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ABSTRACT

An ideal M of a lattice L is called a modular ideal if for all ideals 1, J € [ (L) with

J < I, the relation 1 M (M Vv J) = (I ﬂM)\/ J s satisfied. In this paper the

authors have introduced the notion of modular n-ideals of a lattice. They have given
several characterizations and properties of modular n-ideals when n is a neutral

element in lattice L. They proved that the principal n-ideal <s > is a modular n-

ideal if and only if sAn and svn are modular elements in (n] and [n)
respectively. Finally, they have characterized modular n-ideals with the help of
relative n-annihilators.
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1. Introduction

Distributive, standard and neutral elements (ideals) of a lattice were studied
extensively by Gratzer and Schmidt in [3], also see [2]. These elements are needed
to study a larger class of non-distributive lattices. Again Talukder and Noor have
introduced the notion of modular elements and ideals in [11] and [12] for directed
below join semi lattices. On the other hand Noor and Latif have studied the standard
n-ideals of a lattice in [9]. In a very recent paper [1] have studied the distributive n-
ideals of a lattice. In this paper we have introduced the concept of modular n-ideals
of a lattice and have included some of their characterizations.

An element m of a lattice L is called modular if for all x,ye L with

V<X, XA (m \Y y) = (x A m)v . On the other hand, Malliah and Bhatta in [5]
have called an element m of a lattice modular if for all x,y € L with x<y,
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XAm=yAm and xvm=yvm imply that X =). It is easy to see that both

the definitions are equivalent.

An ideal I of a lattice L is called modular if it is a modular element of the
ideal lattice I(L). In [11] and [12] authors have given several characterizations of
modular elements and modular ideals of a lattice.

By [2,3] an element s of a lattice L is called a standard element if
XA (y v S) = (x A y)v (x /\s) forall x, ye L. lItis called neutral if

(i) s is standard in L and

(i) sA(xvy)=(sax)v(sAy) forall x,ye L.

s is called a central element if it is neutral and complemented in each
interval containing it.

For a fixed element n of a lattice L, a convex sublattice containing n is
called an n-ideal. The idea of n-ideals is a kind of generalizations of both ideals and
filters of a lattice. The set of all n-ideals of a lattice L is denoted by 7,(L), which is

an algebraic lattice under set-inclusion. Moreover, {n and L are respectively the
smallest and the largest elements of 7,,(L).

For any two n-ideals / and J of L, it is easy to check that
INJ=INnJ={xelL:x= m(i,n,j) for some iel, jeJ}, where
m(x,y,2)=(x A y)v(yAz)v(zAx) and IvJ={xeL: irj;<x<iyVj, , for
some i, i, €l and j;, j, €J}.

The n-ideal generated by a finite numbers of elements «,, a,, ...,a,, is
called a finitely generated n-ideal, denoted by <a,, a,, ...,a, >, . Moreover,
<a,,a,,..,a, >, is the interval
la, nay A...na,, AR, a,va,Vv..va,Vvn] The n-ideal generated by a single
element a is called a principal n-ideal, denoted by <a>,and

<a>,=lann,avn].

The set of all principal n-ideals of a lattice L is denoted by P,(L). By [4] for
a standard element nefl, P(L) is a meet semi lattice and

<a>,n<b>,=<m(a, n,b)>,. P,

n(L) is not necessarily a lattice. But if n is

central, then P, (L) is a lattice. For detailed literature on n-ideals we refer the reader
to consult [4], [8] and [9].
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2. Modular n-Ideals of a Lattice
An n-ideal M of a lattice L is called a modular n-ideal if it is a modular element
of the lattice /,, (L) In other words M is called modular if forall 7, J €[, (L) with

JcLInMvJ)=(InM)vJ.

We know from [11] that a lattice L is modular if and only if its every element is
modular. Also from [4], we know that for a neutral element n of a lattice L, L is
modular if and only if 7, (L) is so. Thus, for a neutral element n, the lattice L is

modular if and only if its every n-ideal is modular.
Following result gives a characterization of modular n-ideals of a lattice.

Theorem 2.1: M €1, (L) is modular if and only if for any a,b € L

with<b> c<a>, ,<a> N(Mv<b> )=(<a> "MN<b>, .

Proof: Suppose M is modular. Then above relation obviously holds from the
definition. Conversely, suppose <a >, m(Mv <b>, ) = (< a>, mM)v <b>, for

all a,be L with <b> c<a>, .Let S, T eln(L) with 7' S . We need to show
that SN(MvT)=(SAM)vT. Clearly (SAM)vT<SN(MVT). To
prove the reverse inclusion let x € S N (M vT ) Then xe Sand xe M v T.
Then m At < x <my vt forsome m, my €M, t,t; €T. Thus,
xvn<m Vi Vvn whichimplies xvVne<myvn>,v<tjvn>,

CMv <ty vn>,. Moreover, XVHE<XVH VN>, and

<xVvt vn> D<t vn>, . Hence by the given condition,

xvne<xvtvn> NMv<tvn> )=

(<xvtyve>, A"M)v<t,vn> c(SNM)vT.

By a dual proof of above we can easily see that xAne(SNM)vT. Thus by

convexity xe(SNM)vT. Therefore, SNMVvT)=(S"M)VvT, and so M is
modular. O

Now we give another characterization of modular n-ideals when n is a
neutral element in the lattice.

Therefore 2.2: Suppose n is a neutral element of a lattice L. An n-ideal M is
moudular if and only if for any xeMv<y> 6 with <y> c<x>,

x=(xAm)Vv(xAy)=(xvmy)A(xVvy) forsome m;, my, €M .
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Proof: Suppose M is modular and x € Mv <y > . Then

xe<x>, N(Mv<y>,)=(<x>, "M)v<y>, . This implies
pAyAn<x<qvyvn forsome p,qge<x>, "M .By[6],

q €< x>, MM implies that
g=(xAngq)v(xan)v(gan)=(xr(gvn))v(gan).Thus,
xvn<(xa(gvn))vyvn<xvn,whichimplies
xvn=(xn(gvn)vyvn=(xn(gvn)v(ya(xvn)vn=
(xA(gvn))v(xAy)vn, as n is neutral. Hence by the neutrality of n again,
x=xA(xvn)=xA[(xa(gvn)v(xany)vn]=

FALAGY M)V EAWDY (AR =(xA gV M)V (XA W)V (X AN) =
(xA(gvn))v(xAy), which is the first relation where m;y =qgvne M . A dual
proof of above established the second relation.

Conversely, let <y >, c<x>,. By theorem 2.1, we need to show that
<x>, NMMv<y>)=(<x> "M)v<y>, . Clearly RHScLH.S. To
prove the reverse inclusion let te<x>, N(Mv <y>,). Then fe<x>, and
teMv<y>,. Then mAyAn<t<m;vyvn forsome m,m M.

Thus, tvyvn<myvyvnandsotvyvneMv<yvn>, and
<yvn>,c<tvyvn>,.So by the given condition
tvyvn=((tvyvn)arm')v (yvn)forsome m'e M .Since t, y e<x>,,s0
tv yVvne<x>,.Moreover, by the neutrality of n,
(vyvnyam)yv(yvn)=[tvyvn)a(m vn)vy =
m(tvyvn,nm)vye(<x>, "M)v<y>,. Therefore,
tvyvne(<x>, "M)v <y>,.By adual proof we can show that
tAnyAne(<x>, "M)v <y>, .Thus by the convexity,

te(<x>, "M)v <y>,. Therefore,

<x>, N(Mv<y>)=(<x>,"M)v<y>, and so by theorem 2.1, M is
modular. O

In [5], it has been proved that for a modular ideal M and an arbitrary ideal I

if 1V M and I MM are principal, then I is itself principal. Now we generalize this
result for modular n-ideals. It should be mentioned that similar result on standard n-
ideals has been proved by Noor and Latif in [10].
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Theorem 2.3: Let n be a neutral element of a lattice L. Suppose M is a modular n-
ideal and 1 is any n-ideal of L. If M v 1 =<a>, and M N1 =<b>,, then 1is

principal.

Proof: Here M vI=<a>, =[ann,avn],then avn<mvi for some
meM,iel. Sincem,i<avn,soavn=mvi.Similarly a An=m ni for
some my € M and i; € [ . Again,

M NI =<b>, implies ann<b<avn.Thus,
<a>,=MvIDMv[bAijAn,bvivn]D[m An,mvn] v[bAijAn,
bvivn]=[aAn,avn]=<a>,. This implies

M~ I=Mv[bAi; An,bvivn].On the other hand,
<b>,=MNI>MnN[bAijAn,bvivn]DMnN<b>,=<b>, implies that
MnNI=

M N[bAiyAn, bvivn] .Since [b Al An, bvivn]cI,So by the definition
of modularity of M in [S5],we have I = [bAijAn, bvivn]. Now by [4], we
know that for a neutral element n, any finitely generated n-ideal contained in a
principal n-ideal is principal. Since [bAi AR, bvivn]c<a>,, so I is
principal. O

Theorem 2.4: If M is a modular n-ideal and 1 is any n-ideal of a lattice L, then
I "M is also modular in the sublattice 1.
Proof: Let J, K be any two n-ideals contained in I with K < J . Then

JNUI"M)VvK]=JN[IN(MvK)], as M is modular and K < /. Thus,
JO[UN"M)vK]=JNINMVK) = Jn(MVvK)=(JNM)v K (using the
modularity of M again) = (J N(I N M))v K . This implies / N\ M is a modular n-
idealinl. O

Relative annihilators in lattices have been studied by many authors including
Mandelker [6]. For a,be L, <a,b>= {x el:xra< b} is known as annihilator

of a relative to b, or simply a relative
annihilator. In presence of distributivity, < a,b > is an ideal of L.

Now we give a characterization of modular element of a lattice using relative
annihilators.

Theorem 2.5 : An element m € L is modular if and only if whenever b<a , x € (b]
and me<a,b>, then xvme<a,b>, a,b,x e L.
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Proof: Suppose m is modular. Since me<a,b>, so anm<bh. Also x<b<a.
Thus by modularity of m, aaAn(mvx)=(arm)vx<bh. This implies
mv x €<a,b>. Conversely, let the given condition holds. Suppose x,z € L with
z<x.Then zv(mAx)<x and ze(zv(m/\x)]. Also, mAx<zv(mAx)
implies me<x,zv(max)>. Then by the given  condition,
zvme<x,zv(max)>.This implies xA(zvm)<(mAx)vz Since the
reverse inequality is trivial, so m is a modular element. [

Theorem 2.6: For an element s of a lattice L, <s >, is modular if and only if s An
and sV n are

modular in (n] and [n) respectively.
Proof: Let s An and sV n are modular in (n] and [n) respectively. Suppose
<b> c<a>,,
a,beL. Then ann<ban<bvn<avn.So, <a> N(<s> v<b> )=
[ann,avn]lN[sAaban,svbvn]=(ann)v(sAban),(avn)A(sAbvn)=
[(OAan)A((sAn)v(ann)),((avn)A(svn))v(bvn)]. Again,
(<a>, N<s> )v<b> =
[(ann)v(san),(avn)A(svn)]v[ban,bvn] =
[(bAn)A((ann)v(san)),((avn)A(svn))v(bvn)]. Thus
<a>, N(<s>, v<b> )=
(<a>,N<s>,)v<b>, . Henceby Theorem 2.1, <s >, is modular.
Conversely let <s > be modular. Suppose n<bvn<avn.Then
<bvn>c<avn>,and
<avn> N<s> v<bvn>)=(<avn> N<s> )v<bvn> . Thenby
a routine calculation, [n,(av n)A(svbvn)]=[n,((avn)A(svn))v(bvn).
This implies (avn)A((svnr)v(bvn))=((avn)A(svn))v(bvn),andso

sV n is modular in [n) Similarly s An is also modular in (n] O

In [7], Noor and Ayub has introduced the notion of relative n-annihilators.
For abel and a fixed element nel,
<a,b>"= {xeL:m(a,n,x) e<b >n}: {xeL bAan< m(a,n,x)ébvn} is
called the annihilator of a relative to b around the element n or simply a relative n-
annihilator.

It is easy to see that for all a,be L,<a,b>"is always a convex subset
containing n, but not necessarily an n-ideal. But in presence of distributivity of L,
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<a,b>" is an n-ideal. Moreover < a,b>"= <<a >, ,<b> > relative annihilator
in 7, (L).

We conclude the paper with the following characterization of modular n-
ideals with the help of relative n-annihilators.

Theorem 2.7: Let n be a neutral element in a lattice L. For an element s € L , the
following conditions are equivalent.
1) <s>, is modular,
ii) For <b>, c<a>, and s €<a,b>" implies
SAX,sVxe<a,b>" forall xe<b>,.
Proof: (i) = (ii). Suppose (i) holds, <b> c<a>, and se<a,b>".Then by
Theorem 2.6, svn is modular in [n) Also, m(a,n,s)e<b>, . Then
(ans)v(ann)v (s Aan)<bvn,which implies
ans<bvn.Thus,
m(a,n,svbvn)=(avn)A(svbvn)=(avn)A((svn)v(bvn))=
((avn)a(svn))v(bvn)= (ans)vbvn=bvn,asnisneutral. Hence

m(a,n,svbvn)e<b> ,andso svbvne<a,b>".Again s An is modular in

(n} So a similar proof shows that s AbAne<a,b>". Now for xe<b >,
bAan<x<bvn.Then sAbAn<sAx<svx<svbvn implies
SAX,SVXE<a,b>",by convexity.

(if) = (@) . Suppose (ii) holds and let x,z € [n) with x < z. Then
xVv((svn)Az)<z,whichimplies <xV((svn)Az)> c<z> .Now
x<xv((svn)Az)implies xe <xVv((svn)az)> . Again
(svn)Az)<xVv((sVvn)Az) implies
m(svn,n,z)=(svn)Aze<xv((svn)Az)>, .Hence
svne<z,xv((svn)az)>".Thus by (ii),
svnvxe<z,xv((svn)az)>".That is, (svavi)Az<xv((svn)Az),
which implies sV 7 is modular in [n) A dual proof of above shows that s A7 is

also modular in (n] Hence by Theorem 2.6, < s >, is modular. [J
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