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ABSTRACT

The main aim of this paper is to propose a new approach for the ranking of
generalized exponential trapezoidal fuzzy numbers. The proposed ranking approach
is based on rank and mode so it is named as an RM approach. The main advantage
of the proposed approach is that the proposed approach provides the correct ordering
of generalized and normal trapezoidal fuzzy numbers and also the proposed
approach is very simple and easy to apply in the real life problems. In this paper,
with the help of several counter examples it is proved that ranking method proposed
by Chen and Chen (Expert Systems with Applications 36 (2009) 6833-6842) is
incorrect.
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1. Introduction

In most of cases in our life, the data obtained for decision making are only
approximately known. In1965, Zadeh [1] introduced the concept of fuzzy set theory
to meet those problems. In 1978, Dubois and Prade defined any of the fuzzy
numbers as a fuzzy subset of the real line [2]. Fuzzy numbers allow us to make the
mathematical model of linguistic variable or fuzzy environment. Most of the ranking
procedures proposed so far in the literature cannot discriminate fuzzy quantities and
some are counterintuitive. As fuzzy numbers are represented by possibility
distributions, they may overlap with each other, and hence it is not possible to order
them. Ranking fuzzy numbers were first proposed by Jain [5] for decision making in
fuzzy situations by representing the ill-defined quantity as a fuzzy set. Since then,
various procedures to rank fuzzy quantities are proposed by various researchers.
Bortolan and Degani [6] reviewed some of these ranking methods for ranking fuzzy
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subsets and Rezvani [18-21] evaluated the system of Fuzzy Numbers. Chen [7]
presented ranking fuzzy numbers with maximizing set and minimizing set. Dubois
and Prade [3] presented the mean value of a fuzzy number. Chu and Tsao [8]
proposed a method for ranking fuzzy numbers with the area between the centroid
point and original point. Deng and Liu [8] presented a centroid-index method for
ranking fuzzy numbers. Liang et al. [10] and Wang and Lee [11] also used the
centroid concept in developing their ranking index. Chen and Chen [12] presented a
method for ranking generalized trapezoidal fuzzy numbers. Abbasbandy and Hajjari
[13] introduced a new approach for ranking of trapezoidal fuzzy numbers based on
the left and right spreads at some « -levels of trapezoidal fuzzy numbers. Chen and
Chen [14] presented a method for fuzzy risk analysis based on ranking generalized
fuzzy numbers with different heights and different spreads. Also Some of the
interesting Approach Ranking Of Trapezoidal Fuzzy Number can be found in Amit
Kumar [15] and chen [16]. Moreover, Rezvani [20] proposed a new method for
ranking in perimeters of two generalized trapezoidal fuzzy numbers.

2. Preliminaries

Let’s consider a simple example. Later, we’ll use the result of this example to
provides a new method for European claim pricing. Consider a dynamic system
driven by fractional noise
Generally, a generalized fuzzy number A is described as any fuzzy subset of the real
line R, whose membership function x, satisfies the following conditions,

i) u, isa continuous mapping from R to the closed interval [0,1] ,

ii) u,(x)=0, —o<u<c,

iii) s, (x)=L(x) isstrictly increasing on [c,a] ,

iv) g, (x)=w , as<x <b,

v) u,(X)=R(x) isstrictly increasingon [b,d],

vi) u,(x)=0,d<x <o
Where 0 <w <1 and a,b,c and d are real numbers. We call this type of generalized
fuzzy number a trapezoidal fuzzy number, and it is denoted by

A=(,ab,d;w),

When w = 1, this type of generalized fuzzy number is called normal fuzzy number
and is represented by A =(c,a,b,d),;

However, these fuzzy numbers always have a fix range as [c, d] . Here, we define its
general from as follows:
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we f@x)el X <a
fa(x)=9 w a<x <b (2.0
we 1@-0)/Al if b <x

Where 0 <w <1 and a, b are real numbers and «, 8 are positive real numbers. We
denote this type of generalized exponential fuzzy number as A =(a,b,a, S;w ); .

Especially, when w = 1, we denote itas A =(a,b,, ), .

We define the representation of generalized exponential fuzzy number based on the
integral value of graded mean h-level as follow. Let the generalized exponential

fuzzy number A =(a,b,a, f;w)., where O<w <1 and «,f are positive real
numbers, a, b are real numbers formula (2.1). Now, let two monotonic functions be

L(x)=we @)1 R(x)=we 1] (2.2)
Then the inverse functions of function L and R are L™ and R respectively. the h-
level graded mean value of generalized exponential fuzzy number
A =(a,b,a, f;w ). can be express as

h[L™(h)+R™"(h)]/2 (2.3)
Definition 1. Let A =(a,b,a, ;W )., be generalized exponential number, then
the graded mean integration representation of A is define by

PA)=["h (L_l(h);R_l(h)dh)/j;” h dh (2.4)

Theorem 1. Let A =(a,b,a, ;W )., be generalized exponential number with

O<w <1 and «,f are positive real numbers, a,b are real numbers, then the
graded mean integration representation of A is

_atb f-a
P(A) ="+ (2.5)
Proof:
Ll(h):a—a(ln\%),

R(h)=b +ﬁ(ln\%) .

P(A) :%jow h[a+b +ﬂ(ln\%)—a(ln\%)] dh /%w 2
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a+b p-am w a+b pf-a w
=T+Tj0 h(in-) dh :T+T[jo hln(w)—j0 hIn(h)] dh
:%+@ﬁ” h[in@ )~ [ hin(h)] dh:%+ﬂ_a.m

Remark 1. When a = f3, P(A):% .

3. Arithmetic operations of exponential fuzzy numbers and Ranking function
Definition 2. Suppose that A, = (&,,b,, &, ;W) and A, =(a,,b,,@,, 5,W,);

are two generalized exponential fuzzy numbers. Let w = min {Wl,W 2} according to

the essential of the second function principle, some arithmetical operations results
could be well defined as follows.

(i) The addition of A, and A, is

A BA, =(a +a,b +b,, o+, B+ W )e (3.1
where o, ,,8,,8,,b,,b,, £, 5, are all real numbers, and o, @, B, B, are
positive.

(i) The multiplication of A, and A, is
A ®A,=@,b,a, W) (3.2)

where T = {aiaZ’ain’blaZ'ble} T = {ala27alﬂ2'ﬂla2’ﬂ]ﬂ2} and

a=min T =k"elementof T,and b =max T =™

elementof T, and B =1" element of T, ,where 1<k <4, 1<1 <4,

element of T, then o =k ™

(iii) A, =(-b,,—a,, B, ;W) then
ATA=ADEFA)=@ -b,b-a,aq+8,f+aw) (3.3

(vyLet meR", A=(ab,a,f;w): then

m®A =(ma,mb,ma,mgw ). (3.4)
IfmeR™, A=(,b,a,f;w). then
m ®A =(ma,mb,|m|a,|m|Bw ). (3.5)
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1 11 1 1
(V) — = (=, =, =, —w). wehave
A, b, a B a -
A a b a B
=A ®(— - 4. 3.6
A, (Az) (b 2 B, a w) (3.6)

where if a,,b,,a,,b,,a,,@,, B, B, are all nonzero positive real numbers.
An efficient approach for comparing the fuzzy numbers is by the use of a ranking
function, R:F(R) —> R, where F(R)is a set of fuzzy numbers defined on set of

real numbers, which maps each fuzzy number into the real line, where a natural
order exists,

1) A>Biff R(A)>R(B)
) A<Biff R(A)<R(B)
3) A=Biff R(A)=R(B)

Remark 2. [17] For all fuzzy numbers A, B, C and D, we have

1) A>B=>A®C >BaC
2 A>B=AC>BIlC
3 A~B=A®C ~BaC
4 A>BC>D=A®C >B&D

4. Shortcomings of Chen and Chen [14] approach

In this section, the shortcomings of Chen and Chen approach [14], on the basis of
reasonable properties of fuzzy quantities [17] and on the basis of height of fuzzy
numbers, are pointed out. Let A and B be any two fuzzy numbers. Then

A>B = Al B >BI[ B (Using Remark 2.)
That is
RA)>RB)=NRAIDB)>RBIB)

In this subsection, several examples are choosen to prove that the ranking function
proposed by Chen and Chen does not satisfy the reasonable property,

A>B=AIB>BIB 4.0
For the ordering of fuzzy quantities i.e., according to Chen Chen approach

A>Bnotresult ALl B>B[L B

Example 1. Let A =(0.1,0.3,0.3,0.5; 1) and B =(0.2, 0.3, 0.3, 0.4; 1) be two

generalized trapezoidal fuzzy numbers. Then according to Chen and Chen approach
B > A, but
BlJ A<Al] Athatis B >A notresult B[l A>A[ A
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Example 2. Let A =(0.1,0.3,0.3,0.5;0.8) and B =(0.1,0.3,0.3,0.5; 1) be
two generalized trapezoidal fuzzy numbers. Then according to Chen and Chen

approach B > A, but
B A<A[ Athatis B >A notresult B0 A>AL A

Example 3. Let A =(-0.8,-0.6,-0.4,-0.2; 0.35) and
B =(-0.4,-0.3,-0.2,-0.1; 0.7) be two generalized trapezoidal fuzzy numbers. Then

according to Chen and Chen approach A > B , but
All B<BlJ Bthatis A>B notresult ALl B>B[ B

Example 4. Let A =(0.2,0.4,0.6,0.8;0.35) and B =(0.1,0.2,0.3,0.4;0.7) be two
generalized trapezoidal fuzzy numbers. Then according to Chen and Chen approach
B >A, but

BlJ A<Al] Athatis B >A notresult B[l A>A[ A

5. On the Basis of Height of Fuzzy Numbers

In this section, it is proved that, in some cases, Chen and Chen approach [14] states
that the ranking of fuzzy numbers depends upon height of fuzzy numbers while in
several cases the ranking does not depend upon the height of fuzzy numbers.

Let A=(a,b,,p;w,) and B =(a,,b,,«,,p,;w,) are two generalized
exponential fuzzy numbers. Then according to Chen and Chen [14] there may be

two cases.

Case (1) If (&, +b, +, + B) #0, then
A<B if W, <W,
A>B if W, >Ww, (5.1
A~B if W, ~W,

Case (2) If (&, +b, + o, + ) =0,then A ~B for all values of w, andw, .

According to Chen and Chen [14] in first case ranking of fuzzy numbers depends
upon height and in second case ranking does not depend upon the height which is
contradiction.

Example 5. Let A=(1,1,1,1;w,) and B =(1,1,1,1;,w,) be two generalized
trapezoidal fuzzy numbers. Then according to Chen and Chen approach A <B , if
w,<w,, A>Bifw,>w, and A=Bifw,=w, .
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Example 6. Let A =(-0.4,-0.2,-0.1, 0.7;w,) and B =(-0.4,-0.2,-0.1,0.7;w,) be
two generalized trapezoidal fuzzy numbers. Then A =B for all values of w, and
W,.

BlJ A<Al] Athatis B >A notresult B[l A>A[ A

6. Proposed Approach
In this section, on the basis of property of ranking function, discussed in Section 3, a
new approach is proposed for the ranking of generalized trapezoidal fuzzy numbers.

Let A=(a,b,,pw,) and B =(a,,b,,a,, f,;w,) are two generalized
exponential fuzzy numbers. Then

(1) A>Bif RM(ALOB)>RM (B B)
2 A<Bif RM(ALB)<RM (B[ B)
3 A=Bif RM(ALOB)=RM (B B)
Remark 3.
(1) RM (A)=RM (A 0), where 0=(0,0,0,0;w)
(2 RM (A)<RM (B) not result A >B
B RM(ADUB)=RM(BIB)=A>B
4 RM((AOB)I(BOB)>RM (B B)I (B B))
= (A0 B)>(B[ B)

7. Method to Find Value of RM

Theorem 2. Let A=(a,b,a,pH:w,) and B =(a,,b,,,, 5,;w,) are two
generalized exponential fuzzy numbers. Then

O R =3 [1L760)+R ()] b

1
(2) Mode(A) =w ja dx
0
Proof: (1) We know that w = min {w ,,w , } so we have

L (h) :a—a(ln\%)

R(h)=b +ﬁ(ln\%)
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R(A) =%f[(a—a(ln\%))+ (b +ﬂ(|n\%))] dh = %j[am +(B-a) |n‘%] dh

(a+b)\N (,B a)J‘l W dh = (@+bw (,3 a)[J'mW dh — Ilnhdh]

2 2
_(a+bw  (B- )[w Inw —[w Inw —w J] = (a+b)w +('B_0[)W
2 2 2 2
_(@+b+p-a)w
- 2
So
m(A):(a1+bl+§1_a1)W
And
m(B):(a2+b2+§2_a2)W
)

B 1% 1% wb+a)
RM (A) =mode(A) _Elbldh +E.([aldh =
And

RM (B ) =mode(B) = —jbdh+2j o =W 2+ )

Now, Let A =(a,,b,,, f;W,)and B =(a,,b,,,, 5,;w,) are two generalized

exponential fuzzy numbers. Then use the following steps to find the value of
RM (Al B).

) Find AD B =(a,—b,,b,—a, &+ 5,, B +a,;min{w, w,})

i) Find R(AD B)=minfw,w,) &P 0= +2“1+ﬂ2+ﬂ1+“2)

iii) If R(ALU B)+#0,then RM (A B)=R(A[ B), Otherwise

(b, —b,) + (e —a,)
2

RM (A0 B)=mode (Al B)=min{w, w,}

Theorem 3. Prove that RM (B[] B)=0.

Proof: let B =(a,,b,,,, 5,;W,) be a generalized trapezoidal fuzzy number. Then
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(BLU B)=(a,~b,.b,~a,,a,+ B, B, + ap;min{w ,w, )
Now
RM (B B)=mode(B B)=0 (since R(B[ B)=0)

Remark 4. Using Theorem 3., we can written as follows:

() A>Bif RM (AL B)>0
(i) A<Bif RM (AL B)<0
(i) A=B if RM (ALl B)=0

Example 7. Let A =(2,3,4,5;0.5) and B =(2, 3,4, 5; 1) be two generalized
trapezoidal fuzzy numbers. Then A and B can be compared by using the following
steps:

(i) ADB=(2-3,3-2,4+5,5+4,min{0.51})=(-1,1,9,9; 0.5)

(i) M(AD B)=min{0.5,1} (W) -0

(iii) Since R(A[l B)=0, so
RM (AL B)=mode (AL B)=0=RM (AL B)=0

Then using Remark 4., A = B.

Example 8. Let A=(3,57,9;048) and B =(4,6,8,10;0.82) be two
generalized trapezoidal fuzzy numbers. Then A and B can be compared by using the
following steps:

(i) A0 B =(3-6, 5-4, 7+10, 9+8;min{0.48,0.82}) = (-3, 1, 17, 17; 0.48)
(i) R(AD B)=min{0.48, 0.82} (Mz(g_lo)) =-0.48
(iii) Since R(AL B)#0,s0 RM (ALl B)=R(A[l B)=-0.48

Then using Remark 4., A <B .

8. Results

In this section, the correct ordering of fuzzy numbers, discussed in Section 4, are
obtained.

Example 9. Let A =(0.1,0.3,0.3,0.5; 1) and B =(0.2, 0.3, 0.3, 0.4; 1) be two
generalized trapezoidal fuzzy numbers. Since
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w =min{w,w,}=min{11} =1
.1+0.3+0.5-0.3 _

2

R(B) = 0.2+0.3+0.4-0.3 _03
2

(1) RA)= 0 0.3

) RM (A) =mode (A) = 0'3;0'3 -0.3

0.3+03

RM (B)=mode(B) = >

0.3

So
RM(A)=RM(B)=A=B.

Example 10. Let A =(0.1,0.3,0.3,0.5; 0.8) and B =(0.1, 0.3, 0.3, 0.5; 1) be
two generalized trapezoidal fuzzy numbers. Since

w =min{w, w,} =min{0.8,1}=0.8

(1) RA) = 0.8(0'1+0'3;0'5_0'3) 024

R(B) = 0.8(0'1+0'3;O'5_0'3) _03

0.342-0.3) 024

0.3+0.3
2

(2) RM (A)=mode (A) =0.8(

RM (B) =mode (B) =0.8(
So RM (A)=RM (B)=A =B.

)=0.24

Example 11. Let A =(-0.8,-0.6,-0.4,-0.2;0.35) and
B =(-0.4,-0.3,-0.2,-0.1;0.7) be two generalized trapezoidal fuzzy numbers. Since
w =min{w,w,}=min{0.35,0.7} =0.35

D R(A) = 0.35(-0.8-0.6éo.2+o.4) oot
R(B)=0.35 (-0.4-0.350.1+o.2) 0105
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(2) RM (A)=mode (A) = 0.35('0'62'0'4) =-0.175
RM (B) =mode (B) = 0.35('0'3'0'2) =-0.0875

So RM (A)<RM(B)=A<B.

Example 12. Let A =(0.2,0.4,0.6,0.8;0.35) and B =(0.1,0.2,0.3,0.4;0.7) be
two generalized trapezoidal fuzzy numbers. Since

w =min{w w,}=min{0.35, 0.7} =0.35

D RA) = 0.35(0.2+0.4;0.8-0.6) o

R(B)=0.35 (o.1+o.2;o.4-o.3) 0035

0.4-;0.6) 0175

0.2+0.3
2

(2) RM (A)=mode (A)=0.35(

RM (B) =mode (B) =0.35(
So RM (A)>RM (B)=A >B.

) =0.0875

Example 13. Let A=(111%w,) and B =(111Lw,) be two generalized
trapezoidal fuzzy numbers. Since w =min{w w,} =w
1+1+1-1
) =w

1+1+1-1

1) RA)=w(

R(B)=w ( ) =w

(2) RM (A) =mode (A) =w (1l21) —w

RM (B)=mode (B) =w (1l21) =W

So RM (A)=RM (B)=A =B .

Example 14. Let A =(-0.4,-0.2,-0.1,0.7;w ) and
B =(-0.4,-0.2,-0.1,0.7;w ,) be two generalized trapezoidal fuzzy numbers. Since
W =min{w, w,}=w

55



Salim Rezvani

-0.4-0.2+0.7+0.1

1) RA)=w ( 2 )=0.
R(B) =w (-0.4-0.220.7+o.1) o4

(2) RM (A)=mode (A) =w ('0'22'0'1) =-0.15w
RM (B) =mode (B) =w ('0'22'0'1) =-0.15w

So RM (A)=RM (B)=A =B

9. Testimony of the Results
In the above examples it can be easily checked that

Lo

i) A=B=A0B=BL B Thatis

RM (A0 B)J (B B))=RM ((Al B)[ (B B))
(i) A>B=A0 B >BL[ B Thatis

RM (A0 B)J (B B))>RM ((ALl B)U (B B))
(i) A<B=A[ B <BIll BThatis

RM (A B)IJ (Bl B))<RM ((ALl B)I (B[ B))
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