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ABSTRACT

J. C. Varlet has given the concept of O-distributive and 1-distributive lattices. In this
paper the authors have generalized the whole concept and introduced the notion of
n-distributive lattices. They show that for a neutral element of a lattice L, the n-
annihilator of any subset of L is an n-ideal if and only if L is n-distributive. Then
the authors study different properties of these lattices. Finally, using the n-
annihilators  they generalize the well known prime Separation theorem of
distributive lattices with respect to annihilator n-ideal in a general lattice and
produce an interesting characterization of n-distributive lattice.
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1. Introduction

In generalizing the notion of pseudocomplemented lattices, J. C. Varlet [6]
introduced the notion of O-distributive lattices. A lattice L with 0 is called O-
distributive if for all a,b,ceL,with aab=0=aAcimply a/\(bvc):O.
Similarly, lattice L with 1 is called 1-distributive if avb=1=avc imply
av(bac)=1 Of course every distributive lattice with 0 and 1 is both O-
distributive and 1-distributive. Pentagonal lattice of Figurel is a non-distributive
lattice which is both O-distributive and 1-distributive. But the modular lattice of
Figure2 is neither O-distributive nor 1-distributive. Again Figure-3 is an example of
a lattice which is O-distributive but not 1-distributive, while Figure-4 is an example
which is not O-distributive but 1-distributive.
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A pseudocomplemented lattice L can be characterized by the fact that for
each ae L, the set of all elements which are disjoint with element a forms a
principal ideal. But a O-distributive lattice L says that for each a e L the set of all
elements disjoint with a is simply an ideal but not necessarily a principal ideal.
Hence every pseudocomplemented lattice is O-distributive. For detailed literature
on O-distributive lattice we refer the readers to consult [6], [1], and [5]. In this paper
we generalize the concept of O-distributive and 1-distributive and give the notion of
n-distributive lattice L where n is a neutral element of L.

Let L be a lattice and n e L. Any convex sublattice of L containing n is
called an n-ideal of L. Anelement n € L is called a standard element if for

abel,anr(bvn)=(asb)v(aan), whilen is called a neutral element if (i) it
is standard and (i) nA(avb)=(nAra)v(nab) for all a,bel. Set of all n-
ideals of a lattice L is denoted by In(L) which is an algebraic lattice; where
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{n}and L are the smallest and largest elements. For two n-ideals I and J, 1 nJ is
the infimum and

Ivd={xelliAj <x<i, Vv j,, for some i,i, el and j,,j, €J}. The
n-ideal generated by a finite numbers of elements a,,a,,...,a,, is called a finitely
generated n-ideal denoted by (a,,a,,...,a,,), . Moreover,
(a,,8,,...,8,) ={xella, ra, n..ra, ANSX<a va,Vv..va, v
=[a, Ad, Accond, AN VA, VL va,vn]

Thus, every finitely generated n-ideal is an interval containing n. n-ideal generated
by a single element ae L is called a principal n-ideal denoted by (a) and
(a), = [a An,av n]. Moreover [a,b]~[c,d]=[avc,bad]and
[a,b]v]c,d]=[anc,bvd] If n is a neutral element, then by [3],
(a) m(b) =(m(a,nb)) , where m(x,y,z)=(xry)v(xrz)v(ysz). A
proper convex sublattice M of a lattice L is called a maximal convex sublattice if
for any convex sublattice Q with Q > M implies either Q = M or Q=L. A

proper convex sublattice M is called a prime convex sublattice if for any te M ,
m(a,t,b) e M implies either a€ M or be M . Similarly, an n-ideal P of L is

called a prime n-ideal if m(a,n,b)eP implies either acP or beP.
Equivalently, P is prime if and only if (a) ~(b) < P implies either (a) < Por
<b>n < P . Moreover, by [4], we know that every prime convex sublattice P of L is
either an ideal or a filter. Let n be a neutral element of L. For ae L ,we
define{a}"" = {x e L/m(x,n,a)=n}, known as an n-annihilator of {a}. For
AcL, A" ={xelL/m(x,n,a)=n,forallacA}. If L is a distributive
lattice, then it is easy to check that {a}L" and A'are n-ideals. Moreover,
At = ﬂA{{a}L" } If A is an n-ideal, then A*"is called an annihilator n-ideal, which

is obviously the pseudocomplement of A in In(L) Therefore, for a distributive

lattice L with n, In(L) is pseudocomplemented. Let n be a neutral element of a
lattice L.

Theorem 1. If the intersection of all prime n-ideals of a lattice L is {n} then L is n-
distributive.

Proof. Let (a) M (b) ={njand (a) ~(c) ={n}. LetP beany prime n-ideal.
If ae P, then <a>n c Pandso <a>n m((b)nv<c>n)g P.If agP, then
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(b) .(c). < P asPisprime,andso (b) v(c) <P. Thus
(a), m((b)n v <c>n)g P. That is in either case, (a)_ m((b)n v <c>n)g P for

all prime n-ideals P. Therefore, (a) (<b>n v <C>n): {n}, and so L is n-
distributive.

Lemma 2. Every convex sublattice not containing n is contained in a maximal
convex sublattice not containing n.

Proof: Let F be a convex sublattice such that n ¢ F . Let F be the set of all convex
sublattice containing F but not containing n. F is non-empty as F € F. Let C bea
chain in Fand M = (X /X €C). Let x,yeM . Then xe Xand yeY for
some X,Y €C. Since C is a chain, so either X <Y or Y < X . Suppose X Y .
Then X,y €Y. Hence XAYy,XvyeX,andso XAY,XvyeM .Thus M is a

sublattice of L containing F . Also it is convex as each X € C is convex. Clearly
n¢ M . Hence M is a maximum element of C. Therefore, by Zorn’s Lemma, F has
a maximal element.

Lemma 3. Let n € L be neutral. A convex sublattice M not containing n is maximal
if and only if for all a ¢ M there exists b € M such that m(a,n,b)=n.
Proof. Suppose M is maximal and ngM . Let a¢ M. Suppose for all

beM ,m(a,n,b)=n.

Set M, ={yeL/yan<(avb)an<(aab)vn<ywvn}. Itis easy to
check that M, is a convex sublattice as n is neutral. Moreover, n¢ M, .For
otherwise nAn<(avb)an<(aab)vn<nvnimplies m(a,n,b)=n, which
gives a contradiction to the assumption. Now for be M,
ban<(avb)an<(aab)vn<bwvn implies beM,,andso M < M. Also,

ann<(avb)an<(aab)vn<awvn implies aecM, but agM. Hence
M < M, . Thus we have a contradiction to the maximality of M. Hence there exists
some be M such that m(a,n,b)=n. Conversely, if M is not maximal and
n¢ M, then by Lemma-2, M is properly contained in a maximal convex sublattice
N not containing n. For any element a € N —M , there is an element b € M such
that m(a,n,b): n. Hence a,beN and aanb<n<avbimply neN, by
convexity, and which is a contradiction. Thus M must be maximal.

Following Lemmas give some information on {x}™" .

Lemma 4. p e {x}"ifandonlyif pAX<Nn<pvX.
Proof. pe{x}" ifandonlyif m(p,n,x)=n ifand only if
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(pAx)v(pan)v(xan)=(pvx)a(pvn)a(xvn)=n, as nis neutral. This
implies pAX<n< pvX.

Lemma 5 pe{x}"if and only if pvne{xvn} in [n)and
panexan in (n].
Proof. Let pe{x}"". Then pAXx<n<pvx andso
(pvn)a(xvn)=(pax)vn=n and (pan)v(xan)=(pvx)an=n asn
is neutral. Hence pvne{xvn} in [n) and pAN e{X/\n}ld in (n]
Conversely, let pvne{xvn} in [n) and p/\ne{X/\n}ld in (n].
Then using neutrality of n, (pv n)A(xvn)=n implies (p AX)vn=n,and so
pax<n. Also (pan)v(xan)=nimplies (pvx)an=n, and so
N<pvXx.Thus pAX<N< pvxandso pe{x}™ by Lemma 4.

Now we include some characterizations n-distributive lattices.

Theorem 6. For a lattice L with a neutral element n, the following conditions are
equivalent.

(i) L isn-distributive.

(ii) Forevery aelL, {a}L” is an n-ideal.

(i) Forany Ac L, A™ isan n-ideal.

@iv) I, (L) is pseudocomplemented.

(v) 1, (L) is O-distributive.

(vi) Every maximal convex sublattice not containing n is prime.
Proof. (i) = (ii). Let X,y € {a}"". Then aax<n<avx and
anys<n<avy.SincelL is n-distributive, so we have
an(xvy)sn<av(xay). Then an(xvy)<n<avxvy and
arxay<n<av(xay) imply xAy,xvyefaf" by Lemma 4. Since
m(n,n,a)=nso nefaf . Finally let x<t<yand X,ye{aj". Then
anxs<n<avx and any<n<avy and so, aant<n<awvt, which
implies t € {a}"" . Therefore, {a}™" is an n-ideal.
(i) = (iii). Since A" = 1 {fa}*" |, so A'vis an n-ideal.

aeA

(iif) = (iv) is trivial as for any n-ideal A e In(L), A" is the pseudocomplement
of Ain I (L).
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(iv) = (v) is trivial as every pseudocomplemented lattice is O-distributive.
(v) = (vi). Suppose F is a maximal convex sublattice not containing n. Since

F =(F]~[F)and ne F, soeither ng(F] or n&[F). Hence by the maximality
of F, either F is an ideal or a filter. Let x¢ F and y ¢ F. Then by Lemma 3,
there exists a,beF  such that m(x,n,a)=n=m(y,n,b). This implies
xAras<n<xva and yab<n<yvb. Thus, xAnaanb<n, yaaanb<n
and Xxvavb>nyvavb>n and anb,avbeF .Then
<Xvn>n r\<a/\b>n =[nxvn]n[arban,(aab)vn]=[n,(xaasb)vn]=[nn]={n}as

n is neutral. Similarly, (yvn) ~(aab) ={n}.Since I (L) is O-distributive, so

(anb) A((xvn) v{yvn) )={n}.

This implies [n,(aAbA(xvy))vn]={n}, and so arbAa(xvy)<n
Dually, < XxAn> n<avb> =<xaAan> Nn<avb> =
{n}. Without loss of generality suppose F is a filter. If XvyeF, then

arbAa(xvy)<n imply neF, which is a contradiction. Hence Xvy¢F.

Therefore, F is a prime filter. Similarly, if F is an ideal, then it is a prime ideal.
(vi) = (i). Let anb<n<avb and anc<n<avc. We need to prove that

an(bvc)<n<av(bac). If not, without loss of generality, let a A (bv c)%n.

Consider F = [a/\ (bv C)] Here n ¢ F. Then by Lemma-2, there exists a
maximal convex sublattice M > F but n ¢ M . But a convex sublattice containing
a filter is itself a filter. Then by (vi), M is a prime filter. Now ae M and
bvceM imply arnbeMor anceM as M is prime. This implies ne M
which is a contradiction. Hence aa(bvc)<n<awv(bac), and so L is n-
distributive.

Corollary 7. In an n-distributive lattice every filter not containing n is contained in
a prime filter.
Proof. This is trivial by lemma-2 and Theorem 6.

Theorem 8. Let L be an n-distributive lattice. If

{n}= A=n~{l;lisan n—ideal = {n}}, then A" = {x eL/{x}" = {n}}

Proof. Let xe A™. Then m(x,n,a)=n for all ac A. Since A={n}, so
{x}" #{n}. Thus, xeRH.S, and so A" cRH.S. Conversely, let

x € RH.S. Since L is n-distributive, {x}™"is an n-ideal and {x}™ # {n}. Then

Ac{x}" and so A" o{x}""". This implies x € A*, which completes the
proof.
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We conclude the paper by giving another characterization of n-distributive lattices in
terms of annihilator n-ideals which is related to the prime Separation Theorem for
n-ideals in a distributive lattice givenin [2].

Theorem 9. Let L be a lattice and n be a neutral element of L. L is n-distributive if
and only if for a convex sublattice F disjoint with {x}"" (x € L). There exists a
prime convex sublattice Q © F and disjoint with {x}"" .

Proof. Let L be n-distributive and F be a convex sublattice disjoint from {x}".
Then applying Zorn’s Lemma there exists a maximal convex sublattice Q disjoint

from {x}". Since Q =(Q]N[Q), so either (Q]N{x}"" =¢ or [Q)N{x}" = .
Hence by the maximality of Q, it is either an ideal or a filter. Without loss of
generality, let Q be a filter. We claim that X € Q . If not Qv [x) > Q. Then by the

maximality of Q, (Qv[x)n{x}" z¢. Let te(Qv[X))n{x}". Then
t>gAaxfor some qeQ and tAX<n<tvX. Thus AX<tAX<nNn. Then
m(qv n,n,x)=n, which implies qvne{x}™.But qvneQ as Q is a filter.
This gives a contradiction to the fact that Q N {x}™" = ¢. Therefore x € Q. Now
let z¢Q. Then (Qv[z)n{x}" 2z¢. Let ye(Qv[z)n{x}". Then
YyAXSnN<LyvX and y=zq, Az for  some g, €Q. Thus

g AXAZSYyAX<n. Then m(z,n,(q, AX)vn)=n, where (g, AX)vneQ
as it is a filter. Therefore, by Lemma 3, Q is a maximal filter not containing n. Hence
by

Theorem 6, Q is prime.

Conversely, let (x) n(y) =in} and (x) N(z) =i{n}. We need to
prove that () A((y) v (z) )={n}. Thatis x a (y v Z)<n<xv (y A 2). If
not, let  Xxa(yvz)gn Then [yv Z)N{x}"" =p. For otherwise
te [yv z)m{x}L" , implies tAX<n<tvx and t=ywvz. Which implies
XA (y \% z) <t A X<n, acontradiction. So, there exists a prime filter Q containing
[y v z) disjoint with {x}"". As y,ze{x}",s0 y,z¢Q.Thus yvzeQ,asQ
is prime. This implies [yv z)¢ Q, a contradiction. Dually by taking
XV (y A Z)Jz n, we would have another contradiction. Therefore,
xA(yvz)<n<xv(yaz),andso L is n-distributive.
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