Journal of Physical Sciences, Vol. 17, 2013, 43-57
ISSN: 0972-8791, www.vidyasagar.ac.in/journal
Published on 26 December 2013

Balanced Interval-Valued Fuzzy Graphs

Hossein Rashmanlou® and Madhumangal Pal 2

'Department of Mathematics
University of Mazandaran, Babolsar, Iran
Email: hrashmanlou@yahoo.com

? Department of Applied Mathematics with Oceanology and Computer Programming
Vidyasagar University, Midnapore-721102, India
email: mmpalvu@gmail.com

ABSTRACT
In this paper, we discuss notion of ring sum of product interval-valued fuzzy graphs. We
define tensor product of two interval-valued fuzzy graphs and shown that the tensor
product of two product interval-valued fuzzy graphs is a product interval-valued fuzzy
graph. Likewise, given three independent theorems based on ring sum, join and
isomorphism of product interval-valued fuzzy graphs. Finally, we define balanced and
strictly balanced interval-valued fuzzy graphs and investigated several properties.

Keywords: Interval-valued fuzzy graph, isomorphism, ring sum, product interval-valued
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1. Introduction

Presently, science and technology is featured with complex processes and phenomena for
which complete information is not always available. For such cases, mathematical models
are developed to handle various types of systems containing elements of uncertainty. A
large number of these models is based on an extension of the ordinary set theory, namely,
fuzzy sets. Graph theory has numerous applications to problems in computer science,
electrical engineering, system analysis, operations research, economics, networking
routing, transportation, etc. In many cases, some aspects of a graph-theoretic problem may
be uncertain. For example, the vehicle travel time or vehicle capacity on a road network are
not crisp number. In such cases, it is natural to deal with the uncertainty using the methods
of fuzzy sets and fuzzy logic. But, using hypergraphs as the models of various systems
(social, economic systems, communication networks and others) leads to difficulties. In
1965, Zadeh [24] introduced the notion of a fuzzy subset of a set as a method for
representing uncertainty. The theory of fuzzy sets has become a vigorous area of research
in different disciplines including medical and life sciences, engineering, statics, graph
theory, computer networks, decision making and automata theory.

In 1975, Rosenfeld [14] introduced the concept of fuzzy graphs, and proposed
another elaborated definition, including fuzzy vertex and fuzzy edges, and several fuzzy
analogs of graph theoretic concepts such as paths, cycles, connectedness, etc. Zadeh [25]
introduced the notion of interval-valued fuzzy sets as an extension of fuzzy set [24] in
which the values of the membership degrees are interval of number instead of the number.
Akram and Dudek [2] defined interval-valued fuzzy graph. Then Akram and
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Karunambigai [5] defined length, distance, eccentricity, radius and diameter of a bipolar
fuzzy graph and introduced the concept of self centered bipolar fuzzy graphs. Akram and
Davvaz [4] discussed the properties of strong intuitionistic fuzzy graphs and also they
introduced the concept of intuitionistic fuzzy line graphs. Akram introduced the concept of
bipolar fuzzy graphs and studied some properties on it [3]. Akram et al. [6] defined Certain
types of vague graphs. Talebi and Rashmanlou [20] studied properties of isomorphism and
complement on interval-valued fuzzy graphs. Likewise, they defined isomorphism on
vague graphs [21]. Bhattacharya [7] gave some remarks on fuzzy graphs. Ramaswamy and
Poornima introduced product fuzzy graphs. Hawary in [1] defined complete fuzzy graphs
and gave three new operations on it. Nagoorgani and Malarvizhi [10, 11] investigated
isomorphism properties on fuzzy graphs. Also they defined the self complementary fuzzy
graphs. The complement of fuzzy graphs was studied by Sunitha and Vijayakumar [15]. It
consists to define bijective correspondence existence which preserve adjacent relation
between vertex sets of two graphs.

Samanta and Pal introduced fuzzy tolerance graph [16], irregular bipolar fuzzy
graphs [18], fuzzy k-competition graphs and p-Competition fuzzy graphs [19], bipolar
fuzzy hypergraphs [17] and investigated several properties. Pal and Rashmanlou [12]
studied lots of properties of irregular interval-valued fuzzy graphs.

In this paper, we have discussed notion of ring sum of product interval-valued
fuzzy graphs. We further provided three independent theorems based on ring sum, join and
isomorphism of product interval-valued fuzzy graphs. The concept of density and balance
of interval-valued fuzzy graphs are introduced and investigated several useful properties.

2. Preliminaries
Let V be a Universe of discourse. It may be taken as the set of vertices of a graph G . If
the membership value of U €V isnon-zero, then U is consider as a vertex of G.

Definition 2.1. A fuzzy graphisapair G = (o, 1) ,where o isafuzzy subsetof V and
u is fuzzy relationon V such that, x(u,v)<o(u)Aoc(v) forall u,veV , where
XA'Y represents the minimumamong X and y.

A very special type of fuzzy graph called complete fuzzy graph is defined below.

Definition 2.2. A fuzzy graph G = (o, u) is complete if x(u,v) =o(u) Ao (v) forall
uveV.

The main objective of this paper is to study of interval-valued fuzzy graph and this
graph is based on the interval-valued fuzzy set defined below.

Definition 2.3. An interval-valued fuzzy set A in V is defined as
A={(x[u, (x),p,, (9D x VY,
where M, (x) and M. (X) are fuzzy subsets of V such that M, (x) < M. (x) forall

XxeV.
For any two interval-valued fuzzy sets A= {(x,[yA_ (x),yA+ (X)) |xeV} and
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B= {(x,[,uB_ (x), M. (XD |xeV} in V we define:
AUB = {(x.[max(x, (x) 4 (x).max(u,. (x), 1, (]| x eV},
ANB ={(x,[min(u,_(x), 4 _(x).min(u,. (<), 1, (D] | x €V,

Definition 2.4. By an interval-valued fuzzy graph of a crisp graph G* = (V,E) we mean
apair G =(A,B),where A= [,uA_,,uA+] is an interval-valued fuzzy seton V and

B= [,uB_ , ﬂw] is an interval-valued fuzzy set defined on E, such that

g O9) S minGar, (0,4, (V). 4, () <min(u, (9, . () or all xy € E.

Definition 2.5. Let H, = (A,B,) and G = (A, B) be two interval valued fuzzy graphs

whose underline graphs be H; = (V,,E,) and G" = (V,E). Then H, issaidtobea
subgraph of G if

(I)Vl SV, where ﬂ/’f(ui) :'qu_(ui)’ 'u/’f(ui) - 'uAér(ui) forall u; eV,, 1=123,---,n.
i c E , where ~ = = or all vv,eE, ,
E,cE, where u 7 u for all vy, eE

By (vv;) 'uBg(vivj) ! Bf(vivj) - B;(vivj)

i=12,---,n.

Definition 2.6. An interval-valued fuzzy graph G = (A, B) ofagraph G™ =(V,E) is
said to be complete interval-valued fuzzy graph if

p () =min(u,_(x),4,_(y)) and g, (xy)=min(u (9, 2, (y))

forall xyekE.

Definition 2.7. The complement of an interval-valued strong fuzzy graph G = (A,B) ofa
graph G* = (V,E) isan interval-valued fuzzy graph G = (A, B) of G* = (V,V xV),
where A= A= ['UA*’/’IM] and B= [,usf,yw]. M and ,u_Es+ are defined as

p (xy)=min(u (), 1, () -4, (9),

Hy () = min(, (9, 4, (V) = 1, () Forall xy < E.
Definition 2.8. Let G be an interval-valued fuzzy graph. The neighbourhood of a vertex
X in G isdefined by N(x)=[N"(x),N"(x)], where

N“() ={y eV :u_ () <min(u,_(9),x, (y)} and

N*(x)={yeV M (xy) < min(yA+ (x),yA+ (Y))}. Also, the neighbourhood
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degree of a vertex X in G is defined by deg(x)=[deg (x),deg”(x)] where
degi(x) = ZyEN(X)ﬂA_ (y) and deg+(x) = zyeN(X)”A"’ (y) "

Definition 2.9. Let G be an interval-valued fuzzy graph. The closed neighbourhood
degree of the vertex X is defined by deg[x]=[deg [x],deg [x]], where

deg [x]=deg (x)+ M, _ (x) and deg*[x]=deg"(x)+ M. (x).

Definition 2.10. An interval-valued fuzzy graph G = (A, B) is said to be regular
interval-valued fuzzy graph if all the vertices have the same closed neighborhood degree.

Definition 2.11. Let G = (A, B) be an interval-valued fuzzy graph of a graph
G = (V,E).If g1, (xy) < o, (0x e, (y)and a, () < . (X)x 1, (9)

forall X,y eV ,then the interval-valued fuzzy graph G is called product interval-valued
fuzzy graph of G*, where x represent ordinary multiplication.

Remark 2.12. If G = (A, B) isa product interval-valued fuzzy graph, then since
M, (x) and M. (x) are less than or equal to 1, it follows that:
p_(xy)<p, (X)xp _(Y)<u, (X)Au,_(y) and

po () <u ()xp (V)< p () Ap,, (y) forall x,yeV.
Thus every product interval-valued fuzzy graph is an interval-valued fuzzy graph.

Remark 2.13. If G = (A, B) is a product interval-valued fuzzy sub graph of G™ whose

vertex setis V , we assume that M, (v) =0, M. (v)#0 forall veV and Moo M.

are symmetric.

Definition 2.14. A product interval-valued fuzzy graph G = (A, B) is said to be complete
i, (9) =, (0%, (y) and pag, (x9) = g, (Ox . (y) Forall X,y eV

Definition 2.15. The complement of a product interval-valued fuzzy graph G is denoted
by G =(A,B) where A=A=[u_(x),u, ()] and B=[u_(y),u_ (Y] is
defined by

()= g (xp (Y) = O pe O9) = g, ()%, ()=, (xy) for

all x,yeV . Itfollows that G isa product interval-valued fuzzy graph.

Lemma 2.16. Consider the product interval-valued fuzzy graphs G, = (A, B,) and

46



Balanced Interval-Valued Fuzzy Graphs

G, = (A,,B,), the isomorphism between two product interval-valued fuzzy graphs G,
and G, is a bijective mapping h:V, -V, such that

forall ueV,,

{UAl ) =4, (h())
#, (1) = 2, (R(W))

and

for all u,veV,.

1, (W)=, (M@(W)
ty, (W) = a1, (N@NW))

If G, and G, are isomorphic, then we write G, =G, .

An automorphism of G is isomorphism of G with itself.
Definition 2.17. Let G, =(A,,B,) and G, = (A,,B,) be interval-valued fuzzy graphs

with underlying set V, and V,, respectively. Then we denote the intersection G, and
G, by G,NG, =(ANA, B NB,) and defined as follows:

N u) =min u),u _(u)),
(ﬂAl, ﬂAz,)( ) (ﬂAf( )ﬂAz( )
N u) =min u),u ., (u)), forall ueV,nVv,.
(ﬂAf ﬂAZ)( ) (/JAf( ),UAZ( ) 1NV,
(1, Ot )(WV) = minGua,_(u), (V)
1 2 1 2
(i, o )v) =min(g , (uv), . (uv)),forall uve E,NE,.
B B B B
The following result can be easily verified.
Proposition 2.18. Let G, = (A,B,;) and G, =(A,,B,) be two product interval-valued

fuzzy graphs of G, and G, respectively. Then (A N A,,B,"B,) isa product
interval-valued fuzzy graph of G.

Lemma 2.19. The union of two product interval-valued fuzzy graphs G, = (A, B;) and
G, =(A,,B,) isdefinedas G =G, UG, whose vertex and edge sets are (A U A,)
and (B, UB,). Also,

,uAl_ () if ueVv,-V,,

(u,wp YJu)y=qu _(u) if ueV, -V,
O ~ _
g _@Wuu (u) ifueVv,nV,.
A A
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ﬂ/é{ (u) if uev,-V,,
(1, 011, M) =111, (1) if ueV,-V,,
,uAf (u)u,uA2+ (u)y ifuev,NV,.
and
Mo (uv) if uweE, —E,,
1
(e _wpu )uv)=1u _(uv) if uweE,-E,,
By By By
Mo (uv)u Mo (uv) if uveE NE,.
1 2
M. (uv) if uweE —E,,
1
(u,opu Juv)=qu_ (uv) if uweE,-E,
B By By
M, (uv)u M. (uv) if uveE NE,.
1 2

Definition 2.20. The join G, +G, = (A + A,,B,+B,) of two product interval-valued
fuzzy graphs G, and G, is defined as follows: (yAl_ +yA2_)(u) = (,uAl_ uyAz_)(u) ,

+ u) = U u),if ueV, uVv,.
(uBl_ +uBz_)(UV) = (ﬂBl_ UﬂBZ_)(UV) '(”B; +u82+)(UV) = (uB1+ UuBg)(UV), if
uve E,nE,.

+ uv) = min u), V), LA )uv) =min(u |, (u), 1, (V) ,
(a2 )W) (e, (W), V)0 (g + ) (UV) (at,. (W), 2, (V)

if uve E',where E is the set of all edges joining the nodes of V, and V.

Theorem 2.21. Let G, = (A, B,) and G, =(A,,B,) be the product interval-valued
fuzzy graphs then, (i) (G, UG,) =G, +G, (i) (G,+G,)=G, UG, .

3. Product Interval-valued Fuzzy Graphs
In this section, different types of product on interval-valued fuzzy graphs are defined and
investigated whether the resultant graphs are interval-valued fuzzy graphs.

Definition 3.1. The tensor product G, ® G, of two interval-valued fuzzy graphs
G, =(A,B) and G, =(A,,B,) of G =(V,,E,) and G, =(V,,E,) respectively is
defined as a pair (A, B), where A=[yA7,,uA+] and B=[ny,,uB+] are

interval-valued fuzzy setson V =V, xV, and
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E ={((u,u,),(v,,v,)) | (u,,v,) € E,, (u,,V,) € E,}, respectively which satisfies
the followings

(/J;l ®ﬂA£)(U1,U2) = min(ﬂAf (ul)”uAZ* (uz))

('UAf ®,UA;)(U1,U2) = min(,uAf (ul)iluA; (uy))

(/JI;1 ®/le5 )((ul’ UZ)(Vl,V2)) = min(ﬂB{ (ulvl)’ 'UBE (uzvz))
.1, (00,0, ,0) = mina, (00), 1, (01,))

(i)

for all (u,,u,) eV, xV,,

forall uyv, e E and u,v, € E,.

Proposition 3.2. The tensor product of two product interval-valued fuzzy graphs is a
product interval-valued fuzzy graphs.

Proof. Let G, =(A,B,) and G, =(A,,B,) be product interval-valued fuzzy graphs.
We prove that G, ® G, is a product interval-valued fuzzy graph.
Let uVv, € E, and u,v, € E,. Then
(,UB_ ®,UB_)((U11U2)(V11V2)) = min(ﬂB_ (ulvl)!:uB— (u,v,))
1 2 1 2
< min(yAl_ (u,) x yAl_ (vy), ,UAZ_ (uy)x ,UAZ_ (v,))
< mm(ﬂAl_ (ul)uqu— (uy)) x mm(ﬂAl_ (v,), ;UAZ_ (v,))
= (;UAl_ ®,UA2_)(U1’U2)X(:UA1_ ®,UA2_)(V1'V2)’
Similarly, (luBf ®,UB;)((U1'U2)(V11V2)) < (;UA1+ ®,UA3)(U1’U2)X(:UA1+ ®,UA;)(V1’V2)-

Hence, G, ®G, is a product interval-valued fuzzy graphs.

Proposition 3.3. Let G, = (A,B,) and G, =(A,,B,) be product interval-valued fuzzy

graphs of G, and G,, respectively. If G, and G, be complete, then G, ®G, is not
necessarily complete.

Definition 3.4. Let G, =(A,B,) and G, =(A,,B,) be the product interval-valued
fuzzy graphs with G, = (V,,E,) and G, =(V,,E,) respectively. Then the ring sum of
two product interval-valued fuzzy graphs G, and G, is denoted by
G=G,®G,=(ADA,B ®B,)

(v ®p Yu)y=(u _ )(u)
{ﬂfﬁ Hu o forallu eV, uV,,

(ﬂAf ®ﬂA2+)(U) = (ﬂAl+ U,UA;)(U)
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and
My (uv) if uveE —-E,,
(’uBl‘ @sz_)(uv) =qu _(uv) if uveE,-E,
0 otherwise
M. (uv) if uveE —E,,
(,uBl+ @yBg)(uv) =qu . (u) if uwweE,-E,},
0 otherwise.
Proposition 3.5. Let G, = (A, B,) and G, =(A,,B,) be the product interval-valued
fuzzy graphs whose underlying graphs are G, =(V,E) and G, =(V,,E,)
respectively. Then the ring sum of G, and G, is denoted by
G=G,®G,=(A®A,, B @®B,) which is a product interval-valued fuzzy graph.

Theorem 3.6. Let G, = (A,B,) and G, = (A,,B,) be two product interval-valued
fuzzy graphs with E,NE, =& then, G, ®G, =G, +G, .

Theorem 3.7. Let G, =(A,B,) and G, =(A,,B,) be two product interval-valued
fuzzy graphs with E,NE, =@, then G,+G, =G, ®G, .

Theorem 3.8. If G is the ring sum of two subgraphs G, and G, with E,N"E, =,
then every complete product interval-valued fuzzy subgraph (A,B) of G is a ring sum
of complete product interval-valued fuzzy subgraph of G, and complete product
interval-valued fuzzy subgraph of G, .

Proof. We define the interval-valued fuzzy subsets A,A,,B, and B, of V,,V,,E, and
E, as follows

'uAi (w = H,_ (u)y if uev,-V,, ny (uv) = Mo (uv) if uveE —E,,
'uAf (= M. (u) if uev,-Vv,, ny (uv) = M. (uv) if uveE -E,,
’UAE ()= M, (u)y if ueVv,-V, 'UBE (uv) = M (uv) if uveE,-E,
,uA2+ (w) = H,. (u) if ueVv,-V,. ”B; (uv) = M. (uv) if uveE,-E,.

So (A,B,) is product interval-valued fuzzy graph of G, and (A,,B,) is
product interval-valued fuzzy graph of G, and A= (A @ A,) by definition of ring sum
of product interval-valued fuzzy graphs G, and G, . If uveE UE, then
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u_(uv) = (ﬂBl_ ® M Juv), 4, (uv) = (ﬂB1+ ® Moy )(uv).
If wek —E, then g (W)= (u_®p_)uv) u, (W)= (u, &u_)(u)
B Bl 82 B Bl 82
(by definition of ring sum of product interval-valued fuzzy graph).
If wek,~E then g _(u)=(u_®p_)uv)u, W)= (u_ ®u_)uv).
B Bl B2 B Bl 82
If uwveE' ie. ueV, and veV, then
(1, @ g1, YWN) =0 = g (), (ut, @ pr, )(WW) =0 = g ().

Other equalities are also holds because (A, B) is a complete product interval-valued
fuzzy graph.

4. Balanced Interval-Valued Fuzzy Graphs
The density of a crisp graph G~ = (V, E) is defined by

« 2> |E
VIV I-1)
This gives the number of edges per unit vertex. D(G”) is non-negative for any graph G”
and its maximum value is 1, when G~ is complete. Thus, 0 < D(G") <1. Higher value

of D(G") represent more edgesin G™. If G* has no edges then D(G") isO.
However, for a fuzzy graph G = (o, £) the density is defined as

2 uv
o(0)- 2T
ZO'(U) Ao (V)
Like crisp graph, the lower bound of D(G) is 0 when g(uv) =0 for all edges, but, for
the complete fuzzy graph the upper bound is 2. That is, for the fuzzy graph 0 < D(G) <2

Motivated from this definition for fuzzy graph, the density of interval-valued fuzzy
graph is defined below.

Definition 4.1. The density of an interval-valued fuzzy graph G = (A, B) is
D(G) =[D (G),D"(G)], where D™(G) is defined by

ZZ(ﬂB_(UV))
D (G)= 5 (’ﬂA_(U)AyA_(V))’ forall u,veV

(u,v)eE

and D*(G) is defined by

ZZ(ﬂBJUV))
D*(G)= 5 (,’UA+(U)/\,UA+(V))’ forall u,veV.

(u,v)ekE
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Definition 4.2. An interval-valued fuzzy graph G = (A, B) isbalancedif D(H) < D(G)
,thatis, D" (H)<D (G), D"(H)<D"(G) for all subgraphs H of G.

Example 4.3. Consider agraph G™ = (V,E) suchthat V ={v,,v,,v,,v,},
E ={vv,,v,v;,v,v,,V,v;,V,V,}. Let A be an interval-valued fuzzy set of V and B
be an interval-valued fuzzy set of E —V xV defined by

_<(O4 03 ﬁ 02) (06 05 07 07)>

VoV VoV, WY, VoV V3V, Vv,

- 4
<(O 24°0.24°0.16 ' 0.16 016) (0425 0.425°0.595 ' 0.51 0425)>

For this graph

D-(G) = 2(0.24+0.24+0.16+O.16+O.16) _16
0.3+0.3+0.2+0.2+0.2
D'(G) = 2(0.425+0.425+O.595+0.51+ 0.425) _17
05+05+0.7+0.6+0.5

D(G)=[D (G),D"(G)]=[1.6,1.7].

Let Hy ={v;,v,}, H, ={v,,v;}, Hy={v;,v,}, H, ={v,,v;}, Hy={v,,v,},

He ={vs,v,}, H, ={v,v,,vi}, Hg={v;,v;,v,}, Hg ={v;,v,,v,},

Hy, ={v,,v;,v,}, H, ={v,,Vv,,v;,V,} be the non-empty subgraphs of G . Densities of

these subgraphs are

D[H,]=[1.6,1.7], D[H,]=[0,0], D[H,]=[1.6,1.7],

D[H,]=[1.6,1.7], D[H,]=[1.6,1.7], D[H.]=[1.6,1.7] , D[H,]=[1.6,1.7],
D[H,]=[1.6,1.7], D[H,]=[1.6,2.7], D[H,]=[1.6,1.7], D[H,]=[1.6,1.7].
Thus, it is verified that D(H) < D(G) for all subgraphs H of G.

Hence, G is a balanced interval-valued fuzzy graph.

Definition 4.4. An interval-valued fuzzy graph G = (A, B) is strictly balanced if for
every u,veV, D(H)=D(G) forall non-empty subgraphs H of G.

Theorem 4.5. Every complete interval-valued fuzzy graph is balanced.
Proof. Let G = (A, B) be a complete interval-valued fuzzy graph, then by the definition

of complete interval-valued fuzzy graph G, we have
H (uv) = H,_ (w A H,_ (v) and M, (uv) = H,_ (u) A H,_ (v) forevery u,veV

zUvVeV’uB‘ (UV) = Z(u,v)eE’uA— (U) N /JA_ (V) and
Dl W)= (U)Ap,, (V) forevery uveV.
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23kt (uv) 23t (V)
D et @ ap )Y (e @WAp, (v»}
2l @ Ap () 2 (W) A ()

{ Dl @A )Y (@) A () ]

Also, every subgraph of a complete interval-valued fuzzy graph is complete.
therefore, it is easy to verify that D(H) =[2,2] for every Hc G . Thus, G is

balanced.

Now, D(G) = [

=[2,2].

Note 4.6. The converse of Theorem 4.6 is need not be true, that is every balanced
interval-valued fuzzy graph is not necessarily complete.

Definition 4.7. An interval-valued fuzzy graph G = (A, B) ofagivengraphG™ = (V, E)
is called strong interval-valued fuzzy graph if

p () =min(u ()u, (¥)  and g (xy)=min(u, (X)u, () for all
xyekE.

Corollary 4.8. Every strong interval-valued fuzzy graph is balanced.

Theorem 4.9. Let G = (A, B) be astrictly balanced interval-valued fuzzy graph and

G= (Z, E) be its complement, then D(G) + D(a) =[2,2].
Proof. Let G =(A,B) be a strictly balanced interval-valued fuzzy graph and

G= (Z,g) be its complement. Let H be a non-empty subgraph of G. Since G is
strictly balanced D(G) = D(H) forevery H <G and u,veV.

In G,
p W)= g (UWAp, (V)—u_(Uv) €
and /uBJr (UV) = :uAJr (U) N luAJr (V) - /uB+ (UV) (2)
for every u,v eV . Dividing (1) by M, (A H,_ (v)

. (uv) . p_(uv)
aoWAap (V) oa WAp (V)

for every u,veV and dividing (2) by H,. (u)/\,uA+ (v),
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. (uv (uv
Hy () =1- a () , forevery u,veV.
HeWap (V) o WAp, V)

p . (uv) . (uv)

Therefore, =1- ’
ZLI,VEV ’uA+ () A ﬂA+ (v) ZU,VGV ﬂA‘ (WA ,uA_ (v)

where u,veV and

u. (uv) u . (uv)
> B =1-> B , where u,veV.
u,veV /uA+ (u)/\luA+ (V) u,veV ;LIAJr (U)/\,UAJr (V)
p o (uv) . (uv)
=2- , where u,veV and
u,veV ’UA’ (u)/\ﬂA, (V) u,veV ’uA_ (U)/\/JA_ (V)
He ) o )
u,veV /JA+ (u)/\ﬂA+ (V) u,veV /uA+ (U)/\/JA+ (V)

where u,veV

D (G)=2-D (G) and D*(G)=2-D*(G).
Now,

D(G)+D(G) =[D (G),D*(G)]+[D (G),D"(G)]
=[D (G)+D G,D*(G)+D*(G)]

Hence, D(G)+D(G)=1[2,2].

Theorem 4.10. The complement of strictly balanced interval-valued fuzzy graph is strictly
balanced.

Definition 4.11. Let G, =(A,B,) and G, =(A,,B,) be two interval-valued fuzzy
graphs whose underlying crisp graphs are G, = (V,,E,) and G, =(V,,E,) . Assume
that V, NV, =J. The direct product of G, and G, is defined as

GG, = (o0, 14 t,) with the underlying crisp graph G* = (V, xV,,E) where
E={(u,v),(uy,v,):(u,u,) € E;, (v, V,) € E, },
o (i M YUy v)=p (U)Ap, (v) forall (u,v,)eV,xV, and

AT A A A2

(/u/_g-l_lﬂkz)(ul!vl) = /UA1+ (u) /\,UA; (v,) forall (u,v;)eV,xV,.
. (yBl_l‘lsz_)(ulvl, u,v,) = He (uu,) A M (vv,) for all uu,eE,vv,cE, and

('uBf r'ﬂB; )(UyV;,UpV,) = 'uBf (Uu,) A ,UB; (vv,) forall uu, eE,vyv, €E,.
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Theorem 4.12. The direct product of two interval-valued fuzzy graphs is also an
interval-valued fuzzy graph.

Proof. Let u,v, € E, and u,v, € E, sowe have
(ﬂBfﬂﬂBf UV, U,V,) = min(ﬂBf (Uu,), M- (Vv,))
1 2 1 2

< min(min(yAi (Ul),ﬂAf (Uz)),min(ﬂAE (Vl),/JAE (v2)))
= min(min(,uAl, (Ul),ﬂAi (Vl))vmi”(ﬂAf (Uz),ﬂAE (v2)))
= min((ﬂAfﬂﬂAi)(ul’Vl)!(ﬂA{HﬂAE)(Uz’Vz))-
Also

(,uBf'—],UB; )(UyV;,u,V,) = min(ny (uu,), ,UBZ (A),

< min(min(yAf (Ul),ﬂA1+ (Uz)),min(#A2+ (Vl),ﬂA2+ (v2)))
= min(min(yAf (Ul),/lA2+ (Vl)),min(,up1+ (Uz),ﬂA2+ (v2)))
= min((ee, Mo UV, (1, P (U, V)

Theorem 4.13. Let G, = (A,B,) and G, =(A,,B,) be two interval-valued fuzzy
graphs such that G,I'G, is complete, then either G, or G, must be complete.

Theorem 4.14. Let G, =(A,B,) and G, =(A,,B,) be two interval-valued fuzzy
graphs. Then D(G,) = D(G,) = D(GG,) ifandonly if D(G,;) < D(G,G,) for
i=1,2.

Theorem 4.15. Let G, = (A, B,) and G, =(A,,B,) be two balanced interval-valued
fuzzy graphs. Then GG, is balanced if and only if D(G,) = D(G,) = D(G,1G,).
Proof. Let GG, be balanced interval-valued fuzzy graphs. Then by definition,
D(G,) < D(G,G,) for i=1,2. So by Theorem 4.18, D(G,) = D(G,) = D(G,1G,).

Conversely, suppose that D(G,) = D(G,) = D(G,1G,) . We have to prove that
GG, is balanced.

Let [ﬂ,&] be the density of an interval-valued fuzzy graph G,. Let [ﬁ,i]
r.l r.2 1 2

and [&,ﬂ] be the densities of the interval-valued fuzzy subgraphs H, and H, of
3 4

G, and G, respectively. Since G, and G, are balanced and

55



Hossein Rashmanlou and Madhumangal Pal

D(G,) = D(G,) = [, ™21, where 0<%, 21<[2,2],

1 r-2 r-1 r-2

4 & Iy G
D(H,) = [bl b]<[rl r] D(H,) = [b b] [rl r2]-

Thus ar, +a,r, <bn +b,n and a,r, +a,r, <b,n,+b,n,. Hence,

a +a, a+a4< M- DG

[b D, b+b] [Irl r2] (GI1G,).

Thus, D(H) < D(G,1G,) for any subgraph H of G, 1G,. Therefore, D(G,G,) is
balanced.

D(H,)+D(H,) <

Theorem 4.16. Let G, =(A,B,) and G, =(A,,B,) be isomorphic interval-valued
fuzzy graphs. If G, is balanced, then G, is balanced.

5. Conclusions

The interval-valued fuzzy models give more precision, flexibility and compatibility to the
system as compared to the classical and fuzzy models. In this paper, we discussed product
interval-valued fuzzy graphs and it’s complement. The notion of a ring sum and join of
product interval-valued fuzzy graphs are discussed.

In the definition of density, the lower and upper limits of the interval are multiplied
by 2 and its is proved that the upper bound of the density is [2,2]. As a result the density of
any interval-valued fuzzy graph lies between [0,0] and [2,2]. If we omit this 2, the density
of any interval-valued fuzzy graph lies between [0,0] and [1,1]. It is better to define the

2> u(uv)
ZO'(U) Ao (V)

strictly balanced interval-valued fuzzy graphs. In our future work, we will focus on energy
and hyperenergetic of interval valued fuzzy graphs which are very useful in physics and
chemistry.

density of a fuzzy graph as D(G) = . Finally, we defined balanced and
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