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ABSTRACT
Given two spaces X and Y, where both X and Y are either metric spaces or
topological spaces, a connected sum Z of X and Y has been constructed. Some
properties and several features of the constructed connected sums have been
studied in this paper.
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1. Introduction

Sums and connected sums are special operations to obtain some particular
extensions of spaces and surfaces. Therefore, these are very interesting and
important tools to construct new spaces and surfaces. Many researchers
studied spaces and surfaces obtained by making a number of sums and
connected sums. A sum of topological spaces has been defined and studied
by S. Majumdar and M. Assaduzzaman in [5]. A number of sums of
topological spaces have been defined and studied also in N. Bourbaki [1] and
J. Dugundji [2]. Certain connected sums of spaces and surfaces have been
studied in W. Massey [6] and M. A. Hossain [4]. In this paper, we have
constructed connected sums for metric spaces and arbitrary topological
spaces and studied some of their properties. Some terminology and notations
of [4], [5], [6] are used here in general.

We now recall some definitions and results for convenience. If (X, T))
and (X, T,) are two topological spaces, their sum is the space (X WY =2, 7),
where 7 is the topology in Z generated by 7, UT,. If both X and Y are open
subspaces of Z, Z is called usual extension of X and Y. A usual extension

exists if (i) X NYis open in both X and Y, and (ii) the class of all
intersections of X with the open sets in Y is identical with the class of

intersections of Y with the open sets in X, ie., if 7,NY=7,"X. Two
topological spaces (X, T) and (X, T,) are called compatible for sum with
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each other if they satisfy (i) and (ii). A topological space X is said to be
locally compact at a point x if there is some open set U containing x whose

closure U is compact. The space is locally compact if it is locally compact
at each of its points. A space X is said to be locally connected at a point x if
for every open set U containing x there is a connected open set V' containing
x and contained in U. The space is locally connected if it is locally
connected at each of its points. For two points x, y in a topological space X,
a path joining x and y is a continuous map f :[0,1] > X such that f(0) = x,
f()=y. The space X is path connected if any two points of X can be
joined by a path.

2. Connected Sum of Metric Spaces

Let (X, dy) and (Y, d,) be two disjoint metric spaces such that the closed
spheres § =S, (x,) ={xe X /d,(x,x,) <r} and
§'=8,(y)={yeY/d,(y,y,)<r,} are homeomorphic. Let f:S§ — S'be

a homeomorphism. If C and C'denote the boundary of S and
S'respectively, then C={xe€ X /d,(x,x,) =1} and

C'={yeY /d,(y,y,) =r,}. Also suppose that f restricted to C, is not only
a homeomorphism but also an isometry of C onto C', i.e.,
d (x,,x,)=d,(f(x,), f(x,))for every pair of points x, x, on C. Let
Z =(X —IntS) U (Y — IntS") . Define a relation R on Z as follows:
i) foreach ze Z—(CuUC'),zRz
ii) foreach zeC,zRzandz R f(z)
iii) foreach z'eC’, z’Rz' and z' R f7'(Z).
Then R is an equivalence relation on Z. Under identification topology

zZ = _
— (=2) is termed as the connected sum of X and Y, written Z = X#Y . We

R
can regard Z as XUY—(ntS UlntS'") under the identification of x with
fx) for all xeC. So, from now we will write

C=C'=(X-IntS)n(Y -IntS").

We shall now investigate whether Z inherits a metric from the
metrics d; and d,, or not. Before going to this investigation, we will prove
the following theorem:
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Theorem 1. Let (X, dy) and (Y, d,) be two metric spaces such that
XNY#® and let dl‘(Xr\Y)x(XmY):dZ‘(Xr\Y)x(XﬁY)' Let us now define

d:(XuY)x(XuY)—> Rby

d(z,z) if z,ze X
d(z,z"y=4d,(z,2") if z,z' €Y
Inf {d,(z,c)+d,(c,z")} if ze X and z' €Y.

ceXnY
Then d is a metric in X UY .
Proof. Since d,(z,z')=d,(z,z") for all (z,z)e (X NY)x(XNY), d is
well defined. Since d, 20 and d, 20, so d >0. Also, it is clear from the
definition of d that d(z,t) = 0 forall te X UY .
For any ¢, t, in X UY,
di(t,t)=d (t,1)if 1,1, € X
d,(t,,t,) =d,(t,,t) if t;,1, €Y
d(z,2') =3 Inf {d,(t,,¢)+d,(c,t,)} if t, e X and t, €Y

ceXnNY

= ]nf {d2 (l‘z,c) +d1 (C’tl)}

ceXnY
= d(t,,1).
If for any three elements ¢, ¢ and ¢ in XUY, f,eX or
t,eY (i=1,2,3), then clearly d(t,,t,)+d(t,,t;) 2d(¢,,t;). We prove the
triangle property for the case when any two of the #’s are in X or Y. Let
t,,t, € X and t; €Y. Then
d(t,,t)) +d(ty,t;) =d, (4, 1,) + Inf {d,\(t;,0)+d,(c,13)}

ceXnY

Inf {d,(t,,1,) +d,(t,,0) +d,(c, 1)}

ceXnY

Inf {d,(t,,c)+d, (c,15)}

ceXnY
=d(t1,t3)-
ie., d(t,t,)+d(t,,t,) 2 d(1,,1,).
Therefore d is a metric in (X UY) i.e., (X UY) is a metric space.

v

The metric on Z : Let us now define d on Z by
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d(z,,z,) if z,,z, e X
d(z,,z,)=4d,(z,,z,) if z,,z, €Y
Infid (z,,c)+d,(c,z,)} if z,eXand z, €Y,

ceC

C being as defined above.
Then d is well-defined, since d1|CXc = d2|CXc . Now by the Theorem 1, it

follows clearly that d is a metric space on Z . Therefore the connected sum
X#Y of metric spaces X and Y is a metric space.

Theorem 2. Let (X, dy) and (Y, dy) be two compact metric spaces, then the
connected sum X#Y is compact.

Proof. Let {G,} be any open cover of X#Y. Then {G,} is also an open
cover of X and of Y. Since X and Y are compact, there exist finite sub-covers
{G,} and {Ga,} of X and Y respectively. Then clearly {Ga,}U{Ga,}iS a

finite sub-cover of X#Y. Therefore, X#Y is compact.

3. Connected Sum of Topological Spaces
Let (X, T) and (Y,T') be two topological spaces such that

X NY # ®. Suppose that there exists non-empty closed sets F and F' of X
and Y respectively such that F is homeomorphic to F'. Let f:F — F' bea

homeomorphism. Let 7 = f‘ sy Where b(F') is the boundary of F. Then f

is a homeomorphism 7 :b(F)(=B)—>b(F'Y(=B"). Let B=F —1Int(F),
B'=F'—Int(F'), and Z=(X—1Int(F))u (Y —Int(F'))where Z has the
topoogy of a sum. Define a relation R on Z as follows:

i) foreach ze Z—(BUB'),zRz;

ii) foreach ze B,z Rz and z R f(z);

iii) foreach z’eB', z' R z' and z' R f7'(2).
Then R is an equivalence relation on Z. Under identification topology,

Z —
n (= Z) is thus a topological spaces and is termed the connected sum of X
and Y. We can regard Z as (XUY)—(Unt(F)u Int(F')) under the

identification of x on B with f(x) on B'. Here, we regard
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B=B'=(X—-Int(F))n(Y —Int(F")). We shall denote the connected sum
(in this case) of two topological spaces X and Y by X#,.Y or X#,.7Y.

Theorem 3. The connected sum X#.Y is connected if and only if both
X —Int(F)
and Y — Int(F") are connected.

To establish the above theorem we first prove the following lemma, where
X and Y are topological spaces such that X Y #® so that X UY is a
topological space and the topology is {GUH/ G openin X, H openinY}.

Lemma 4. X UY is connected if and only if both X and Y are connected and
XNY#0.

Proof. The result follows from a standard theorem since X and Y are
subspaces of X UY .

Proof of Theorem 3. Since X#,Y is (X —Int(F))u (Y —Int(F')) and
b(F)=b(F")=(X —Int(F))n(Y —Int(F')) is a non-empty subspace
of X#,.Y, the theorem follows from the direct consequence of the above
lemma 4.

Lemma 5. If X is locally compact and Y, a closed subspace of X then Y is
locally compact.
Proof. Let yeY. Since ye X and X is locally compact, there exists an

open set V in X such that y el and V is compact in X. Then V' NY is

open in Y and yeV nY. Let {W_ } be an open cover of (V' NY), in Y.
Then, for all a, W,=U_,NY, for some U, which is open in X. Thus

{U,} is an open cover of m in X. Since W is a closed
subset of ¥ in X, W is compact in X. Hence there exist
u, - U, such that WQU% U VU, . Hence
m W, O e UW, . Therefore Y is locally compact.

Theorem 6. If X and Y are locally compact then X#.Y is locally compact.
Proof. Let X and Y be locally compact spaces. Since X#,Y can be written
as (X-Y)uCu (Y —-X) where C = b(F), and since (X-Y), C and (Y-X),
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being subspaces of locally compact spaces X and Y, are locally compact by
the above lemma 6. Hence X#,.Y is locally compact.

Lemma 7. If X and Y are locally connected then the sum X UY is locally
connected.

Proof. Let ze X UY. If W is an open set in X UYwith ze W, then
W=UuUV with U open in X and V open in Y. If zeU, there exists
connected open set U' in X with zeU' and if ze€V, there exists
connected open set V' in Y with zeV'. Since U’ and V' are open in
XUY,so XUY islocally connected.

Lemma 8. If' X is locally connected and R is an equivalence relation on X,

X
then the quotient space E is locally connected.
X : .
Proof. Let 7: X _)E denote the mapping given by 7(x)=clsx .Then 7

. . - X
is continuous, open and onto. Let x € X, and let U be an open set in E

such that clsxe U . Then Ezﬂ(U), for some open set U in X such that

x €U. Since X is locally connected, there exists a connected open set U’

X
in X such that xeU'. Then, 7(U') is a connected open set in 7 and

X
clsx e 7(U'"). Hence R is locally connected.

Let X and Y be locally connected spaces. We know that
XUY
X#,.Y =

, where R is an equivalence relation defined as in the

definition of X#,Y . Thus by the lemma 7 and lemma 8, it is clear that
X#,.Y islocally connected. Hence we have the following result:

Theorem 9. If X and Y are locally connected, then X#.Y is also locally
connected.

Theorem 10. (i) If X and Y are path connected, then X#.Y is path
connected.
(ii) If X#.Y is path connected, then X- Int(F) and Y —Int(F') are path
connected.
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Proof. (i) Let X and Y be path connected. Let z,z, € X#,.Y. Since
X#, Y=(X-Int(Y)v(¥ —Int(F"), if =z, =z, both belong to
X —Int(F) or Y —Int(F') then there always exists a path from z, to z,.
So, we consider the case when z, € X — Int(F) and z, € Y — Int(F'). Since
b(F)# ®, we can take a point ze€ b(F). Then ze X Y. So there are

paths f from z, to z and g from z to z,. Then g* f is a path from z, toz,,
where g* f:[01]] > (X =Int(F))v (Y —Int(F")) is  given by

(g* f)(t)=f(2t) whenever 0<t< % and (g* f)(t)=g(2t—1) whenever

%S t<1.Hence X#,Y is path connected.

(ii) It is obvious from the fact that X#,Y = (X — Int (F)) U (Y — Int(F")).
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