൫ݏ, ,ߦ ሺݑଶሻక൯݀ߦ
௔

଴

௦

଴

ቍቯ  ݏ݀

൑ ଵ׎ԡܯ െ ଶԡ௑׎ ൅ ଵݑԡܩܯ െ ଶԡ௒ݑ ൅ ܮܴ න ൥

 

 
 
 
  
ԡݑଵ െ ଶԡ஼ሺሾି௥,ఋሿ,ாሻݑ

ఋ

଴

                                          

൅ නฮ݇൫ݏ, ,ߦ ሺݑଵሻక൯ െ ݇൫ݏ, ,ߦ ሺݑଶሻక൯ฮ݀
௦

଴

ߦ ൅ නฮ݄൫ݏ, ,ߦ ሺݑଵሻక൯ െ ݄൫ݏ, ,ߦ ሺݑଶሻక൯ฮ݀ߦ
௔

଴

൩  ݏ݀

൑ ଵ׎ԡܯ െ ଶԡ௑׎ ൅ ଵݑԡܩܯ െ ଶԡ௒ݑ ൅ ܮܴ න ൥

 

 
 
 
  
ԡݑଵ െ ଶԡ஼ሺሾି௥,ఋሿ,ாሻݑ

ఋ

଴

                                          

൅ܭ නԡݑଵ െ ଶԡ஼ሺሾି௥,కሿ,ாሻ݀ݑ
௦

଴

ߦ ൅ ܪ නԡݑଵ െ ߦଶԡ஼ሺሾି௥,కሿ,ாሻ݀ݑ
௔

଴

൩  ݏ݀

൑ ଵ׎ԡܯ െ ଶԡ௑׎ ൅ ଵݑԡܩܯ െ ଶԡ௒ݑ ൅ ଵݑଶԡܽܪܮܴ െ   ଶԡ௒ݑ

൅ܴܮ නൣԡݑଵ െ ଶԡ஼ሺሾି௥,ఋሿ,ாሻݑ ൅ ଵݑԡܽܭ െ ଶԡ஼ሺሾି௥,కሿ,ாሻ൧ݑ
ఋ

଴

 ݏ݀

൑ ଵ׎ԡܯ െ ଶԡ௑׎ ൅ ሺܩܯ ൅ ଵݑଶሻԡܽܪܮܴ െ   ଶԡ௒ݑ

           ൅ܴܮሺ1 ൅ ሻܭܽ නԡݑଵ െ ,ݏଶԡ஼ሺሾି௥,௦ሿ,ாሻ݀ݑ for 0 ൑ ߦ ൑ ߜ ൑ ݐ ൑ ܽ
௧

଴

. 

Therefore, 

supఋאሾ଴,௧ሿԡݑଵሺߜሻ െ ሻԡߜଶሺݑ ൑ ଵ׎ԡܯ െ ଶԡ௑׎ ൅ ሺܩܯ ൅ ଵݑଶሻԡܽܪܮܴ െ   ଶԡ௒ݑ

                                       ൅ܴܮሺ1 ൅ ሻܭܽ නԡݑଵ െ ݐ   ,ݏଶԡ஼ሺሾି௥,௦ሿ,ாሻ݀ݑ א ሾ0, ܽሿ
௧

଴

                     ሺ15ሻ 

From ሺܪହሻ and (14) we have 
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    ԡݑଵሺݐሻ െ ሻԡݐଶሺݑ ൑ ԡ׎ଵ െ ଶԡ௑׎ ൅ ଵݑԡܩ െ ݐ ଶԡ௒   forݑ א  ଴.                                 (16)ܬ

Since, ܯ ൒ 1, (15) and (16) imply that  

ԡݑଵሺݐሻ െ ሻԡ஼ሺሾି௥,௧ሿ,ாሻݐଶሺݑ ൑ ଵ׎ԡܯ െ ଶԡ௑׎ ൅ ሺܩܯ ൅ ଵݑଶሻԡܽܪܮܴ െ    ଶԡ௒ݑ

                                      ൅ܴܮሺ1 ൅ ሻܭܽ නԡݑଵ െ ,ݏଶԡ஼ሺሾି௥,௦ሿ,ாሻ݀ݑ
௧

଴

       for ݐ א  ሺ17ሻ                .ܬ

By Gronwall’s inequality, we have 

ԡݑଵሺݐሻ െ ሻԡ௒ݐଶሺݑ ൑ ሾܯԡ׎ଵ െ ଶԡ௑׎ ൅ ሺܩܯ ൅ ଵݑଶሻԡܽܪܮܴ െ                .ଶԡ௒ሿ݁௔ோ௅ሺଵା௄௔ሻݑ

and therefore inequality (11) is true. Finally, inequality (12) is a consequence of 
inequality (11). Thus, the proof is complete.      � 
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