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ABSTRACT
Let M be a ['-ring and X be a 2-torsionfree left [M-module. The purpose of this

paper is to investigate Jordan left derivations on M considering aabfc=aBbac, for

every a,b,ceM and a,Bel’ . We show that the existence of a nonzero Jordan left
derivation of M into X implies M is commutative. We also show that if X = M is a
semiprime I'-ring, then the derivation is a mapping from M into its centre. Finally
we show that if M is a prime I'- ring, then every Jordan left derivation d: M— M is a
left derivation.
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1. Introduction

Let M and I' be additive abelian groups. M is said to be a I'-ring if there exists a
mapping MXI'’XM — M (sending (x, a,y) into xay) such that

(a) (x+y) az=x0z+ yaz,

x(o + Py = xay +xPy,

xa (y + z) = xay + X0z,

(b) (xay)Bz = xa (yPz),

for all x,y,zeM and o,BeT.

A I'-ring M is commutative if aob = baa for all a,beM and a.el’. A subset A of a I'-
ring M is a left(right) ideal of M if A is an additive subgroup of M and MI'A =
{moaa: meM, ael,acA}(AI'M) is contained in A. The centre of M, written as
Z(M), is the set of those elements in M that commute with every element in M
i.e.,Z(M) = {meM: mox = xam, for all xeM and a.€l’ }. M is prime if alMI'b =0
with a,beM, then a =0 or b= 0. M is semiprime if al'MI'a =0 with acM, then a =
0.
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Let M be a I'-ring and X be an additive abelian group. X is a left TM-module if there
exists a mapping MXI'XX — X (sending (m, a,x) into max) such that
(a) (m; + m,) ox = myox + myox,

(b) ma (x; +x5) = mox; +moux,,

(c) (mjomy)Bx = myo (myPx),

for all m,m;,m,eM, x,x;,x,€X and a,Bel.

X is n-torsionfree if nx = 0, for xeM implies x = O,where n is an integer. An
additive mapping d: M — X is a derivation if d(aob) = aad(b) + d(a) ab, a left
derivation if d(aab) = aad(b) +bad(a), a Jordan derivation if d(aca) = aad(a) +d(a)
o a and a Jordan left derivation if d(aca) = 2aad(a), for all a,peM and ael.
Y.Ceven [4] studied on Jordan left derivations on completely prime I'-rings. He
obtained that the existence of a nonzero Jordan left derivation on a completely prime
I-ring makes ['-ring commutative with an assumption. He also showed that a
Jordan left derivation on a completely prime I'-ring is a left derivation with the same
assumption. In this paper, an example of a Jordan left derivation is given for I"-rings.
Mustafa Asci and Sahin Ceran [6] investigated a nonzero left derivation d on a
prime I'-ring M for which M is commutative with the conditions d(U)cU and d*
(U)cZ, where U is an ideal of M and Z is the centre of M. They also showed that M
is commutative if d; and d, are nonzero left and right derivations on M and d,(U)cU
and dldz(U)gZ

In [8], Sapanci and Nakajima defined a derivation and a Jordan derivation
on ['--rings and showed that a Jordan derivation on a certain type of completely
prime I'-rings is a derivation. They also gave examples of a derivation and a Jordan
derivation of I'-rings.

Bresar and Vukman [2] proved that every Jordan derivation on a prime ring
is a derivation. Furthermore, in [3], Bresar and Vukman investigated the existence of
a nonzero Jordan left derivation of R into X which makes R commutative, where R
is a ring and X is a 2-torsionfree and 3-torsionfree left R-module.

In [5], Jun and Kim proved their results without the property 3-torsionfree.
In this paper, we modify the results of Jun and Kim [5] and a part of M.Bresar and
J.Vukman [3] in I'-rings with Jordan left derivations. We prove that the existence of
a nonzero Jordan left derivation of M into X implies M is commutative. We also
show that the semiprimeness of the I'-ring X = M makes the mapping d: M — Z(M)
a derivation and d: M — M is a left derivation if X = M is prime and d is a Jordan
left derivation.

Throughout this paper, the condition aabfc = afbac, for all a,b,ceM and
a,Bel” will represent by (*).

2. Jordan Left Derivations
For proving our main results, we have needed some important results which
we have proved here as lemmas. So we start as follows.

Lemma 2.1 Let M be a I'-ring satisfying (*) and X a 2-torsionfree left ' M-
module. Let d: M — X be a Jordan left derivation. Then
(a) d(aob + baa) = 2aad(b) + 2bad(a),
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(b) d(acbPa) = aPaad(b) + 3aabBd(a) — baapd(a),

(c) d(aabBc + cabfa) = (apc + cPa) ad(b) + 3aabPd(c) + 3cabBfd(a) —
bacpd(a) — baafd(c),

(d) (aab — baa)Paad(a) = aa (acb — baa)pd(a),

(e) (aab — baa)B(d(aab) — aad(b) — bad(a)) =0,

for all a,b,ceM and o,Bel .

The proof of this lemma is given in Y.Ceven [4].

Lemma 2.2 Let M be a I'-ring satisfying (*) and let X be a 2-torsionfree ' M-
module. Then there exists a Jordan left derivation d: M — X such that

(a) d(acaPb) = acaPfd(b) + (apb + bPa) ad(a) + aad(afb — bpa),

(b) d(baaPa) = acad(b) + (3bPa — afb) ad(a) — aad(afb — bpa),

(c) (acb — baa)pd(acb — baa) =0,

(d) (accaPb — 2aabPa + baafa) ad(b) =0,

for all a,b,ceM and a,Bel .

Proof. Substituting bpa and afb for b in Lemma 2.1(a), we get

(1) d(aobpa + bpaca) =2aad(bpa) + 2bPaad(a) and

(2) d(acaPb + apbaa) = 2aad(apb) + 2abad(a).

Taking (2) minus(1) and then using (*), we get

(3) d(acaPb — boaPa) =2aad(apb —bpa) + 2(afb — bpa) ad(a).

Replacing a by aca in Lemma 2.1(a) and then by (*), we get

(4) d(acapb + baaPa) =2acaPfd(b) + 4bPaad(a).

By (3) and (4) with the condition that X is 2-torsionfree, we have (a).
Subtracting (3) from (4) and then applying the same condition, we obtain (b).
By Lemma 2.1(¢), we have

(5) (aab - baa)p(d(aab) —bad(a) — aad(b)) = 0.

Using Lemma 2.1(a) in (5), we get

(6) (aab - baa)p(d(baa) —aad(b) —bad(a)) = 0.

Taking (5) minus (6), we obtain (c).

By Lemma 2.1(a), Lemma 2.1(b) and (*), we have

d((acb — boa)p(ach — baa))

=—3(aaapb — 2aabfa + baaPa) ad(b) — (babpa — 2baafb + aabBb) ad(a).

On the other hand, using (c), we have d((aab — baa)B(aab — baa)) = 0.

Thus we have

(7) 3(acaPb —2aabfa + baapa) ad(b) + (babfa — 2baafb + aabBb) ad(a) = 0.
From Lemma 2.1(d),

(8) (acapb —2aabfa + baapa) ad(a) = 0.

Replacing a by a + b in (8), we obtain

(9) (acapb —2aobpa + baapa) ad(b) — (babfa — 2baafb + acbfb) ad(a) = 0.
Adding (7) and (9) , and then using the condition that X is 2-torsionfree , we get
(10) (acaPb —2aabpa + baaPa) ad(b) = 0.

Hence from (9) and (10), we obtain (d).
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Theorem 2.3 Let M be a I'-ring satisfying (*) and let X be a 2-torsionfree M-
module. Suppose that aaMBx = 0 with aeM, xeX and o,fel’” implies that
either a = 0 or x = 0. If there exists a nonzero Jordan left derivation d: M —
X then M is commutative.

Proof. By Lemma 2.1(d), we have (xaxfy — 2xaypx + yaxpx) ad(x) = 0, for
all x,yeM and a,Bel’. Replacing aob — baa for x and then using Lemma
2.2(c), we get (aab — baa) o (aab — boa) aypd(acb — baa) = 0, for all
a,b,yeM and o,pel’. By assumption, either (aacb — baa) o (aab — baa) = 0 or
d(aab — baa) = 0. Suppose that (aab — baa) a (aab — baa) = 0, for all a,beM
and a el. Applying Lemma 2.1(a), Lemma 2.1(b), (acb — baa) o (aab — baa)
=0 and (*), we have

(11)  E =d(((aab — baa) (x)B((acb — baa) ayp(acb — baa)) + ((aab — baa)
ayP(aab — baa))p((aab — baa) (x))

= 6(aab — baa) axP(aab — baa) aypfd(acb — baa) + (aab — baa) ayp{2(acb —
baa)Bd(aab — baa) ax}.

On the other hand, by (*) , (aab — baa) a (acb — baa) = 0 and Lemma 2.2(c),

we have

(12)  E =d(((aab — baa) ox)B((acb — baa) ayB(acb - baa)) + ((acb —  boaa)
ayB(aab — baa))B((acb — baa) ax))
= 3(aab — boa) axB(aab — baa) ayBd(aab — baa).
Comparing (11) and (12), we get
(13)  3(aab — baa) axp(aab — baa) ayBd(acb —baa)+(acb — baa) ayp{2(acb
— baa)Bd(aab — baa) ax} = 0, for all a,b,x,yeM and a,BeT".
And, by (*) and Lemma 2.2(c), we have
(14) F=d((aob —baa) axp(aab — baa) + xB(aab — baa) a (acb — baa))
= 3(aab — baa) oxBd(aab — baa).
On the other hand, we also have
(15) F =d((aob — baa) axp(aab — baa) + xB(aab - baa) a (acb — baa))
= 2(aab — boa) ad(xB(acb — baa)).
Comparing (14) and (15), we get
(16) 3(aab —baa) axBd(aab — baa)
= 2(aab — boa) ad(xB(acb — baa)), for all a,b,xeM and o,BeT.
Using (aab — baa) a (aab — baa) = 0, we have
(17) (aob —baa) ad(XB(aab — baa) + (aab — baa)Bx)
= 2(aab — baa) axBd(aab — boa) , for all a,b,xeM and o,Berl.
From (16) and (17), we have
(18) 3(aab —baa) a{d(xB(acb — baa)) + d((acb — baa)Bx)}
= 4(aab — baa) ad(xpB(aab — baa)) , for all a,b,xeM and a,BeT.
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Thus
(19) (aab —baa) ad(xB(acb — baa))

= 3(aab — baa) ad((aab — baia)Bx) , for all a,b,xeM and a,BeT.
From (19), we get
(20) (aob —baa) ad(xB(aab — baa) + (acb — baa)Bx)

= 4(aab — baa) ad((aab — baa)Bx), for all a,b,xeM and a,BeT.
On the other hand, using (aab — baa) a (aob — baa) = 0, we have
(21) (aob —baa) ad(xB(aab — baa) + (acb — baa)Bx)

= 2(aob — baa) axpd(aab — baa), for all a,b,xeM and o,BeTl.
From (20) and (21) and since X is 2-torsionfree ,we get
(22) 2(aob —baa) ad((aob — baa)px)

= (aab — baa) axBd(aab — baa),for all a,b,xeM and o,BeT.
From (13) and (22), we obtain
(23) 3(aob — baa) axp(aab — baa) aypd(acb — baa) + (aob — baa) ayp(acb —
baa) axpd(aab — baa) = 0, for all a,b,x,yeM and o,Berl.
Using (*) in (22), and then replacing ya (aob — baa)By for x, we get
4(aab — baa) o (aob — baa)pyad((achb — baa)py) = (acb — baa)pya (aob —
baa)Byoad(aab — baa), for all a,b,yeM and a,BeIl” .Using (*) and (acb — baa) o
(aab — baa) = 0 in the above relation, we get
(24) (aob —baa) ayp(acb — baa) aypd(acb — baa)

=0, for all a,b,yeM and a,BeT.
Replacing x +y for y in (24), we get
(25) (aob —baa) axp(aob —baa) aypd(ach — baa) + (aob — baa) ayp(acb — baa)
oaxPd(aab —baa) = 0, for all a,b,x,yeM and a,BeT.
From (23) and (25), and then using that X is 2-torsionfree, we have
(26) (aab —baa) axp(aocb — baa) aypd(acb — baa)

=0, for all a,b,x,yeM and a,BeT.

From (26), it follows that for each acM either acZ(M) or d(aab — baa) = 0, for all
a,beM and aeTl’. We consider the case d(aab — baa) = 0, for all a,beM and aeT.
Then by Lemma 2.1(b), Lemma 2.2(b) and (*), we get 2d(baafa) = 2{acad(b) +
aobfd(a) + baafd(a)}.

Using the condition that X is 2-torsionfree , Lemma 2.2(b) and (*) in this relation,
we obtain

(27) (aob —baa)pd(a) =0, for all a,peM and o,Bel.
Replacing b(x for b in (27), we have (aobax — baxoaa)pfd(a) = 0. This gives
(aab — baa) axpd(a) + ba (aax—xaa)Bd(a) = 0. This implies that (aab — baa)
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axPd(a) = 0, for all a,b,xeM and a,Bel’. Therefore, it follows that for each
aeM either acZ(M) or d(a) = 0. Since d is nonzero, acZ(M) .This completes
the proof.

Corollary 2.4 Let M be a I'-ring satisfying (*). Let X = M be a prime I'-ring.
If d: M — M is a Jordan left derivation, then d is a left derivation.

Proof. Given that X = M be a prime I'-ring . By Theorem 2.3, M is
commutative. Then aob = baa, for all a,peM and o eI. Therefore, by
Lemma 2.1(a), we have d(aab) = aad(b) + bad(a), for all a,beM and a eI".

Theorem 2.5 Lel M be a I'-ring satisfying (*) and let X be a left 'M-module.
Let d: M — X be a left derivation.

(a) Suppose that aaMpBx = 0 with aeM, xeX and o,Bel” implies a=0 or x =
0. If d (0 then M is commutative.

(b) Suppose that X = M is a semiprime ['-ring. Then d: M — Z(M) is a
derivation.

Proof. Since d: M — X is a left derivation,

(28) d(aab) =aad(b) + bad(a), for all a,beM and o €I".

Replacing b by bpa in (28), we have

(29) d(aabPa) = d(aa (bPa)) = aabpd(a) + acaBd(b) + bpaad(a) and
(30) d(aocbPa) =d((acb)pa) = aabpd(a) + aPaad(b) + apbad(a).
From (29) and (30), we gwt

(31) (aab-—baa)Bd(a) =0, for all a,peM and o.,BeT".

Writing cyb for b in (31), and then by (*), we get
(32) (aac — caa)pbad(a) = 0, for all a,b,c(M and (,B(T".
By assumption, for each a(M either a(Z(M) or d(a) = 0. But then Z(M) and
Ker d = {m(M: d(m) = 0} are additive subgroups of M and M = Z(M) ( Ker
d. Since Z(M) and Ker d are proper subgroups of M, by Brauer’s trick, either
M =Z(M) or M= Ker d. But d (0, then M = Z(M). This gives (a).
Let X =M be a semiprime I'-ring. Replacing a by a + m in (32), we get
(33)  (a(c - c(a)Bb(d(m) + (m(c — c(m)Bb(d(a)
=0, for all a,b,c,m(M and (,3, ( (T
For all a,b,c,x,m(M and (,B, (, (,( (I', we have
((a(c — c(a)Bb(d(m)) (x( ((a(c — c(a)pb(d(m))
= — ((a(c — c(a)Pb(d(m))(x(((m(c — c(m)Bb(d(a)) = 0, by (33).
Since M is semiprime, we get from the above relation (acc — caa)Bbyd(m) = 0.
In particular, (aod(m) — d(m)oa)pby(acd(m) — d(m)aa)= 0.This implies that ac.d(m)
= d(m)aa . This shows that d(m)eZ(M), for every meM and we obtain (b).
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