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ABSTRACT 
In this paper, we discuss notion of ring sum of product interval-valued fuzzy graphs. We 
define tensor product of two interval-valued fuzzy graphs and shown that the tensor 
product of two product interval-valued fuzzy graphs is a product interval-valued fuzzy 
graph. Likewise, given three independent theorems based on ring sum, join and 
isomorphism of product interval-valued fuzzy graphs. Finally, we define balanced and 
strictly balanced interval-valued fuzzy graphs and investigated several properties. 
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1. Introduction 
Presently, science and technology is featured with complex processes and phenomena for 
which complete information is not always available. For such cases, mathematical models 
are developed to handle various types of systems containing elements of uncertainty. A 
large number of these models is based on an extension of the ordinary set theory, namely, 
fuzzy sets. Graph theory has numerous applications to problems in computer science, 
electrical engineering, system analysis, operations research, economics, networking 
routing, transportation, etc. In many cases, some aspects of a graph-theoretic problem may 
be uncertain. For example, the vehicle travel time or vehicle capacity on a road network are 
not crisp number. In such cases, it is natural to deal with the uncertainty using the methods 
of fuzzy sets and fuzzy logic. But, using hypergraphs as the models of various systems 
(social, economic systems, communication networks and others) leads to difficulties. In 
1965, Zadeh [24] introduced the notion of a fuzzy subset of a set as a method for 
representing uncertainty. The theory of fuzzy sets has become a vigorous area of research 
in different disciplines including medical and life sciences, engineering, statics, graph 
theory, computer networks, decision making and automata theory. 

In 1975, Rosenfeld [14] introduced the concept of fuzzy graphs, and proposed 
another elaborated definition, including fuzzy vertex and fuzzy edges, and several fuzzy 
analogs of graph theoretic concepts such as paths, cycles, connectedness, etc. Zadeh [25] 
introduced the notion of interval-valued fuzzy sets as an extension of fuzzy set [24] in 
which the values of the membership degrees are interval of number instead of the number. 
Akram and Dudek [2] defined interval-valued fuzzy graph. Then Akram and 
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Karunambigai [5] defined length, distance, eccentricity, radius and diameter of a bipolar 
fuzzy graph and introduced the concept of self centered bipolar fuzzy graphs. Akram and 
Davvaz [4] discussed the properties of strong intuitionistic fuzzy graphs and also they 
introduced the concept of intuitionistic fuzzy line graphs. Akram introduced the concept of 
bipolar fuzzy graphs and studied some properties on it [3]. Akram et al. [6] defined Certain 
types of vague graphs. Talebi and Rashmanlou [20] studied properties of isomorphism and 
complement on interval-valued fuzzy graphs. Likewise, they defined isomorphism on 
vague graphs [21]. Bhattacharya [7] gave some remarks on fuzzy graphs. Ramaswamy and 
Poornima introduced product fuzzy graphs. Hawary in [1] defined complete fuzzy graphs 
and gave three new operations on it. Nagoorgani and Malarvizhi [10, 11] investigated 
isomorphism properties on fuzzy graphs. Also they defined the self complementary fuzzy 
graphs. The complement of fuzzy graphs was studied by Sunitha and Vijayakumar [15]. It 
consists to define bijective correspondence existence which preserve adjacent relation 
between vertex sets of two graphs. 

Samanta and Pal introduced fuzzy tolerance graph [16], irregular bipolar fuzzy 
graphs [18], fuzzy k-competition graphs and p-Competition fuzzy graphs [19], bipolar 
fuzzy hypergraphs [17] and investigated several properties. Pal and Rashmanlou [12] 
studied lots of properties of irregular interval-valued fuzzy graphs. 

In this paper, we have discussed notion of ring sum of product interval-valued 
fuzzy graphs. We further provided three independent theorems based on ring sum, join and 
isomorphism of product interval-valued fuzzy graphs. The concept of density and balance 
of interval-valued fuzzy graphs are introduced and investigated several useful properties.  

 
2. Preliminaries 
Let V  be a Universe of discourse. It may be taken as the set of vertices of a graph G . If 
the membership value of Vu∈  is non-zero, then u  is consider as a vertex of G . 

 
Definition 2.1. A fuzzy graph is a pair ),(= µσG , where σ  is a fuzzy subset of V  and 
µ  is fuzzy relation on V  such that, )()(),( vuvu σσµ ∧≤  for all Vvu ∈, , where 

yx ∧  represents the minimum among x  and y .  
 A very special type of fuzzy graph called complete fuzzy graph is defined below.  
 
Definition 2.2. A fuzzy graph ),(= µσG  is complete if )()(=),( vuvu σσµ ∧  for all 

Vvu ∈, .  
       The main objective of this paper is to study of interval-valued fuzzy graph and this 
graph is based on the interval-valued fuzzy set defined below. 

 
Definition 2.3. An interval-valued fuzzy set A  in V  is defined as  

                 
},:)])(),([,{(= VxxxxA

AA
∈+− µµ  

where )(x
A−

µ  and )(x
A+

µ  are fuzzy subsets of V  such that )()( xx
AA +− ≤ µµ  for all 

Vx∈ . 
For any two interval-valued fuzzy sets }|)])(),([,{(= VxxxxA

AA
∈+− µµ  and 
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}|)])(),([,{(= VxxxxB
BB

∈+− µµ  in V  we define:  

},|))])(),((max)),(),((max[,{(= VxxxxxxBA
BABA

∈∪ ++−− µµµµ  

}.|))])(),((min)),(),((min[,{(= VxxxxxxBA
BABA

∈∩ ++−− µµµµ  

  
Definition 2.4. By an interval-valued fuzzy graph of a crisp graph ),(= EVG∗  we mean 
a pair ),(= BAG , where ],[= +− AA

A µµ  is an interval-valued fuzzy set on V  and 

],[= +− BB
B µµ  is an interval-valued fuzzy set defined on E , such that  

 .   ))(),((min)()),(),((min)( Exyallforyxxyyxxy
AABAAB

∈≤≤ +++−−− µµµµµµ  

  
Definition 2.5. Let ),(= 111 BAH  and ),(= BAG  be two interval valued fuzzy graphs 
whose underline graphs be ),(= 11

*
1 EVH  and ),(=* EVG . Then 1H  is said to be a 

subgraph of G  if 
VVi ⊆1 )( , where 

)(2)(1
=

iuAiuA −− µµ , 
)(2)(1

=
iuAiuA ++ µµ  for all 1Vui ∈ , ni ,1,2,3,= . 

EEii ⊆1 )( , where 
)(2)(1

=
jvivBjvivB −− µµ , 

)(2)(1
=

jvivBjvivB ++ µµ  for all 1Evv ji ∈ , 

ni ,1,2,= .  
  

Definition 2.6. An interval-valued fuzzy graph ),(= BAG  of a graph ),(=* EVG  is 
said to be complete interval-valued fuzzy graph if 

))(),((min=)( yxxy
AAB −−− µµµ  and ))(),((min=)( yxxy

AAB +++ µµµ   

for all Exy∈ .  
  

Definition 2.7. The complement of an interval-valued strong fuzzy graph ),(= BAG  of a 

graph ),(= EVG∗  is an interval-valued fuzzy graph ),(= BAG  of ),(= VVVG ×∗ , 

where ],[== +− AA
AA µµ  and ],[= +− BB

B µµ . −B
µ  and +B

µ  are defined as  

),())(),((min=)( xyyxxy
BAAB −−−− − µµµµ  

)())(),((min=)( xyyxxy
BAAB ++++ − µµµµ  for all Exy∈ .  

  
Definition 2.8. Let G  be an interval-valued fuzzy graph. The neighbourhood of a vertex 
x  in G  is defined by )](),([=)( xNxNxN +− , where  

))}(),((min)(:{=)( yxxyVyxN
AAB −−−

− ≤∈ µµµ  and 

))}(),((min)(:{=)( yxxyVyxN
AAB +++

+ ≤∈ µµµ . Also, the neighbourhood 
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degree of a vertex x  in G  is defined by )](),([=)( xdegxdegxdeg +−  where 
)(=)(

)(
yxdeg

AxNy −∈
− ∑ µ  and )(=)(

)(
yxdeg

AxNy +∈
+ ∑ µ .  

 
Definition 2.9. Let G  be an interval-valued fuzzy graph. The closed neighbourhood 
degree of the vertex x  is defined by ]][],[[=][ xdegxdegxdeg +− , where 

)()(=][ xxdegxdeg
A−

−− + µ  and )()(=][ xxdegxdeg
A+

++ + µ .  

  
Definition 2.10. An interval-valued fuzzy graph ),(= BAG  is said to be regular 
interval-valued fuzzy graph if all the vertices have the same closed neighborhood degree.  
 
Definition 2.11. Let ),(= BAG  be an interval-valued fuzzy graph of a graph 

),(= EVG∗ . If )()()(  )()()( yxxyandyxxy
AABAAB +++−−− ×≤×≤ µµµµµµ  

for all Vyx ∈, , then the interval-valued fuzzy graph G  is called product interval-valued 
fuzzy graph of ∗G , where ×  represent ordinary multiplication.  
 
Remark 2.12. If ),(= BAG  is a product interval-valued fuzzy graph, then since 

)(x
A−

µ  and )(x
A+

µ  are less than or equal to 1, it follows that: 

)()()()()( yxyxxy
AAAAB −−−−− ∧≤×≤ µµµµµ  and 

)()()()()( yxyxxy
AAAAB +++++ ∧≤×≤ µµµµµ  for all Vyx ∈, . 

Thus every product interval-valued fuzzy graph is an interval-valued fuzzy graph.  
 
Remark 2.13. If ),(= BAG  is a product interval-valued fuzzy sub graph of *G  whose 
vertex set is V , we assume that 0)(0,)( ≠≠ +− vv

AA
µµ  for all Vv∈  and −B

µ , +B
µ  

are symmetric.  
  

Definition 2.14. A product interval-valued fuzzy graph ),(= BAG  is said to be complete 
if )()(=)( yxxy

AAB −−− × µµµ  and )()(=)( yxxy
AAB +++ × µµµ  for all Vyx ∈, .  

  
Definition 2.15. The complement of a product interval-valued fuzzy graph G  is denoted 
by ),(= BAG  where )](),([== xxAA

AA +− µµ  and )](),([= yyB
BB +− µµ  is 

defined by
)()()(=)(),()()(=)( xyyxxyxyyxxy

BAABBAAB ++++−−−− −×−× µµµµµµµµ  for 

all Vyx ∈, . It follows that G  is a product interval-valued fuzzy graph.  
  

Lemma 2.16. Consider the product interval-valued fuzzy graphs ),(= 111 BAG  and 
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),(= 222 BAG , the isomorphism between two product interval-valued fuzzy graphs 1G  
and 2G  is a bijective mapping 21: VVh →  such that  

  

 ,  ))((=)(

))((=)(
1

21

21 Vuallforuhu

uhu

AA

AA ∈
⎪⎩

⎪
⎨
⎧

++

−−

µµ

µµ
 

and  

 .,  ))()((=)(

))()((=)(
1

21

21 Vvuallforvhuhuv

vhuhuv

BB

BB ∈
⎪⎩

⎪
⎨
⎧

++

−−

µµ

µµ
 

If 1G  and 2G  are isomorphic, then we write 21 GG ≅ . 
 

An automorphism of G  is isomorphism of G  with itself.  
Definition 2.17. Let ),(= 111 BAG  and ),(= 222 BAG  be interval-valued fuzzy graphs 
with underlying set 1V  and 2V , respectively. Then we denote the intersection 1G  and 

2G  by ),(= 212121 BBAAGG ∩∩∩  and defined as follows: 
))(),((=))((

2121
uuminu

AAAA −−−− ∩ µµµµ , 

))(),((=))((
2121

uuminu
AAAA ++++ ∩ µµµµ , for all 21 VVu ∩∈ . 

))(),((=))((
2121

uvuvminuv
BBBB −−−− ∩ µµµµ , 

))(),((=))((
2121

uvuvminuv
BBBB ++++ ∩ µµµµ , for all .21 EEuv ∩∈   

The following result can be easily verified.  
 
Proposition 2.18. Let ),(= 111 BAG  and ),(= 222 BAG  be two product interval-valued 
fuzzy graphs of 1G  and 2G  respectively. Then ),( 2121 BBAA ∩∩  is a product 
interval-valued fuzzy graph of G .  
 
Lemma 2.19. The union of two product interval-valued fuzzy graphs ),(= 111 BAG  and 

),(= 222 BAG  is defined as 21= GGG ∪  whose vertex and edge sets are )( 21 AA ∪  
and )( 21 BB ∪ . Also, 

 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

∩∈∪

−∈

−∈

∪

−−

−

−

−−

. )()(

, )(

, )(

=))((

21
21

12
2

21
1

21
VVuifuu

VVuifu

VVuifu

u

AA

A

A

AA

µµ

µ

µ

µµ  
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⎪
⎪
⎩

⎪
⎪
⎨

⎧

∩∈∪

−∈

−∈

∪

++

+

+

++

. )()(

, )(

, )(

=))((

21
21

12
2

21
1

21
VVuifuu

VVuifu

VVuifu

u

AA

A

A

AA

µµ

µ

µ

µµ  

and 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

∩∈∪

−∈

−∈

∪

−−

−

−

−−

. )()(

, )(

, )(

=))((

21
21

12
2

21
1

21
EEuvifuvuv

EEuvifuv

EEuvifuv

uv

BB

B

B

BB

µµ

µ

µ

µµ  

⎪
⎪
⎩

⎪
⎪
⎨

⎧

∩∈∪

−∈

−∈

∪

++

+

+

++

. )()(

, )(

, )(

=))((

21
21

12
2

21
1

21
EEuvifuvuv

EEuvifuv

EEuvifuv

uv

BB

B

B

BB

µµ

µ

µ

µµ  

 
Definition 2.20. The join ),(= 212121 BBAAGG +++  of two product interval-valued 
fuzzy graphs 1G  and 2G  is defined as follows: ))((=))((

2121
uu

AAAA −−−− ∪+ µµµµ , 

))((=))((
2121

uu
AAAA ++++ ∪+ µµµµ , if 21 VVu ∪∈ . 

))((=))((
2121

uvuv
BBBB −−−− ∪+ µµµµ , ))((=))((

2121
uvuv

BBBB ++++ ∪+ µµµµ , if  

.21 EEuv ∩∈  
))(),((=))((

2121
vuminuv

AABB −−−− + µµµµ , ))(),((=))((
2121

vuminuv
AABB ++++ + µµµµ , 

if 'Euv∈ , where 'E  is the set of all edges joining the nodes of 1V  and 2V .  
  

Theorem 2.21. Let ),(= 111 BAG  and ),(= 222 BAG  be the product interval-valued 

fuzzy graphs then, 2121 )(  )( GGGGi +≅∪       2121 )(  )( GGGGii ∪≅+ .  
   

3.  Product Interval-valued Fuzzy Graphs 
In this section, different types of product on interval-valued fuzzy graphs are defined and 
investigated whether the resultant graphs are interval-valued fuzzy graphs. 

 
Definition 3.1. The tensor product 21 GG ⊗  of two interval-valued fuzzy graphs 

),(= 111 BAG  and ),(= 222 BAG  of ),(= 111 EVG∗  and ),(= 222 EVG∗  respectively is 
defined as a pair ),( BA , where ],[= +− AA

A µµ  and ],[= +− BB
B µµ  are 

interval-valued fuzzy sets on 21= VVV ×  and  
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}),(,),(|)),(),,{((= 2221112121 EvuEvuvvuuE ∈∈ , respectively which satisfies 
the followings 

,),(  
))(),((min=),)((

))(),((min=),)((
)( 2121

2
2

1
1

21
21

2
2

1
1

21
21 VVuuallfor

uuuu

uuuu
i

AAAA

AAAA
×∈

⎪⎩

⎪
⎨
⎧

⊗

⊗

++++

−−−
−

µµµµ

µµµµ
 

⎪⎩

⎪
⎨
⎧

⊗

⊗

++++

−−−
−

))(),((min=)),)(,)(((

))(),((min=)),)(,)(((
)(

22
2

11
1

2121
21

22
2

11
1

2121
21

vuvuvvuu

vuvuvvuu
ii

BBBB

BBBB

µµµµ

µµµµ
 

.    222111 EvuandEvuallfor ∈∈  
  
Proposition 3.2. The tensor product of two product interval-valued fuzzy graphs is a 
product interval-valued fuzzy graphs.   
Proof. Let ),(= 111 BAG  and ),(= 222 BAG  be product interval-valued fuzzy graphs. 
We prove that 21 GG ⊗  is a product interval-valued fuzzy graph. 
Let 111 Evu ∈  and 222 Evu ∈ . Then  

))(),((=)),)(,)((( 22
2

11
1

2121
21

vuvuminvvuu
BBBB −−−− ⊗ µµµµ  

 ))()(),()(( 2
2

2
2

1
1

1
1

vuvumin
AAAA −−−− ××≤ µµµµ  

 ))(),(())(),(( 2
2

1
1

2
2

1
1

vvminuumin
AAAA −−−− ×≤ µµµµ  

 ),,)((),)((= 21
21

21
21

vvuu
AAAA −−−− ⊗×⊗ µµµµ  

 Similarly,  ).,)((),)(()),)(,)((( 21
21

21
21

2121
21

vvuuvvuu
AAAABB ++++++ ⊗×⊗≤⊗ µµµµµµ  

 Hence, 21 GG ⊗  is a product interval-valued fuzzy graphs.  
 
Proposition 3.3. Let ),(= 111 BAG  and ),(= 222 BAG  be product interval-valued fuzzy 
graphs of *

1G  and *
2G , respectively. If 1G  and 2G  be complete, then 21 GG ⊗  is not 

necessarily complete.  
  

Definition 3.4. Let ),(= 111 BAG  and ),(= 222 BAG  be the product interval-valued 
fuzzy graphs with ),(= 11

*
1 EVG  and ),(= 22

*
2 EVG  respectively. Then the ring sum of 

two product interval-valued fuzzy graphs 1G  and 2G  is denoted by 
),(== 212121 BBAAGGG ⊕⊕⊕   

 

,  ))((=))((

))((=))((
21

2121

2121 VVuallforuu

uu

AAAA

AAAA ∪∈
⎪⎩

⎪
⎨
⎧

∪⊕

∪⊕

++++

−−−−

µµµµ

µµµµ
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and 

⎪
⎩

⎪
⎨

⎧

−∈

−∈

⊕ −

−

−−

otherwise

EEuvifuv

EEuvifuv

uv
B

B

BB

0

,  )(

,  )(

=))(( 12
2

21
1

21
µ

µ

µµ  

⎪
⎩

⎪
⎨

⎧

−∈

−∈

⊕ +

+

++

.0

,  )(

,  )(

=))(( 12
2

21
1

21
otherwise

EEuvifuv

EEuvifuv

uv
B

B

BB
µ

µ

µµ   

Proposition 3.5. Let ),(= 111 BAG  and ),(= 222 BAG  be the product interval-valued 
fuzzy graphs whose underlying graphs are ),(= 111 EVG  and ),(= 222 EVG  
respectively. Then the ring sum of 1G  and 2G  is denoted by 

),(== 212121 BBAAGGG ⊕⊕⊕  which is a product interval-valued fuzzy graph.   
 
Theorem 3.6. Let ),(= 111 BAG  and ),(= 222 BAG  be two product interval-valued 

fuzzy graphs with ∅∩ =21 EE  then, 2121 GGGG +≅⊕ .  
 

Theorem 3.7.  Let ),(= 111 BAG  and ),(= 222 BAG  be two product interval-valued 

fuzzy graphs with ∅∩ =21 EE , then 2121 GGGG ⊕≅+ .   
Theorem 3.8. If G  is the ring sum of two subgraphs 1G  and 2G  with ∅∩ =21 EE , 
then every complete product interval-valued fuzzy subgraph ),( BA  of G  is a ring sum 
of complete product interval-valued fuzzy subgraph of 1G  and complete product 
interval-valued fuzzy subgraph of 2G .   
Proof. We define the interval-valued fuzzy subsets 121 ,, BAA  and 2B  of 121 ,, EVV  and 

2E  as follows 
 

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

−∈

−∈

−∈

−∈

++

−−

++

−−

.  )(=)(

,  )(=)(

,  )(=)(

,  )(=)(

12
2

12
2

21
1

21
1

VVuifuu

VVuifuu

VVuifuu

VVuifuu

AA

AA

AA

AA

µµ

µµ

µµ

µµ

       

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

−∈

−∈

−∈

−∈

++

−−

++

−−

.  )(=)(

,  )(=)(

,  )(=)(

,  )(=)(

12
2

12
2

21
1

21
1

EEuvifuvuv

EEuvifuvuv

EEuvifuvuv

EEuvifuvuv

BB

BB

BB

BB

µµ

µµ

µµ

µµ

 

 
So ),( 11 BA  is product interval-valued fuzzy graph of 1G  and ),( 22 BA  is 

product interval-valued fuzzy graph of 2G  and )(= 21 AAA ⊕  by definition of ring sum 
of product interval-valued fuzzy graphs 1G  and 2G . If 21 EEuv ∪∈  then 
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).)((=)( ),)((=)(
2121

uvuvuvuv
BBBBBB +++−−− ⊕⊕ µµµµµµ  

If 21 EEuv −∈  then ))((=)( ),)((=)(
2121

uvuvuvuv
BBBBBB +++−−− ⊕⊕ µµµµµµ   

(by definition of ring sum of product interval-valued fuzzy graph). 
If 12 EEuv −∈  then ).)((=)(),)((=)(

2121
uvuvuvuv

BBBBBB +++−−− ⊕⊕ µµµµµµ  

If Euv ′∈  i.e. 1Vu∈  and 2Vv∈  then 
).(=0=))((),(=0=))((

2121
uvuvuvuv

BBBBBB +++−−− ⊕⊕ µµµµµµ  

Other equalities are also holds because ),( BA  is a complete product interval-valued 
fuzzy graph.  

  
4. Balanced Interval-Valued Fuzzy Graphs 
The density of a crisp graph ),(=* EVG  is defined by  

                       .
1)|(|||
||2

=)( *

−
∑

VV
E

GD  

This gives the number of edges per unit vertex. )( *GD  is non-negative for any graph *G  
and its maximum value is 1, when *G  is complete. Thus, 1)(0 * ≤≤ GD . Higher value 
of )( *GD  represent more edges in *G . If *G  has no edges then )( *GD  is 0. 

However, for a fuzzy graph ),(= µσG  the density is defined as  

               .
)()(

)(2
=)(

vu
uv

GD
σσ

µ
∧∑

∑  

Like crisp graph, the lower bound of )(GD  is 0 when 0=)(uvµ  for all edges, but, for 
the complete fuzzy graph the upper bound is 2. That is, for the fuzzy graph 2)(0 ≤≤ GD
. 

Motivated from this definition for fuzzy graph, the density of interval-valued fuzzy 
graph is defined below. 

 
Definition 4.1.  The density of an interval-valued fuzzy graph ),(= BAG  is 

)](),([=)( GDGDGD +− , where )(GD−  is defined by  

 Vvuallfor
vu

uv
GD

AA
Evu

B
Vvu ∈

∧ −−
∈

−
∈−

∑
∑

,     ,
))()((

))((2
=)(

),(

,

µµ

µ
 

and )(GD+  is defined by  

 .,     ,
))()((

))((2
=)(

),(

, Vvuallfor
vu

uv
GD

AA
Evu

B
Vvu ∈

∧ ++
∈

+
∈+

∑
∑

µµ

µ
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Definition 4.2. An interval-valued fuzzy graph ),(= BAG  is balanced if )()( GDHD ≤
, that is, )()( GDHD −− ≤ , )()( GDHD ++ ≤  for all subgraphs H  of G .  

  
Example 4.3. Consider a graph ),(= EVG∗  such that },,,{= 4321 vvvvV ,  

},,,,{= 4214433221 vvvvvvvvvvE . Let A  be an interval-valued fuzzy set of V  and B  
be an interval-valued fuzzy set of VVE ×⊆  defined by  

,)
0.7

,
0.7

,
0.5

,
0.6

(),
0.2

,
0.3

,
0.3

,
0.4

(= 43214321 〉〈
vvvvvvvvA  

.)
0.425

,
0.51

,
0.595

,
0.425

,
0.425

(),
0.16

,
0.16

,
0.16

,
0.24

,
0.24

(= 42414332214241433221 〉〈
vvvvvvvvvvvvvvvvvvvvB  

For this graph 

1.6=)
0.20.20.20.30.3

0.160.160.160.240.242(=)(
++++
++++− GD  

1.7=)
0.50.60.70.50.5

0.4250.510.5950.4250.4252(=)(
++++

+++++ GD  

[1.6,1.7].=)](),([=)( GDGDGD +−   
 Let },{= 211 vvH , },{= 312 vvH , },{= 413 vvH , },{= 324 vvH , },{= 425 vvH , 

},{= 436 vvH , },,{= 3217 vvvH , },,{= 4318 vvvH , },,{= 4219 vvvH , 
},,{= 43210 vvvH , },,,{= 432111 vvvvH  be the non-empty subgraphs of G . Densities of 

these subgraphs are  
[1.6,1.7]=][ 1HD , [0,0]=][ 2HD , [1.6,1.7]=][ 3HD , 
[1.6,1.7]=][ 4HD , [1.6,1.7]=][ 5HD , [1.6,1.7]=][ 6HD , [1.6,1.7]=][ 7HD , 

[1.6,1.7]=][ 8HD , [1.6,1.7]=][ 9HD , [1.6,1.7]=][ 10HD , [1.6,1.7]=][ 11HD . 
Thus, it is verified that )()( GDHD ≤  for all subgraphs H  of G . 
Hence, G  is a balanced interval-valued fuzzy graph.  

  
Definition 4.4. An interval-valued fuzzy graph ),(= BAG  is strictly balanced if for 
every Vvu ∈, , )(=)( GDHD  for all non-empty subgraphs H  of G .  

 
Theorem 4.5.  Every complete interval-valued fuzzy graph is balanced.   
Proof. Let ),(= BAG  be a complete interval-valued fuzzy graph, then by the definition 
of complete interval-valued fuzzy graph G , we have 

)()(=)( vuuv
AAB −−− ∧ µµµ  and )()(=)( vuuv

AAB −−+ ∧ µµµ  for every Vvu ∈,  

)()(=)(
),(,

vuuv
AAEvuBVvu −−∈−∈

∧∑∑ µµµ  and 

)()(=)(
),(,

vuuv
AAEvuBVvu ++∈+∈

∧∑∑ µµµ  for every Vvu ∈, . 
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Now, 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

∧∧ ++∈

+∈

−−∈

−∈

∑
∑

∑
∑

))()((

)(2
,

))()((

)(2
=)(

),(

,

),(

,

vu

uv

vu

uv
GD

AAEvu

BVvu

AAEvu

BVvu

µµ

µ

µµ

µ
 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

∧

∧

∧

∧

++∈

++∈

−−∈

−−∈

∑
∑

∑
∑

)())((

))()((2
,

)())((

))()((2
=

),(

),(

),(

),(

vu

vu

vu

vu

AAEvu

AAEvu

AAEvu

AAEvu

µµ

µµ

µµ

µµ
 [2,2]= . 

Also, every subgraph of a complete interval-valued fuzzy graph is complete. 
therefore, it is easy to verify that [2,2]=)(HD  for every GH ⊆ . Thus, G  is 
balanced.  

  
Note 4.6. The converse of Theorem 4.6 is need not be true, that is every balanced 
interval-valued fuzzy graph is not necessarily complete.  

  
Definition 4.7. An interval-valued fuzzy graph ),(= BAG  of a given graph ),(=* EVG  
is called strong interval-valued fuzzy graph if 

))(),((min=)( yxxy
AAB −−− µµµ  and ))(),((min=)( yxxy

AAB +++ µµµ  for all 

Exy∈ .  
  

Corollary 4.8. Every strong interval-valued fuzzy graph is balanced.  
  

Theorem 4.9.  Let ),(= BAG  be a strictly balanced interval-valued fuzzy graph and 

),(= BAG  be its complement, then [2,2]=)()( GDGD + .   
Proof. Let ),(= BAG  be a strictly balanced interval-valued fuzzy graph and 

),(= BAG  be its complement. Let H  be a non-empty subgraph of G . Since G  is 
strictly balanced )(=)( HDGD  for every GH ⊆  and Vvu ∈, .  
In G ,  

)()()(=)( uvvuuv
BAAB −−−− −∧ µµµµ                                      (1) 

 and )()()(=)( uvvuuv
BAAB ++++ −∧ µµµµ                                         (2) 

 for every Vvu ∈, . Dividing (1) by )()( vu
AA −− ∧ µµ   

      
)()(

)(
1=

)()(

)(

vu

uv

vu

uv

AA

B

AA

B

−−

−

−−

−

∧
−

∧ µµ

µ

µµ

µ
, 

 
for every Vvu ∈,  and dividing (2) by )()( vu

AA ++ ∧ µµ , 
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)()(

)(
1=

)()(

)(

vu

uv

vu

uv

AA

B

AA

B

++

+

++

+

∧
−

∧ µµ

µ

µµ

µ
, for every Vvu ∈, . 

Therefore, 
)()(

)(
1=

)()(

)(
,, vu

uv

vu

uv

AA

B
Vvu

AA

B
Vvu

−−

−

∈
++

−

∈ ∧
−

∧ ∑∑ µµ

µ

µµ

µ
, 

 
where Vvu ∈,  and  

,
)()(

)(
1=

)()(

)(

,, vu

uv

vu

uv

AA

B

VvuAA

B

Vvu ++

+

∈++

+

∈ ∧
−

∧ ∑∑ µµ

µ

µµ

µ
 where Vvu ∈, .  

,
)()(

)(
22=

)()(

)(
2

,, vu

uv

vu

uv

AA

B

VvuAA

B

Vvu −−

−

∈−−

−

∈ ∧
−

∧ ∑∑ µµ

µ

µµ

µ
 where Vvu ∈,  and  

,
)()(

)(
22=

)()(

)(
2

,, vu

uv

vu

uv

AA

B

VvuAA

B

Vvu ++

+

∈++

+

∈ ∧
−

∧ ∑∑ µµ

µ

µµ

µ
 

where Vvu ∈,  

)(2=)( GDGD −− −  and )(2=)( GDGD ++ − . 
Now,  

)](),([)](),([=)()( GDGDGDGDGDGD +−+− ++

)]()(,)([= GDGDGDGD ++−− ++  
 Hence, [2,2]=)()( GDGD + .  
 
Theorem 4.10. The complement of strictly balanced interval-valued fuzzy graph is strictly 
balanced.  

  
Definition 4.11.  Let ),(= 111 BAG  and ),(= 222 BAG  be two interval-valued fuzzy 
graphs whose underlying crisp graphs are ),(= 11

*
1 EVG  and ),(= 22

*
2 EVG . Assume 

that ∅∩ =21 VV . The direct product of 1G  and 2G  is defined as 
),(= 212121 µµσσGG  with the underlying crisp graph ),(= 21 EVVG ×∗  where  

},),(,),(:),(),,{(= 2211212211 EvvEuuvuvuE ∈∈  
)()(=),)(( 1

2
1

1
11

21
vuvu

AAAA −−−− ∧• µµµµ  for all 2111 ),( VVvu ×∈  and 

)()(=),)(( 1
2

1
1

11
21

vuvu
AAAA ++++ ∧ µµµµ  for all 2111 ),( VVvu ×∈ . 

)()(=),)(( 21
2

21
1

2211
21

vvuuvuvu
BBBB −−−− ∧• µµµµ  for all 221121 , EvvEuu ∈∈  and 

)()(=),)(( 21
2

21
1

2211
21

vvuuvuvu
BBBB ++++ ∧ µµµµ  for all 221121 , EvvEuu ∈∈ .  
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Theorem 4.12. The direct product of two interval-valued fuzzy graphs is also an 
interval-valued fuzzy graph.   
Proof. Let 111 Evu ∈  and 222 Evu ∈  so we have  

))(),((=),)(( 21
2

21
1

2211
21

vvuuminvuvu
BBBB −−−− µµµµ  

)))(),(()),(),((( 2
2

1
2

2
1

1
1

vvminuuminmin
AAAA −−−−≤ µµµµ  

)))(),(()),(),(((= 2
2

2
1

1
2

1
1

vuminvuminmin
AAAA −−−− µµµµ  

)).,)((),,)(((= 22
21

11
21

vuvumin
AAAA −−−− µµµµ  

 Also  
))(),((=),)(( 21

2
21

1
2211

21
vvuuminvuvu

BBBB ++++ µµµµ  

)))(),(()),(),((( 2
2

1
2

2
1

1
1

vvminuuminmin
AAAA ++++≤ µµµµ  

)))(),(()),(),(((= 2
2

2
1

1
2

1
1

vuminvuminmin
AAAA ++++ µµµµ  

)).,)((),,)(((= 22
21

11
21

vuvumin
AAAA ++++ µµµµ  

 
Theorem 4.13.  Let ),(= 111 BAG  and ),(= 222 BAG  be two interval-valued fuzzy 
graphs such that 21 GG  is complete, then either 1G  or 2G  must be complete.  

  
Theorem 4.14.  Let ),(= 111 BAG  and ),(= 222 BAG  be two interval-valued fuzzy 
graphs. Then )(=)(=)( 2121 GGDGDGD  if and only if  )()( 21 forGGDGD i ≤
i=1,2 .    

 
Theorem 4.15. Let ),(= 111 BAG  and ),(= 222 BAG  be two balanced interval-valued 
fuzzy graphs. Then 21 GG  is balanced if and only if )(=)(=)( 2121 GGDGDGD .  
Proof. Let 21 GG  be balanced interval-valued fuzzy graphs. Then by definition, 

)()( 21 GGDGD i ≤  for 1,2=i . So by Theorem 4.18, )(=)(=)( 2121 GGDGDGD . 
Conversely, suppose that )(=)(=)( 2121 GGDGDGD . We have to prove that 

21 GG  is balanced. 

Let ],[
2

2

1

1

r
n

r
n

 be the density of an interval-valued fuzzy graph 1G . Let ],[
2

2

1

1

b
a

b
a

 

and ],[
4

4

3

3

b
a

b
a

 be the densities of the interval-valued fuzzy subgraphs 1H  and 2H  of 

1G  and 2G  respectively. Since 1G  and 2G  are balanced and 
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],[=)(=)(
2

2

1

1
21 r

n
r
nGDGD , where [2,2]],[0

2

2

1

1 ≤≤
r
n

r
n

, 

],[],[=)(  ],,[],[=)(
2

2

1

1

4

4

3

3
2

2

2

1

1

2

2

1

1
1 r

n
r
n

b
a

b
aHD

r
n

r
n

b
a

b
aHD ≤≤ . 

Thus 13111311 nbnbrara +≤+  and 24222422 < nbnbrara ++ . Hence,  

],[)()(
42

42

31

31
21 bb

aa
bb
aaHDHD

+
+

+
+

≤+ ).(=],[ 21
2

2

1

1 GGD
r
n

r
n

≤  

 Thus, )()( 21 GGDHD ≤  for any subgraph H  of 21 GG . Therefore, )( 21 GGD  is 
balanced.  

  
Theorem 4.16.  Let ),(= 111 BAG  and ),(= 222 BAG  be isomorphic interval-valued 
fuzzy graphs. If 2G  is balanced, then 1G  is balanced.  

 
5. Conclusions 
The interval-valued fuzzy models give more precision, flexibility and compatibility to the 
system as compared to the classical and fuzzy models. In this paper, we discussed product 
interval-valued fuzzy graphs and it’s complement. The notion of a ring sum and join of 
product interval-valued fuzzy graphs are discussed. 

In the definition of density, the lower and upper limits of the interval are multiplied 
by 2 and its is proved that the upper bound of the density is [2,2]. As a result the density of 
any interval-valued fuzzy graph lies between [0,0] and [2,2]. If we omit this 2, the density 
of any interval-valued fuzzy graph lies between [0,0] and [1,1]. It is better to define the 

density of a fuzzy graph as 
)()(

)(2
=)(

vu
uv

GD
σσ

µ
∧∑

∑ . Finally, we defined balanced and 

strictly balanced interval-valued fuzzy graphs. In our future work, we will focus on energy 
and hyperenergetic of interval valued fuzzy graphs which are very useful in physics and 
chemistry.  

 
REFERENCES 

 
1. T.AL-Hawary, Complete fuzzy graphs, International J. Math. Combin., 4(2011) 26-34. 
2. M. Akram and W.A. Dudec, Interval-valued fuzzy graphs, Computers and 

Mathematics with Applications, 61 (2011) 289-299. 
3. M. Akram, Bipolar fuzzy graphs, Information Sciences, 181 (2011) 5548-5564. 
4. M. Akram and B. Davvaz, Strong intuitionistic fuzzy graphs, Filomat, 26(1) (2012) 

177-196.  
5. M. Akram and M. G. Karunambigai, Metric in bipolar fuzzy graphs, World Applied 

Sciences Journal, 14 (2011) 1920-1927. 
6. M. Akram, F. Feng, S. Sarwar and Y. B. Jun, Certain types of vague graphs, Scientic 

Bulletin, Series A-Applied Mathematics and Physics, 2 (2013) 15. 
7. P. Bhattacharya, Some remarks on fuzzy graphs, Pattern Recognition Lett., 6(1987) 



Balanced Interval-Valued Fuzzy Graphs  

57 
 

297-302. 
8. J. N. Mardeson and C. S. Peng, Operation on fuzzy graphs, Information Sciences, 19 

(1994) 159-170. 
9. J. N. Mordeson and P. S. Nair, Fuzzy graphs and fuzzy hypergraphs physica-verly, 

Heidelberg, 2000. 
10. A. Nagoorgani and J. Malarvizhi, Isomorphism properties on strong fuzzy graphs, 

International Journal of Algorithms, Computing and Mathematics, 2(1) (2009) 39-47. 
11. A. Nagoorgani and J. Malarvizhi, Isomorphism on fuzzy graphs, World Academy of 

Science, Engineering and Technology, 23 (2008) 505-511.  
12. M. Pal and H. Rashmanlou, Irregular interval-valued fuzzy graphs, Annals of Pure and 

Applied Mathematics, 3(1) (2013) 56-66. 
13. H. Rashmanlou and Y.B.Jun, Complete interval-valued fuzzy graphs, to appear in 

Annals of Fuzzy Mathematics and Informatics. 
14. A. Rosenfeld, Fuzzy graphs, In: Zadeh,L. A., Fu, K. S., Shimura, M.(Eds.), Fuzzy Sets 

and their Applications, Academic Press, NewYork, 77-95. 
15. M. S. Sunitha and A. Vijayakumar, Complement of fuzzy graphs, Indian J. Pure and 

Appl. Math, 33 (2002) 1451-1464. 
16. S. Samanta and M. Pal, Fuzzy tolerance graphs, Int. J Latest Trend Math, 1(2) (2011) 

57-67. 
17. S. Samanta and M. Pal, Bipolar fuzzy hypergraphs, International Journal of Fuzzy 

Logic Systems, 2(1) (2012) 17-28. 
18. S. Samanta and M. Pal, Irregular bipolar fuzzy graphs, Inernational Journal of 

Applications of Fuzzy Sets, 2 (2012) 91-102. 
19. S. Samanta and M. Pal, Fuzzy k-competition graphs and p-competition fuzzy graphs, 

Fuzzy Inf. Eng., 5(2) (2013) 191-204. 
20. A. A. Talebi and H. Rashmanlou, Isomorphism on interval-valued fuzzy graphs, to 

appear in Annals of Fuzzy Mathematics and Informatics. 
21. A. A. Talebi, H. Rashmanlou and N. Mehdipoor, Isomorphismon on vague graphs, to 

appear in Annals of Fuzzy Mathematics and Informatics. 
22. A.A.Talebi, H.Rashmanlou and B.Davvaz, Some properties of interval- valued fuzzy 

graphs, submitted. 
23. A. A. Talebi, N. Mehdipoor and H.Rashmanlou, Some operations on vague graphs, to 

appear in The Journal of Advanced Research in Pure Mathematics. 
24. L. A. Zadeh, Fuzzy Sets, Information and Control, 8 (1965) 338-353. 
25. L. A. Zadeh, The concept of a linguistic and application to approximate reasoning-I, 

Information Sciences, 8 (1975) 199-249.  
 


