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ABSTRACT

We studied Bianchi identities on distinguished ssuperconnections [4] and
superconnections on an almost Lagrangian supermanifolds [3]. In this paper we
studied to set up the necessary machinery to determine when an almost Lagrangian
supermanifolds is flat with respect to a given scale and defined bilinear form which
is a scale invariant.
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1. Introduction

Since the conception of supersymmetry [5] and super geometry has come to play an
increasingly important role in the theoretical physics and is essential part of almost
every attempt to go beyond the standard model in particle physics [7]. On any
almost Lagrangian supermanifolds there exists a spinor connection [3] in
superconnection consistent in Riemannian geometry [6] with some scale. In this
paper we investigate the properties of such connections and aim to set up the
necessary machinery to determine when an almost Lagrangian supermanifolds is flat
with respect to a scalar and finally defined a bilinear form is a scale invariant.

2. Supertwistor Bundle
In [3], we gave a definition of a spinor connection as a map,
D:TIS® TS =TS
Equivalently we may define a spinor connection to be a map D, which splits the
following exact sequence,
0->MS*®MNS—>JNS—>TMS—0

where JT1S is called the reduced 1* jet bundle [1].
We now define the 1* jet bundle of a general bundle ET1S in the usual manner.
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Definition 1. Let E be a vector bundle over a supermanifold [2] M. We define the
1% Jet Bundle of E by the following exact sequence,

0-QOM E->J'E-E-0
In particular we are interested in the case where M is an almost Lagrangian
supermanifold where E = T1S. In this situation, taking the dualization of the
Frobenious form gives the exact sequence,

0-S OS> OM->T1S-0
We now choose a spinor connection [3], provides a splitting of the above exact
sequence, giving,

QM =T1S"@S* O §*
Using this splitting and the properties of the Parity change functor, we find that the
first jet bundle of 1S is defined by the exact sequence,
0- (NS ®NSH@MS*ANS* ®MS) »JINS > MS -0
Choosing a scale €, ¢, ..a, = $Na; a;...a, aNd its distinguished superconnection D,
we define maps A and A in the following way,
A:JINS - NS*®NS

1
[w*] — EDﬁw“ =05

and
A JHNS S NS*ANS* ® S

1 1
[w¥] — - [D,, D, |0 — mzsﬁgm{(nezog@)&} = 0%,

We may now use the map A @ A to split the exact sequence defining the 1% jet
bundle of [1S.
Defining a mapping which we call the trace, in the following way

tr : > (NS QMNSBMNS*ATS* QS - 0 @S*

(95"95;}) = (64,655)

leads us to the following definition.
Definition 2.  Let M be an almost Lagrangian supermanifold. We define the
supertwistor bundle of M to be the subbundle 7" of J1[1S which makes the following
diagram with exact rows commute,

00— (MS R NSA(MS*ATIS* ® NS » /1115 » 1S »0

0 > O\ ®l1S™ > T »[1S »0
As a choice of distinguished super connection splits the top row of the above

diagram, it may also be used to split the bottom row by the commutivity property of
the diagram. Hence,
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T =0, @MNseris*

= (95, waleaefe )

Using the transformation rules we find the following,
1

Aee = Eﬁewe
= %Dewe +%6S(Vewe)
= 0§ + ycw*
Now defining ¢ = 6E we obtain, {=0+ywd
Also,
— 1. - - - -
05c = - [Da, De]a)E A E D ZSEXDE]{(Delog(D)a)E}
1 1 ~
= 1 [Da, De]w =~ 267, Dey{(Delog @)} —
%VQDE(‘)E

1 n+1 1
—=YeDew® + —— (Daye)a)e ——D, (Vewe)
n n n

1
= 956 + (Daye)we _ZyaDewe
Defining m, = 6% we obtain,
. . ﬁ-a =Ty + (Day5)w5_ - Va(
Finally, the supertwistor bundle can be expressed in the form,
T = 0p®MNS®rs”
= (¢, 0% m, )
3. Supertwistor Equation

Definition 3. Let D denote a distinguished superconnection on M, with associated
scale €. Also let w* = @@ be such that,

D01...9n_2 [awﬂ] =0
where DOv-fn-20)F =€b1-On-2 qup wP . We call the above the suprtwistor
equation of D.

Theorem 3.1. Supertwistor equations are independent of the choice of scale.
Proof. Let D and D denote distinguished superconnections with associated scales €
and € respectively. By hypothesis, w® is invariant, therefore,
2D91...9n_2 [a(uﬁ] =Egl---9n—2al‘ a‘uD\‘u wﬁ +691...9n_2ﬁﬂ 5# a)d
=691...9n_2(1[l Dﬂwﬁ +691...9n_2ﬁ[l D#O)a
+691...9n_2au 55]/1,0)” +E¢91...9n_2ﬁ,u 5ﬁvav
=2D% .0, _,[a,B] n
Thus, it makes sense simply to speak simply of the supertwistor equation. The

supertwistor equation implies,
D91...9n_2am[3 — _D91...9n_2[3wa

Thus,
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D01...9n,2aw,8 =601...0n,20{ﬁ (
=gb01--On2au D, wB
Multiplying by %1629k gives
We now define m, = D, ¢. Now using these expressions,
D,D,w" = é;m,
Implying
[D,, D, )w® = 268,
Also, by definition,
[Dw Dv]w“ =Dpw* + R;fvﬁ wP

Therefore,
Dy w® = 26,1, — Ry wf
Now,
D, Dy w® = 87Dy, + 8¢Dym, — (D, B Jof =R, ¢
and
D, D, w* = 6D, m, + 6, D,m,
Giving,
[D,, Dy |0® = 67D, m, + 83 D,m, — 8¢ D,m, — 67Dy, — (D, RY, 5 )P

- Rﬁ,v,y(
Also, by definition,
[Dy, Dy Jw® = =T2%, Dpg 0 + RE ,, g0
= —Tr 05 ms + 68m, — RS, pwf} +
R}?.Mv.ﬁ w” 5
a a
= {R;Z,Mv,ﬁ + th,uv Rgﬁ,ﬁ}wﬁ — 2Ty g
Taking the trace of the first expression for [Dy, D,w]w“ gives,
[DV'DW]‘UU =nD,m, — D,m, — (DyRﬁ,u,ﬁ)wﬁ +Ryy €

The trace for the second expression gives,

[DY' Dlw]wv = {R;/],Mv,ﬁ + T}QZU Rg,a,ﬁ }wﬁ
Thus,
nD,m, — D,m, = {Dle’jlv,ﬁ +R) g + T Rg,(,ﬁ}wﬁ — Ry, <
= Gy
Therefore,

1
Dym, = n2+1 (nGW + Gw)
By the above, V, , is a linear combination of w® and ¢, that is,
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Dym, = Pyus @’ + Q€

where,
Py = {nDy w5 FNRY s+ 0T Ry 5o+ DRV s +RY s
+ T2 R s}
Qu = n? — 1{ NRyyu — 3414/}
n—1
=-3 mRW
In the case T,;,, = 0 we can use the Bianchi identities [4] to show,
1 1 n—2
Pyus = (n n 1) {ZD}/RM y6} + 1 W(YE)M5 1 W(VH)€5

Or, equivalently,

n—1 1 2n—1
Pyus = <n+ 1) {Dy us + Ds H}’} + 1W(y6)u5 + _ 1W(VH)€5

Now, under a change of scale e—~€

DB w?® = ﬁﬁ w?*
= Dgw® + 5[}]/,;(»5
= 6[‘;’1({ +ysw®)
=55¢
Therefore { = ¢ + yBw?. Given this we can now determine how m, changes with
respect to the scale,

= 1, + (Davg ) ~vB(Du0?)
=T, + (Dayﬁ)wﬁ _Ya(
In summary we have shown the following.

Theorem 3.2. The supertwistor equation is equivalent to the following system of
equations,
D,w* = ;¢
D, ¢ =m,
D,y = Puap wP + Qua

where the w?, ., and ¢ transform in the following way,

0% = w”

ﬁ; =T, + (Dayﬁ)wﬁ — Y«
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{=0+ywf
4. Supertwistor connection
We will now define a connection on the supertwistor bundle 7, which we denote by
Vi in the following way,

Z Z o 0 -8\/¢
v, <w“) =D, (w“) + g o 0 |[of
T, Ty Qua le s 0 Tig
so that covariantly constant sections of V,, are solutions to the twistor equation. In

accordance with Super Yang-Mills theory we set,
V., V,]z2=V,Z

¢
where Z =1 w*
T[a'

Given this, we can show that,
¢
Viw <w“)
T[a

0 —2P 18 0

a a of ¢
+ 0 wvh ~20[0) w?
~2D,Quja + 2Plulala) —2DPoiap 260, Qe — RE o) \T#

Notice that the bottom right 2 x 2 block of the matrix above gives the results of the
usual twistor connection on an almost Lagrangian manifold plus extra terms. We
now consider the commutator[Vy, V,w], and setting T?° = 0 we obtain

a,uv
¢ aj; Az Qi3 ¢
[V, V] (w“) = <(121 az; (123) wh
T, A31 dazz daszz/ \my
where a; = ZD[MQU]}/ + ZP[/w]y - 2P[#|V|V]
12 = 2Dy Pyyyp = Dy 2Ppyug
a3 = Rfvy + Za[ﬁ,uQV]V
az1 = ZQy[uSg] - Rﬁw
azz = 26[, Pyy1vip — 65 2Pw1p — Dy R — Ry

uvp P
a3 =0
az =D, (ZD[MQV]a) + ZD[uPV]aV + ZS&QV]aQVrY + Rgva Qys — Dy 2Py 1a|v)
- D,uv an
azz = D, (2D Pujag) + Pyas Roug + Pysp Riva + Pysg 288, Quia = 2Puws Oy

- D/w p yap
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_ 5B 8 B 8 g
az3 = 8, 2Ppujaly] = 2Pya(uby) + Dy Ry + Dy (25[;4 Qv]a) — 2D Quya by +

Y uva
B
Ry.lw .
and

1 =1
Xiap) = EXaB — (-1 Exﬁa
n—1

1 G = e
— ) 6 PO pd [ 6
Prap == {nD,R,5 + 1R 5, 5 +nTE RS, 5 + DRy + R 5, o
+ TP RS 5}
¥8 “tpaf

By using the solutions of the super-Bianchi identities we can show that the matrix
above reduces to the following,

1 b
4 / 0 _£D5yy[uv]ﬁ 0 \ {
[Vy: Vuv] (wa) = | 0 Y lwp 0 | «
Ma 1. e B / 8
\‘ 2DV wle  “Bywas T
) is the trace free scale invariant quantity W(‘;i)vg + W(Oﬁg)uﬁ :

¢ (¢
Z=|w*landZ =|{ @«

L T[(;(
We define b € Osp(1]2n) in the following way,

, ' ' \ n—1 ,
b(Z,Z) ={{ —w'n, + T, w® +3(n—+1)Raﬁwawﬁ

where _y"‘[,w]
Now given,

Or, equivalently, in supermatrix notation,
b(2,2) = 7Bz’

1 0 0 ,
¢ St/ n—1 ﬁ\ ¢
« \0 5 o/ g

where Z5¢ denotes the supertranspose. We now prove two important properties of b.

T

Proposition 4.1. The Bilinear form b is a scale invariant.
Proof. Using the transformation rules for w*, m, and ¢ we find,
e s — n—1 :
b(Z,Z)={0 —wom, + Taw® + 3 (n—H)Raﬁw“wﬁ
= {0+ {yew® + {yew® + (yew)(ypwf) —

- (Daye)wye + (‘)aya( + T[aw’a
+ (Dyye)ww™
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— (’a+3n__1R 2P + (Deyg)w w?
Va W n+1 ap W W aVp )W @

—(Dgya)w0? + (Vovp)w w?.

' ' ’ -1 ’
=({{ —w'n, +mo,w® + 3 (Z?)Raﬁw“wﬁ

=b(2,2") n
Proposition 4. 2. The bilinear form b is consistent with the supertwistor
connection, that is,
v,b(2,2) =b(v,2,2)+b(2,9,2)

Proof. Using the first form of b be find that,

! ! a.’ ‘a n—1 a, . 'B
vub(z,z)=vﬂ{(( — WMy + MW +3(n—+1)Raﬁa) w }

(VHC)(' — (Vﬂw“)n,; + (Vﬂna)a)'“ +3 (%) Rep (Vua)“)a)'ﬁ +
((Vu(') +w® (Vunl;c) — Ty (Vﬂw'“) -
-1 ,
3 (Z?) Ryp 0 (V,0?)
We now calculate b(V, Z,Z") + b(Z,V,Z") using the supermatrix form of b. First,
by the rules of supermatrices,

¢ Vil
VuZ =V, (w“) = -V, 0"

77:(,{ _VMT[a
Now, as this vector is odd,
VH( N3
(VMZ)St = —Vyo© = (VM(' Vyw?, Vuna)
-V, 1,
Now, by using the supermatrix form of b we have,
b(v,2,2) = (v,0)¢ = (Vuo )y + (V) +3 (23) Ry (V00" )
Similarly, we can show,
b(z,v,2) =¢(V,¢) + w*(V,1y) — 7o (V,0@) — 3 (
upon summing these expressions we find that
V.b(2,2") =b(v,2,2)+b(2,9,2) n
We now come to the main theorem.

n—1
n+1

) Rop @ (Vu“’,ﬁ)

Theorem 4.3. Let M be an almost Lagrangian supermanifold. Then M is locally
isomorphic to the isotropic Grassmanian Gl , if and only if the entries of the twistor
matrix vanish.

Proof. Suppose the remaining entries in the twistor matrix are zero, then the
corresponding parallel transport is integrable. The superspace of globally horizontal
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sections of the twistor bundle 77 over a neighborhood U of some € M can be
identified with the fibre of T at p, which we will denote by T. Since the bilinear
form b defined previously, is consistent with the twistor connection, there is a
natural symmetric bilinear form defined on T. By definition [1S* is a sub-bundle of

T and thus we may relate to each point p € U a (0|n) dimensional plane S(?'" cT
as the set of those horizontal sections of 7|, whose values at g lie in [1S™, that is in

some trivialization (¢, w%, ) of T the following holds, w®(q) = {(q) = 0. By the
definition of b we have that for any g € U each plane S(? " is b isotropic [1]. Thus

we have defined a mapping, y:q - Sg'” from U to some superdomain U c GI.
Further, we are free to choose U so small that the map y is injective. #
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