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ABSTRACT
This paper aims at introducing a new approach for finding the maximum flow of a
maximal- flow problem requiring less number of iterations and less augmentation than
Ford-Fulkerson algorithm. To illustrate the proposed method, a numerical example is
presented. We have also formulated the maximal-flow problem as a linear programming
problem (LPP) and solved it by using Bounded Variable Simplex Method.
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1. Introduction

Network flow problems have always been among the best studied combinatorial
optimization problems. Maximal-flow problem is the classical network flow problem in
weighted graphs. The objective of the maximal flow problem is to find the maximum
flow that can be sent through the arc of the network from some specified node source (s)
to specified node sink (t). Maximal flow problems play an important role in a number of
practical contexts including design and operation of telecommunication networks, oil-
pipeline systems, water through a system of aqueducts etc [2]. Maximal flow problem
can be formulated as an LPP and hence could be solved by usual simplex method. In
literature, a good amount of research [5,6,7] is available for solving such kind of
problems. Originally the maximal flow problem was invented by Fulkerson and Dantzig
[1] and solved by specializing the simplex method for the linear programming, and Ford
and Fulkerson [3] solved it by augmenting path algorithm. The improvement of the Ford-
Fulkerson method is Edmonds-Karp algorithm [4] which performs better than the
previous one. C. Jain and D. Garg [8] proposed an improved version of Edmonds-Karp
algorithm to solve the maximum flow problem, which requires less number of iterations
and less augmentation to calculate the maximum flow. The algorithm [9,10] is based on
finding breakthrough paths with net positive flow between the source and sink nodes. In
this paper we have proposed an effective algorithm to find maximum flow in network and
formulated as an LPP and solved it by using Bounded Variable Simplex Method.

2. Preliminaries

In this section some basic definitions and notations are reviewed related to maximal-flow
problem.
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2.1. Flow network

Let G = (V, E) be a directed graph with vertex set V and edge set E. A flow network
G=(V,E) is a directed graph in which each edge (u, v) €E has a nonnegative capacity
c(u, v) > 0 and a distinguished source vertex s and sink vertex t[11]. If (u, v) ¢ E, then
for convenience we define c(u, v) = 0. A flow in G is a real-valued functionf:V X V —
IR, that satisfies these constraints:

f(u, v) < c(u, v) forall (u,v) eV xV (capacity constraint),
f(u,v)=—="f(v,u) forall (u,v) eV xV (antisymmetry constraint),
z f(u,w)= Z f(w,Vv) forallw €V - {s, t} (flow conservation constraint).
ueVv veV
The value of a flow f is denoted by | f | and defined as | f| = z f(s,v)- z f(v,9).
veV veV

2.2. Residual network and residual capacity

For a given flow network G and a flow f, the residual network Gy consists of edges with
capacities that represent how we can change the flow on edges of G. An edge of the flow
network can admit an amount of additional flow equal to the edge’s capacity minus the
flow on that edge. If that value is positive, we place that into Gy with a “residual
capacity” of ¢¢(u, v) = ¢(u,v) - f(u,v). The only edges of G that are in G are those that
can admit more flow; those edges (u,v) whose flow equals their capacity cf(u,v) = 0,
and they are notin Gy.

2.3. Augmenting path

An augmenting path p in a network G = (V,E) with a flow f is a path from S to tin
which every edge has positive capacity in the residual network Gy . We can put more
flow from s to tthrough p. We call the maximum capacity by which we can increase the
flow on p the residual capacity of p, given by c¢(p) = min {cf(U, V) : (U, V) is on p}.

2.4. Source-Sink cut and its capacity
A source-sink cut [S,T ] of flow network G=(V,E) consists of the edges from a source
set Stoasink set T, where Sand T partition the set of nodes, withse S and teT.

Figure 1:
The capacity of the cut [S,T ], written cap(S,T ), is the total of the capacities on the edges
of [S,T], that is,
cap(S,T) = ZZC(U,V) .

ueS veTl

Note that in a directed network [S,T ] denotes the set of edge with tail in S and head
in T. Thus the capacity of a cut [S,T ] is completely unaffected by edges from T to S.
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3. A proposed algorithm

The major steps of the algorithms are given below:

Step 1
Step 2

Step 3
Step 4

Step 5
Step 6

Step 7
Step 8

Step 9

Step 10

For each edge (u, v) € E, initialize f(u, v) = f(v, u) = 0.
Calculate lower capacity (L) and upper capacity (U ) in the flow

network and then calculate D =U_ - L_.
If D=0,thenset D=U_or L.

If there exists an augmenting path P from S to t in the residual network

G with capacity at least D then select it; otherwise go to step 9.

min

Set ¢(p) = wnyep (u,v).
For each (u, v) € p, if (u, v) € E set f(u, v) = f(u, v) + ¢£(p) else f(v, u) =

f(v,u) —c¢(p).

Calculate the flow value.

If there exist any source-sink cut [S, T | such that cap(S, T ) is equal to the
flow value, then go to step 10; otherwise go to step 4.

D
Set D = {?} If D >1go to step 4; otherwise go to step10.

The flow is maximum.

4. Numerical illustration

We consider the flow network given by Figure 2. Here the source node is denoted by 1
and the sink node is denoted by 6. The capacities are shown on the respective arcs. It is
required to find the maximum flow in this network between source 1 to sink 6.

Figure 2:

Now we construct the following source-sink cut [S, T ] table from Figure 2.

Source-sink cut [S, T | cap(S, T)

S T

{1} {2,3,4,5, 6} 16+13=29
{1, 2} {3,4,5, 6} 12+13+10=35
{1, 3} {2,4,5, 6} 16+4+14=34
{1, 2, 3} {4,5, 6} 12+14=26
{1, 2, 4} {3, 5, 6} 13+10+9+20=52
{1, 3, 5} {2, 4, 6} 16+4+7+4=31
{1, 2,3, 4} {5, 6} 14+20=34
{1,2,3,5} {4, 6} 12+7+4=23
{1,2,3,4,5} {6} 20+4=24

Table 1: Source-sink cut and its capacity
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Initialization: Initialize the value of f for each edge to 0. Here the flow network G is
shown with each edge (u, v) labeled as f (u, v) /c(u, V).

Figure 3:
Now the upper capacity in the flow network, U = 20 and the lower capacity in the flow
network, L.=4.So, D=U_-L ,=20-4=16.

Iteration 1:

The residual network Gy of the initial flow network (Figure 3) is

12

14
Figure 4:

Since D =16, we have to choose an augmenting path with capacity at least 16. But there
is no augmenting path with capacity at least 16.

Iteration 2:

D 16
D= { 2 } = {?} = 8. So, we have to choose an augmenting path with capacity at least 8
in Figure 4.

1% augmentation: An augmenting path found in 2™ iteration is 1 — 2 — 4 — 6 with cr(p) =
min {16, 12, 20}=12.
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Figure 5:

Update the values of f for each edge along the path.

12/12

Figure 6:

Now there is no augmenting path with capacity at least 8.
The flow value f =12+ 0=12.

We see that there does not exist any source-sink cut [S, T ] in table-1such that cap(S, T ) =
12. Therefore, the flow is not maximum.

Iteration 3:
D 8 . . : .
D= E = E = 4. Now the augmenting path with capacity at least 4 will be searched.

2" augmentation:

Since D =4, we select an augmenting path with capacity 4 in the residual network
given by figure-7.

Figure 7:
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The augmenting path found in third iteration is 1 —3 — 5 — 4 — 6 with c¢(p) = min {13, 14,
7, 8}= 7. Update the values of f for each edge along the path.

12/12

7/14

Figure 8:

The flow value f =12 +7 =19.

We see that there does not exist any source-sink cut [S, T ] in table-1such that cap(S, T ) =
19. Therefore, the flow is not maximum.

The residual network after the 2™ augmentation is shown below

Figure 9:

3" augmentation:
Now again there is a path with capacity at least 4 and the path found in the same 3"
iteration is 1 — 3 — 5 — 6 with c¢(p) = min {6, 7, 4}= 4. Update the values of f for each

edge along the path.

Figure 10:
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Therefore, the resulting flow f =11 + 12 = 23.We see that there exists a source-sink cut
[S,T ] in table-1, where S = {1, 2, 3, 5} and T = {4, 6}, such that cap(S, T ) = 23. So the
algorithm terminates and the flow in iteration 4 is therefore maximum flow. The value of
the maximum flow through the network is 23.

5. Solution using Ford-Fulkerson algorithm

Now we are going to solve the same network-flow problem by using Ford-Fulkerson

algorithm. The procedure is summarized in below.

Iteration 1  : Select the augmenting path 1 —2 —4 — 3 — 5 — 6 with capacity 4.
Maximum flow value f = 4.

Iteration 2 : Select the augmenting path 1 —2 — 3 — 5 — 4 — 6 with capacity 7.
Maximum flow value f=4+7=11.

Iteration3  : Select the augmenting path 1 — 3 — 2 — 4 — 6 with capacity 8. Maximum
flow value f=11+8 = 19.

Iteration4  : Select the augmenting path 1 — 3 — 4 — 6 with capacity 4. Maximum

flow value f =19 +4 =23,
After 4™ iteration there is no augmenting path with capacity at least 1. Thus, the
algorithm terminates and the resulting flow in network returns the maximum flow.
Therefore, Maximum flow value f = 23.

6. Comparison

In the Ford-Fulkerson algorithm only one augmenting path is possible to choose in each
iteration but in our proposed algorithm we can choose zero (0) or more augmenting path
in each iteration.

Now we construct the following table to compare between Ford-Fulkerson algorithm and
our proposed algorithm.

Iteration No. Ford-Fulkerson algorithm Our proposed algorithm
(No. of augmentation ) (No. of augmentation)
™ 1 0
2 1 1
3" 1 2
4 1 Terminates in 3" iteration

From the table we see that to calculate the maximum flow by using Ford-Fulkerson
algorithm we need four augmenting paths with four iterations while by using our
proposed algorithm we need only three augmenting paths with three iterations.

7. Bounded variable simplex method

In a linear programming problem some or all the variables may have lower or upper
bounds i.e., constraints of the type

where x; is the jth variable of the problem and [; and wu; are its lower and upper bounds
respectively.

The lower bound constraint can be handled directly by substituting

— ! !
xXj =1 +xj, where ij 0.
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For an upper bound constraint of the type x; < w;, the substitution x; = w; — x;’,

x]f' 2 0 does not guarantee that x; will remain non-negative. This difficulty is overcome

by using a special technique called bounded variable simplex method, which consists of

the following steps:

Step 1 : In any constraint if the R.H.S. is negative, make it positive by multiplying the
constraint by ‘ —1°.

Step 2 : If any constraint is in inequality, then convert the inequality into equations by
adding suitable slacks or surplus variables and obtain an initial basic feasible
solution.

Step3 : Calculate the net evaluation Z;—C;. For a maximization problem, if

Z;—C; 20 for the non-basic variable, optimum basic feasible solution is

attained. If Z; —C; <Ofor any non-basic variable, go to step 4. For a
minimization problem reverse is true.

Step 4 : Select the most negative of z;— ¢;.

Step5 : Let x; be a non-basic variable at zero level which is selected to enter the
solution. Compute the quantities

(xs)

6, = min { L} where a;; > 0,
1 ..
ij
(X;)i —u

0, = miin { ! } where a;; <0,
ij
and 6 =min {84, 0,, u;},
where u; is the upper bound for the variable x;. Let (X5), be the variable
corresponding to 6 =min { 64, ,, u;}. Then
(a) If6=0q, (Xg), leaves the solution and x; enters by using the
regular row operations of the simplex method.
(b) If 6 =0,, (Xg), leaves the solution and x; enters; then
(Xg), being non-basic at its upper bound must be substituted
out by using
(XB)r = uy — (Xp)r, where 0 < (Xp); < u,.
(c) If 6 =uj, x; is substituted at its upper bound difference u; — x]f ,
while remaining non-basic.

8. LP formulation of maximal-flow model
Let f be the amount of flow from source node s to sink node t and x;; be the flow from
node i to node j over arc (i, j) in a flow network G = (V, E).Then the LP formulation
of the flow network is

Maximize f

Subject to:

szj B Zst: f,

jev keVv
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Zth B kZV:th:_f’

jev
DXy - 2 X =0 forall i eV (st}
jev kev
0< xij < ui]- for all (|, J) cE.
where, u;; is the upper bound of the flow over the arc (i, j) .
Now we are going to find the maximum flow in the network given in Figure 2 by using
Bounded Variable Simplex method. The associated Linear programming problem is
Maximize z= X1, + Xq3
Subject to X1 — X33 — X4 + X3p = 0
X13 F X3 ~ X33 — X35 +X43 =0
X4 — X43 — X4 T X54 =0
X35 — X54— X56 =0
0<x1,<16,0<x;3<13,0<x,3<10,0<x,,<12,0<x3,<4,0<x35<14, 0<x43<9,
0<2x46<20,0<x54,<7,0< x5 <4.
It will be very difficult when we will try to solve this LPP by the simplex method.
Because we have to write the bounded variables as constraints by inserting slack
variables and therefore we obtain a large set of constraints.
This problem can be solved by using Bounded Variable Simplex method. The initial table

0 0 0
Xs6 Xs4a Xse Xp  CB
0 0 0 0 1
0 0 0 0 1
1 -1 0 0 0
0 1 1 0 0
0 0 0
0 0 0
20 7 4
Iteration 1:
Here x35 is the entering variable, because the corresponding Z; —C; is negative. Now
61 = min { o0, 00} (corresponding to x;, and X,¢)
= o0,
0-13 0-4
6, = min { ( ) , ( ) } (corresponding to x;3 and Xxgg)
(=D =1
=4, (corresponding to Xsg)

and uz; =14
S0 =min {04, 0,, Uz}
=min {00,4,14} =4(=6,)
Since @ =0,, xs¢ is substituted at its upper bound difference i.e., x5q = 4 - x5¢ but it
remains non-basic. Then we obtain the following table
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C; 1 1 0 0 0] 0] 0] 0] 0] 0]

SESEN X1, Xg3 Xp3 Xa4  X32 X35 X4z Xag  Xsg Xp ¢
9% 1 o -1 -1 1 0o 0 0 o0 0 0 1
% o 1 1 0 -1 -1 1 0 o0 0o 0 1
M 0o o o0 -1 0 o0 1 1 -1 0 0 0
o 0o o0 0 0 -1 0 0 1 -1 4 o0

Now the entering variable x55 becomes basic and the leaving variable x5, becomes non-
basic at zero level, which yields:

Iteration 2:
Here x5, is the entering variable, because the corresponding Z; — C; is negative. Now
f; = min { ©} =00, (corresponding to x15)
. (4-13) (0-20) (4-14) .
6, = min { , , } (corresponding to x;3, X46 and Xsg)
) ) D
=9, (corresponding to x43)

and ugy =7
S 0=min { 04,0, us,} =min {00,9,7} =7 (=usy)

Because xs, enters at its upper bound, X}, remains unchanged and x5, becomes non-
basic at its upper bound. By the substitution x5, = 7 - x¢, , we get

SENERS X1, Xy3 X3 X4 X3z X35 Xa3 Xae  Xsa  Xsg  Xp  Cp
% 1 o -1 -1 1 o0 o0 0 0 0 0 1
X13 0 1 1 0 -1 0 1 0 1 1 11 1
o o o -1 o0 o0 1 1 1 0 7 0
X35 0 0 0 0 0 1 0 0 1 1 11 0
Z; 1 1 0 -1 0 0 1 1 1 1

20 0 0o -1 0 0 1 1 1 1
T 16 13 10 12 4 14 9 20 7 4
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Iteration 3:
Here x4 is the entering variable, because the corresponding Z; —C; is negative. Now
01 = min { o, o0} (corresponding to X3, X35)
= w’
0-16 7-20
6, = min { ( ) , ( ) } (corresponding to x;,and X4¢)
=1 =1
=min {16, 13}
=13, (corresponding to Xx,4)

and Uy, =12

S0 =min {04, 05, Uy, }
=min {oo, 13,12 }
=12 (Fuyp,)

. * .
Because x,, enters at its upper bound, X remains unchanged and x,, becomes non-

basic at its upper bound. By the substitution x,, = 12 - x5, , we get

EEERN X, X133 Xp3  Xp4 X3z X35 Xaz  Xae  Xsa  Xsg  Xp  Cp
9 1 o0 -1 1 1 o o0 ©0 0 o0 12 1
2% 0 1 1 o0 - 0o 1 o 1 1 11 1
X46 0 0 0 1 0 0 1 1 1 0 19 0
29 0 0 0 0 0 1 0 0 1 1 11 o0
zZj 1 1 0 1 0 0 1 1 1 1

g2l o 0o o 1 0 0 1 1 1 1
T 16 13 10 12 4 14 9 2 7 4

The last table is feasible and optimal. The optimal values are obtained by back
substitution.
X1 = 12, X13 = 11, X35 = 11, X46:19, X33 =O’ X32:0, X43 :0’

x94= 0 gives x5, =12 - x5, =20-0=20;
Xea =0gives gy =7 -Xe, =7-0=7;
Xge=0 gives Xgg =4 - X =4 —-0=4.

Therefore, the optimal solution is

X1 = 12, X13 = 11, X35 = 11, X46:19, X33 :O’ X32:0, x43:0,

X24 =20, X54=7, X56=4

and the associated maximum amount of flow is
7= x12 +x13 = 12+ 11 :23
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9. Conclusion

We have provided a new algorithm for finding the maximum amount of flow from source
to sink in a flow network. The proposed algorithm returns a maximum flow and to
calculate the maximum flow this algorithm takes less number of iterations and less
augmentation. A numerical example is solved to illustrate the proposed algorithm. By
using bounded variable simplex method we have also solved the flow network problem,
which is very easy than simplex method because it reduces a set of large number of
constraints into a small one.

11.
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