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ABSTARCT

The problem of radiative heat transfer to magnetohydrodynamic Couette flow of a
viscous incompressible electrically conducting fluid confined between infinite
parallel conducting walls with variable walls temperature has been studied. An exact
solution of the governing equations has been obtained in a closed form. It is found
that the velocity at any point decreases while the temperature at any point increases
with an increase in wall conductance. The induced magnetic field is strongly
affected by the magnetic field as well as wall conductances. Further, the critical
Eckert number for which there is no flow of heat either from walls to the fluid or
fluid to the walls has been obtained. It is found that the critical Eckert number at the
upper wall increases with an increase in either wall conductance parameter or
radiation parameter.
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1 Introduction
The problem of the MHD Couette flow of a viscous incompressible electrically
conducting fluid with conducting walls has many practical applications in
Astrophysics, Engineering and Space Science. Hydromagnetic Couette flow has
been studied by Pai [1], Muhuri [2], Katagiri [3], Steinheuer [4] and Zierep and
Buhler [5] and many others. Rao [6] considered the flow in a channel with
conducting walls in the presence of a heat source/sink term as a model for Couette
flow with variable wall temperature. Ogulu and Mosta [7] have studied the radiative
heat transfer to magnetohydrodynamic Couette flow with variable wall temperature
for conducting walls. They have solved the energy equation on using the Runge-
Kutta and the Newton-Raphson shooting algorithm.
The aim of the present study is to investigate the combined effects of the
radiative heat transfer and wall conductances on the MHD Couette flow with
variable wall temperature. An exact analytical solution for the velocity field, the
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induced magnetic field and the energy equation has been obtained in a closed form.
So there is no need of the Runge-Kutta and the Newton-Raphson shooting algorithm
for solving the energy equation as done by Ogulu and Mosta [7]. It is found that the
velocity at any point decreases while the temperature at any point increases with an
increase in wall conductance. The induced magnetic field is strongly affected by the
magnetic field as well as wall conductances. Further, the critical Eckert number for
which there is no flow of heat either from upper wall to the fluid or fluid to the
upper wall has been obtained. It is found that the critical Eckert number at the upper

wall increases with increase in either wall conductance parameter ¢ (= o+ (ou) or

radiation parameter Ra .

2 Formulation of the problem and its solutions

Consider a steady MHD Couette flow of a viscous incompressible electrically
conducting fluid confined between infinite conducting walls. The walls are at a
distance 2L apart. Choose a cartesian coordinates system in such a way that the
origin is at the middle of the channel, the x -axis is taken in direction of the flow, the
y -axis perpendicular to it and z -axis is normal to the xy-plane. The upper wall

moves with a uniform velocity U, in the direction of x -axis. A uniform magnetic

field H, is applied perpendicular to the walls [ See Fig.1].
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Fig.1: Geometry of the problem

Since the walls are infinitely long along x- and y- directions, all physical
quantities will be functions of y only. The equation of continuity V-g =0 gives

du _ 0 which implies that u = u(y) Similarly the solenoidal relation V-H =0

dx
yields H = H,.
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The momentum and magnetic induction equations which are comparatable with
G =(u,0,0) and H =(H_,H,.,0) are respectively
2
H, dH
v d“u + lue 0 X

0, (D
dy*  p dy
2
H
d 23( +O—lueH0@:O’ (2)
dy dy

where v is the kinematic coefficient of viscosity and p is the density of the fluid,
o the electrical conductivity of the fluid and x, the magnetic permeability.
The velocity boundary conditions are the no-slip conditions at the walls

u=0at y=-L and u=U, at y=1L. 3)
The magnetic boundary conditions at the walls y =—L and y = L can be derived as

follows. From equations Vx H = j and j = G(E + 1,q % H ), we have

dH

—= _O-(Ez + /ueHOVJr )’ (4)
dy

J, =0k, (5)

the equation Vx E =0 gives E, = E, =constant within the solid boundaries as well
as within the fluid and o is the electrical conductivity of the fluid .
Within the lower wall (y = —L), we get
dH'”
dy
where o, is the electrical conductivity of the lower wall and the superscripts (s)

=-0E, (6)

denotes the quantities within the solid. Integrating equation (6), we have
H =-0Ey+c. (7)
At the outer surface y = —(L +d,) the following condition is satisfied
HY(-L-d,)=0,
which in turn gives

¢ =-0k, (dl + L)- (3)
Hence

HY =-cE.(y+L+d,) 9)
At the lower wall y =—L (the interface between the wall and the fluid)

H(-L)=-0\E.d, (10)

Within the fluid y =—L, we have

dHX+oEZ=0. (11)
dy
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For the continuity of the tangential component of E,, we have from equations (10)
and (11)

A, oM g at y=—1 (12)
dy od,
Within the upper wall (y = L) , we have
()
i, _ -0,E_, (13)
dy

where o, is the electrical conductivity of the upper wall.

Integrating (13) and using the conditions H )(CS)(L +d,)=0, we find, at z=1L, the
interface between the fluid and the wall

H(d)=0,E.d,. (14)
At the upper wall (y = L), equation (4) gives
de :_O-(Ez +/ueH0U0)' (15)
dy

For the continuity of tangential components of the electric field, we have from
equations (14) and (15) as

dH, oH,
+——==-ocu HU, at y=1L. (16)
dy 0,d,
Introducing the non-dimensional variables
H
77=l,ul=i and h, = ————, (17)
L U, ou,vH,
equations (1) and (2) become
d*u,  M* dh,
) (18)
dn Re dn
d’h d
"+ ReS =0, (19)
dn dn
1/2
2 2| O : UyL
where M~ =pu, Hj| — | is the Hartmann number and Re = the Reynolds
pv 1%
number.
The corresponding boundary conditions for #, and 4, are
u, =0 at n=-1 and u, =1 at n=1, (20)
dh., h
~——==0 at n=-1 and —+—=—Re at n=1. (21)
dn o, dn ¢,
o,d, o,d, . . .
where ¢, = and ¢, = L are the dimensionless wall conductance ratios.
o
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The solution of the equations (18) and (19) subject to the boundary conditions (20)
and (21) are

()= a[l_costhj+ sinh M (1+77) 22)

cosh M sinh2M

asinhMn cosh M (1+7) +E 1+cosh2M
M cosh M M sinh 2M 2 | Msinh2M

@Oﬁ=&{

where

a (% —-¢ )} ,(23)

a= ! .
(¢, + @, )M coth M +2

It is seen from the expressions (22)-(24) that the velocity depends only on the sum of
the wall conductances ¢, and ¢, but the induced magnetic field depends on the

24

sum of the wall conductances ¢, and ¢, as well as the individual values of ¢, and

¢M *

The results of this paper can not be compared with the result of Ogulu and Mosta [7]
because the boundary conditions of the induced magnetic field prescribed by Ogulu
and Mosta [7] are incorrect. The correct boundary conditions, according to Ogulu
and Morta [7], of the induced magnetic field will be

dh, —h—’=0 at n=-1 and dh, +£=—Re at n=1. (25)
n ¢ n ¢,
The solution of equations (18) and (19) subject to boundary conditions (20) and (46)
(Ogulu and Mosta [7]) are

sinh Mn
wln)=—=—=", (26)
Re | coshMn
h =——| ——+cothM |. 27
X(n) Mz{sinhM } @7

It is observed from the equations (26) and (27) (Ogulu and Mosta [7]) that the
velocity field and induced magnetic field are independent of the wall conductances,
@, and @, . This is due to the fact that walls are moving with the same velocity but

in opposite directions.

3 Results and Discussion

To study the effects of the magnetic field and wall conductances on the MHD
Couette flow, the dimensionless velocity and the induced magnetic field are depicted
graphically against 7 in Figs.2-3 for several values of Hartmann number M and

wall conductance (o(= o+, ) Fig.2 depicts the effect of the magnetic field and

wall conductance on the velocity field. We notice from Fig.2 that for fixed value of
@, the velocity u, increases near the lower wall of channel, while near the upper

wall it decreases with an increase in Hartmann number M . It is also noticed that at
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any point the velocity u, decreases with increase in ¢ for fixed value of M . It is
seen from Fig.3 that for fixed value of ¢, the induced magnetic field /_ decreases

in the range —1<7<0.7 while it increases in the range 0.7 <7 <1.0 with an

increase in Hartmann number M . It is manifested that there is a closeness of the
curves near the upper wall. Fig.3 reveals that for fixed value of M , the induced

magnetic field /_ increases in magnitude in the range —1<7<0.45 and decreases
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in the range 0.45 <7 <1.0 with increase in ¢@.
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Fig.2: Variation of u; for r, =0.2.
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Fig.3: Variation of %, for r, =0.2.
The non-dimensional shear stresses at the lower wall 7 =—-1 and the upper wall

n =1 are respectively given by 7, = (j—uj and 7, = (ﬂj where
n=-1 n=1

dn
du _ M coth M — M , (28)
dn ), (@, +@, )M cothM +2  sinh2M
and
du)o__ MceothM L cothom. (29)
dn - ((o, +, )M cothM +2

Numerical values of the non-dimensional shear stresses at the lower wall 7 =-1 and

the upper wall 7 =1 are shown graphically against M * for different values of ¢ in
Fig.4. It is seen that the shear stress 7, decreases while 7, increases with an

increase in @ when M is fixed. It is also seen that for fixed values of ¢, 7,
increases steadily with increase in M 2 On the other hand, 7, first decreases, reach

a maximum and then increases with an increase in M 2.
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Fig.4: Variation of 7; and 7, for r, =0.2.

4 Heat Transfer
The equation of energy for the temperature distribution is

2 2 2 2 '
OH
pcpuéu:k[87;+87;j+#(8uJ +l( ] % (30)
Ox Ox oy oy o\ Oy oy

where T',q',k, 4 and ¢ , are respectively the temperature, the radiative flux, the

thermal conductivity, kinematic coefficient of viscosity, specific heat of the fluid .
The Rossland approximation is assumed to hold and we have

, _ 4o"or’

3k* oy’

where o is the Stefan-Boltzman constant and & the mean absorption coefficient.
We assumed that the temperature differences within the flow are sufficiently small

€2

such that 7'* can be expressed as a linear function of temperature. We therefore
expand T "“ina Taylor series about the temperature 7, (7;, being the temperature at
n =0), neglecting higher order terms to obtain

T ~4AT T' 3T, (32)
On using equations (31) and (32), equation (30) becomes
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or' (8T AT au) 1(eH. Y 160" T’ &°T'
pc,u—=k —t—— |tu | +t— + - - (33)
oy ox oy oy o\ oy 3k oy
The boundary conditions for temperature distribution are
T'=T aty=-L and T'=T, at y=1, (34)

where 7,7, denote the temperatures of the lower and upper walls respectively.

We assume that the temperature varies linearly along the wall in addition to
radiative heat transfer, so that

T'(x,y)=T(y)+Nx (35)
On account of equation(35), equation (33) reduced to
166" T\ &° ’ oH .\’
pe, Nu=| k+—02t OT | 2] + L] 2 (36)
3k oy oy ol oy

with the boundary conditions
T'(x,~L)=T(-L)+Nx=T,

T'(x,L)=T(L)+Nx=T,. (37)
Introducing
T-T,
= - (38)
T, =T 0
and using (17), equation (36) becomes
2 du Y M (dn Y
(1+Ra) 2 = 2 Re Pru, — Pr Ee|| 20| + [ 4 (39)
dn dn Re™ \ dn
pcp V .
where Pr=—— is the Prandtl number, A= the temperature parameter,
2 1o
U, 160°T,’
Ec=———-"—— the Eckert number, Ra= O-* . the radiation parameter and
(-1, Wk
T, -T, .
r; = ——— the temperature ratio.
T, -T,
The temperature boundary conditions (34) become
0=0 at n=-1 and O=r, at n=1, (40)

The solution of the equation (39) subject to the boundary conditions (40) is

APrRe 1 cosh M sinh M (1+7
6(n)= a(—nz— - iU j+ . ( )
1+ Ra 2 M~ coshM M~ sinh 2M

_ﬂPrRe{az cosh2Mp cosh2M (1+7) asinhM(l-l—Zn)}

1+ Ra | 4cosh’ M 4sinh* 2M 2 cosh M sinh 2M
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+on+c,, 41)

1 APrRe PrEc[ 1)
C1:— rT_ 2 - a—— s

2 M (1+Ra) 1+ Ra 2

1 APrRe (1 1 j PrEc | a* cosh2M
OGS\~ al - ———5 + >

2 1+ Ra 2 M 1+ Ra | 2cosh” M

1+ coshdM a (sinhM —sinh 3M)H

+ + ,

4sinh® 2M 2cosh M sinh2M

and a is given by (24). It is observed from the equations (41) and (42) that the
temperature field depends only on the sum of the wall conductances ¢, and ¢, .

where

(42)

To study the effect of the radiation and the wall conductance on the temperature
field 6, we have presented Fig.5 against 7 for various values of Ra and

@ (= o+ (ou) with M? =5 and r, =0.2. Fig.4 shows that the temperature at any

point increases with an increase in either ¢ or radiation parameter Ra .
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Fig.5: Variation of @ for M?* =35, rp=0.2.

The rate of heat transfer at the walls 7 =—1 and 77 =1 are respectively given by

deo 1 APrRe| 1 tanh M 1
— =—r = ~+a|l- + -
dn A 2 1+ Ra | 2M M M sinh 2M
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PrReE aM 1(1
+J a’MtanhM + ——+—| ——a ||, (43)
1+ Ra sinh2M 2\ 2
do 1 APrRe tanh M coth2M 1
— =—r + all- + N >
dn o 2 1+ Ra M M 2M
a’*M tanh M + M coth 2M
PrRe Ec
-————| aMcosh3M 1 IRYE (44)
1+ Ra |- - +—la——
coshM sinh2M 2 2

dn dn
different values of Ra and ¢ with 1 =0.5, Pr=0.025 and Re=5. It is seen from
Fig.6 that the rate of heat transfer at the wall 77 =—1 increases with an increase in

The values of ﬁj and ﬁ] against M* are entered in Figs.6 and 7 for
n=-1 n=1

either ¢ or M?*. On the other hand, the rate of heat transfer at the wall 7=—1

increases for M?* <3.358 and decreases for M* >0.358 with an increase in Ra .
Fig.7 shows that the rate of heat transfer at the wall 77 =1 decreases with an increase

in either @ or Ra while it increases with an increase in M > .
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Fig.6: Variation of (ﬁJ for r, =0.2.
dﬂ n=-1
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Fig.7: Variation of (ﬁJ for r, =0.2.
dﬂ n=+1

Equation (44) shows that, if £, = (EC )u , Where

/IPrRe{a(l— tanA};M)+ cohM 1 }+;rT (1+ Ra)

M 2M?
(Ec), = . @)
Pr| a’M tanh M + M coth 2M — aM COS. M +la-=
cosh M sinh3M 2 2

then there is no flow of heat either from fluid to the upper wall or that from wall to
fluid. Since 7, > Tj,, it follows from (44) that heat will flow from wall to the fluid if
Ec< (Ec) , while heat will start flowing from fluid to the upper wall if Ec > (Ec)u

u

even though the wall temperature is greater than the fluid temperature.
The value of (Ec)u computed for different values of ¢ and Ra is shown in

Fig.8 against M. It is observed from Fig.8 that the critical Eckart number at the
upper wall (Ec)u increases with increase in either @ or Ra. On the other hand

(Ec)u decreases with an increase in squared-Hartmann number M *.
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Fig.8: Variation of (EC )u for r, =0.2.

Conclusion: The steady MHD Couette flow of a viscous incompressible electrically
conducting fluid between infinite parallel conducting walls and radiative heat
transfer has been studied in the presence of a uniform transverse applied magnetic
field. Numerical results are presented to account the effect of the magnetic field and
wall conductance on the flow field. The study reveals that the velocity field, induced
magnetic field and temperature field are significantly affected by the wall
conductance and the radiative heat.

The results of this paper can not be compared with the result of Ogulu and
Mosta [7] because the boundary conditions of the induced magnetic field prescribed
by Ogulu and Mosta [7] are incorrect.
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