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ABSTRACT

Firstly, generalized sum and generalized connected sum of topological spaces
have been defined and then some of the important properties of these generalized
sums are studied in this paper. In a special case when the generalized sum

X, +---+ X, is arcwise connected, the fundamental group 7(X, +---+X )
has been determined in that situation.
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1. Introduction

Sum is an important and a particular tool to construct new spaces.
Properties of spaces and surfaces obtained by making a number of sums and
connected sums are studied by many mathematicians. Recently, a very few of
types of particular sums and connected sums of spaces have been studied in
[1] and [2]. A sum of two topological spaces has been defined and studied
also by S. Majumdar and M. Assaduzzaman in [3]. In this paper, the
definition of sum for topological spaces is to be generalized and then some
properties of this generalized sum are studied. Finally, the fundamental group
of the constructed generalized sum is discussed also in a particular case.

2. Necessary definitions
For any two topological spaces (X, T)) and (Y, T5), their sum X +7Y is the
space (XUY =X+Y, T), where T is the topology generated by 7, UT,.

called
the generalized sum, is the topological space (X, U---U X, ,T) where,(x,,T),

Generalizing this definition, one can define that the sum X, +---+ X

n

(X,,T,), ..., (X,,T,) are topological spaces and the topology 7 is generated
by T, U------ UT, . In other words, X = X, +------ +X,= X, U-eeee uX
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={U, U uUn| U.eT}. If all the X,’s are open subspaces of X, X is
called usual extension of theX,’s. A wusual extension exists if (i)
X, Meeeees M X ,is open in each X;’s, and (ii) the class of all intersections
of X, ’s with the open sets in X ; ’s is identical with the class of intersections of
X,’s with the open sets in X,’s for any pair of distinct indices i and ;.

Topological spaces (X,,1;), (X,,T,), ...... , (X,,T,) are called compatible

for sum if they completely satisfy (i) and (i1). Similarly, the connected sum in [2]
can be generalized and this generalized connected sum can be denoted

by X #-#X,.

A topological space X is said to be locally compact at a point x if there is

some open set U containing x whose closure U is compact. The space is
locally compact if it is locally compact at each of its points. A space X is said
to be locally connected at a point x if for every open set U containing x there
is a connected open set J containing x and contained in U. The space is
locally connected if it is locally connected at each of its points. For two
points x, y in a topological space X, a path joining x and y is a continuous map
f:[0,1] > X such that f(0) = x, (1) = y. The space X is path connected if any

two points of X can be joined by a path.

Let X be a topological spaces and x, € X . A loop at x,is a continuous map
f 1 — X such that f(0)= f(1) =x,. Two loops f and g at x,are said to be
homotopic, written f = g, if there exists a continuous map F :/x [ — X such
that F((0,¢))= f(t) and F((1,¢))=g(t) for each tel. Then = is an

equivalence relation on the set of loops atx,. We denote the equivalence class of

f by [f]. A multiplication is defined on these equivalence classes by [g][f]=][g * ],
1 1

where (g * f)(¢) = 2t when OSISEand (g* f)t)=1-2¢t when ESISI.

This multiplication is well defined and is associative. If 1 denotes the constant

map 1:/ > X with 1(#)=x,, for each te/, then [1][f]I=[f][1]=[f], and if

g:1 —> X is the loop given by g(t)= f(1-¢), then [f][g]=[g][f]=[1]. Thus the

equivalence classes of the loops at x, form a group. This group is called the

Sfundamental group of X with base point at x, and it is usually denoted by
7(X,x,).
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If X is path connected, then 7(X,x,) = 7(X,x,) for every pair of points x,
and x,in X. In this situation, we write 7(X) to denote the fundamental group of

X without mentioning the base point. For example: If X =S' the unit circle,
then 7(X) =Z, the set of integers.

Let {G, :i € I} be a collection of groups, and assume there is given for each
index i, a homomorphism ¢, of G, into a fixed group G. We say that G is the

free product of the groups G, with respect to the homomorphisms ¢, if and only
if the following condition holds:
For any group H and any homomorphisms @, : G, = H,i eI, there is a

group homomorphism f : G — H such that y, = fo,foreach ie /.

3. Some Properties of X, +---+ X and X #---#X

Theorem 1. Let X; ..., X, be compact spaces, then the generalized sum
X, +--+ X, is compact.

Proof. Let {G,} be any open cover of X, +---+ X, . Then {G,} is also an open

cover of each X since each X; can be considered as the subspace of X, +--- + X

Since each X; is compact, there exists a finite sub-cover {Ga,i} of each X;. Then

clearly U {Ga_[}is also an open finite sub-cover of X, +---+ X, . Hence the
et J
theorem.

Lemma 2. If X is locally compact and Y, a closed subspace of X then Y is locally
compact.
Proof. Let y €Y. Since y € X and X is locally compact, there exists an open set

V in X such that y € V' and Vois compact in X. Then V" NY is open in Y and

yeVnY. Let {W,} be an open cover of (V' NY), in Y. Then, for alla,
W,=U,NY, for some U, which is open in X. Thus {U_} is an open cover of

(V'nY), in X Since (V¥ "Y), is a closed subset of V in X, VnY), is
compact in X. Hence there exist U, ------ U such  that

VoY), cl, v - VU, . Hence(V NY), cW, U - uw
Therefore Y is locally compact.

Applying this theorem directly to the generalized sum X, +---+X , we
certainly get the following result:
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Theorem 3. If X, +---+ X, is locally compact, then each of the X, ’s is locally

compact.
Since each X; is a subspace of X, +---+ X, so from a standard result it follows

that:

Theorem 4. X, +---+ X, is connected if and only if each X; (i=1,---,n) is
connected provided that X, N---NX, #®D.

Theorem 5. If X;’s are locally connected then the sum X, +---+ X is locally

connected.
Proof. Let ZEZXi .If Wis an open setin X, ®@---®@ X, with ze W, then

W=U,uU---UU, with each U; open in the corresponding X; respectively. If
z € U , there exists connected open set Ui/ inX; (i=1, 2, ...,n) with z € Ui/. Since

U i/ sareopenin X, @--- @ X, ,so the statement of the theorem holds.

Lemma 6. If X is locally connected and R is an equivalence relation on X, then the

X
quotient space E is locally connected.
X . . .
Proof. Let 7: X — 2 denote the mapping given by 7 (x)=clsx .Then 7x is

continuous, open and onto. Let x € X', and let U be an open set in E such

that clsxeU . Then U = 7(U), for some open set U in X such that x e U .

Since X is locally connected, there exists a connected open set U’ in X such

X
that x e U'. Then, 7(U') is a connected open set in = and clsxen(U").

X
Hence E is locally connected.

Let X;’s be locally connected spaces. Since from the definition of

X, U UX
connected sum in [2], it can be written X #---#X, 6 =—"1——",

where R is an equivalence relation defined as in the definition in [2]. Thus
by the theorem 5 and lemma 6, it is clear that X #---#X,k 1is locally

connected. Hence we have the following results:
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Theorem 7. (i) If X;’s(i=1,---, n) are locally connected, then X #---#X,  is
also locally connected.
(i) If X;’s (i=1,---, n)are path connected, then X #---#X, is

path connected.

4. Fundamental Group of X | +---+ X,

Sometimes a group, named the fundamental group, is associated with a
topological space. It is topological invariant and serves to classify spaces to
some degree. We shall now study with the problem that how one can find the

fundamental group of the generalized sum X, +---+ X, of n compatible
topological spaces. To do this we recall the well known and famous theorem
of H. Seifert and E. Van Kampen. This theorem asserts that, if U and V are
both open sets of arcwise connected space X so that X =U UV , and U NV
is nonempty connected, then the fundamental group 7(X) of X is completely
determined by the following ways:

For group homeomorphisms ¢, : 7(U NV) —> 7(U), ¢, :x(UnNV)—>z(V);
there must exist group homomorphisms v, :7x(U) > n(X),
v, :x(V) > n(X) and y:72(UNV)— 7(X) such that yw,p, =w,0, =y,
where @, ¢,,y¥,, ¥, and y are induced by inclusion maps. In other words,
7(X) is the possible freest group so that the above conditions are satisfied. Now
we suppose that the fundamental groups 7(X;) of the arcwise connected spaces
X, i =12, ..., n) for which X, n---NX #® are known then
(X, +---+X,) can be found in the following sense:

Since X,---, X, are arcwise connected open subspaces of X, +---+ X
such that X, Nn---NX, is also non-empty connected and
X +-+X, =X, U---UX,, so by Seifert-Van Kampen theorem
(X, +---+X,) is the possible freest group so that the following are true:

For group homomorphisms@, : 7(X, N---NX,) > n(X,), i=1, ---,n;
there must exist group homomorphismsy, : 7(X,) = 7#(X, +---+X,), and
wim(X, M NX,)>nm(X,+---+X,) such that y,p, =y, where
@;, ¥, and y are induced by inclusion maps.

Therefore the Seifert-Van Kampen theorem for the sum X, +---+ X, can be
stated more precisely in the following form:
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Theorem 8. Let X ,---, X, be path connected compatible spaces such that
X, N-NX,#D and are path connected also. If H be a group and p,
p; (i=1,---,n) are any homomorphisms such that the diagram
/vﬂ'(Xl)
o n.
7 7(X,)
Q. s)

»
7 »

pn

n(X,)

n

is commutative where the homomorphisms @, are induced by the inclusion maps.

Then there exists a unique homomorphism o :7w(X, +---+X,) —> H such that

the following three diagrams are commutative:

(). X)) v (). X,)
v,
- - /
(X)) e (NX,) e
~ ~
P > H P> H
and

where y, Wy, are also homomorphisms induced by inclusion maps.

Thus the fundamental group (X, +---+ X, )of the generalized sum

X, +---+ X, is determined through the last theorem. From the expression of

the theorem shown by the diagrams, it can be stated that the group
(X, +---+X,) is generated by the union of the imagesy ,[7(X,)], where

A=1,2, ..., n. The above result yields us immediately the following corollary.
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Corollary. If 7(X,n---NnX,)=1 ie, if X,Nn---NX, is simply
connected, then 7 (X, N---MX,) is the free product of the 7(X,)’s under

the homomorphismsy,’s i.e., 7(X, +---+X,) =7(X,)*---*7(X,), where *
denotes the free product.
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