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ABSTRACT
The aim of this paper is to prove some chaotic properties of the symbol space 2,
and the shift map o and on the other hand apply the topological conjugacy property
of the shift map on the logistic map. We have proved that the shift map is
generically O -chaotic on X,. It is also proved that X, is a Cantor set and the shift
map has sensitive dependence on initial conditions in an alternative way. In two
other theorems we have directly proved that the dynamical system (X,,o0 ) has
modified weakly chaotic dependence on initial conditions as well as chaotic
dependence on initial conditions. Hence by topological conjugacy the dynamical
system (1, F,), for 4> 4, has those properties.
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Lyapunov ¢ -unstable, Topological Conjugacy, Li —Yorke Pair, Modified Weakly
Chaotic Dependence on Initial Conditions, Chaotic Dependence on Initial
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1. Introduction
We all know that symbolic dynamical system is a very interesting example of
topological dynamical system. A topological dynamical system is a pair (X,7T),

where X is a compact metric space and 7 : X — X is a continuous mapping.
Dynamical systems given by the iteration of a continuous map on an interval are
broadly studied because although they are simple, they nevertheless exhibit complex
behaviors. Moreover they allow numerical simulations using a computer or a mere

149



150 Indranil Bhaumik and Binayak S. Choudhury

pocket calculator, which enable us to discover some chaotic phenomena. However
continuous maps on intervals have many properties that are not found in other
spaces. As a consequence, the study of one-dimensional dynamics is very rich but
not necessarily representative of other systems. Almost in every introduction to
chaos and dynamical systems, such as [3, 5, 8, 10 and 11], we get the examples of

the logistic map £, (x) = sx(1—x). The logistic map F, has all of its interesting
dynamics in the unit interval / =[0,1]. For low values of 4, the dynamics of F, is
not too complicated, but as 4 increases the dynamics of F, become more and
more complicated. We now describe some aspects of the dynamical system (/, F’ ﬂ) .
1. F, has an attracting fixed point at (x — 1)/ and a repelling fixed point at 0, if
I<u<3.

2. Let, 4, :{er;F;(x)eI,for i<n but F:”(x)el} and A:I—(k_JOAn),

then for 4 >4 the set A is a Cantor set.
3. F, is chaoticon [ for u>4.

2x, OSxSl

4. F, is topologically conjugate to the tent map 7, (x) = 2

2(1—x),%£x£1.

By the symbolic dynamical system we mean here the sequence space

2, ={a:a=(a,a.......... );a; =0orl} and the shift map o:Z, > Z,. Also
. . . ~ |Si _ti|
2, is a compact metric space by the metric d(s,f)= z Y where
i=0
8 = (808 ceveeene ) and ¢ = (fyt..c...... ) are any two points of X,. The maximum

distance between any two points of X, is 1 by our chosen metric. Also the shift map

o is a continuous map on 2,. There are many references of the shift map and the
symbolic dynamical system in many papers and books such as [3, 4, 5, 6,9, 11 and
14]. It is also well known that the dynamical system (X,,0) is an example of

chaotic dynamical system. The shift map obeys all the conditions of Devaney’s
definition [3] of chaos such as sensitive dependence on initial conditions,
topological transitivity and dense periodic points. Sensitive dependence on initial
conditions is an important property for any chaotic map. There are some interesting
research works on this particular property in [13, 18 and 19]. Recently Bau — Sen Du

[6] gave a new strong definition of chaos by using shift map in the symbol space X,

and by taking a dense uncountable invariant scrambled set in X,. The term

scrambled set was first introduced by Li and Yorke in their paper ‘Period Three
Implies Chaos’ [15]. After that, this term became popular [1, 5, 6, 7, 11 and 12] day
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by day. Another interesting definition of chaos is generic chaos. In 2000, Murinova
[16] introduced generic chaos in metric spaces.
It is well known that mappings which are topologically conjugate are completely

equivalent in terms of their dynamics. In particular, if 4 >4 then F u 18
topologically conjugate to the shift map o. Hence the shift map is an exact model
for the quadratic map F , When g > 4 . Also topological conjugacy [3, 5 and 8] is a
very important property for any dynamical system.

In section three firstly we have proved that the shift map o is generically J -chaotic
on X, with & =1 by proving that o is topologically mixing and hence it is weak
mixing [2]. Also our proof of topologically mixing property is different from the
other proofs [S]. Theorem —3.2 shows independently that 2, is a Cantor set. In

Theorem —3.3 we have proved alternatively that the shift map o has sensitive
dependence on initial conditions.

In section four we have proved directly that the dynamical system (22,0') has

modified weakly chaotic dependence on initial conditions (Theorem — 4.1) and also
chaotic dependence on initial conditions (Theorem — 4.2). Since the shift map o is

topologically conjugate to the logistic map F, when u >4, then the dynamical
system (/,F #) also has modified weakly chaotic dependence on initial conditions

as well as chaotic dependence on initial conditions for x> 4 .

We also require some notations which we have used in this paper. If A is a set, we
denote the diameter of A4 by diam(A). For any point xe X,

f"(x)=fofo.... o f(x) [ f composed 7 - times] and similarly we can define
f"(U) for any subset U of X. If 5, be any binary numeral, then we denote the
complement of £, by 3/, thatis if f, =0orl, then S/ =10r0.

2. Preliminaries
In this section we are giving some definitions and lemmas needed for the main
theorems. We start with some elementary definitions.

Definition 2.1 (Shift Map [3]): The shift map o:%, - %, is defined by

=(,a,....... ), where @ = (& ............... ) is any point of X,.

Definition 2.2 (Topologically Transitive [3]): A continuous map f:S — S is
called topologically transitive if for any pair of non empty open sets U,V < S there

exists k > 0 such that f“(U) NV # ¢, where S is a compact metric space.
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Definition 2.3 (Topologically Mixing [5]): Let X be a compact metric space and
f:X > X a continuous map. The map f is called topologically mixing if for

any two non empty open sets U,V < X there exists m >0 such that for all
n>m, f"(U)NV#¢.

Definition 2.4 (Weak Mixing [1]): Let X be a compact metric space and
f:X —> X acontinuous map. The map f is called (topologically) weak mixing

if fx f istransitive on X x X.

Definition 2.5 ( Li -Yorke Pair [7]): A pair (x,y) € X is called Li —Yorke (with
modulus 6 > 0) if LtSupd(f"(x), f"(y))= 9 and Ltinf d(f"(x), f"(v))=0,

n—>0 n—>00

where X is a compact metric space with the metric d and f is a continuous

mapping on X. The set of all Li -Yorke pairs of modulus O is denoted by
LY(f,0).

Definition 2.6 (Generically 6 — chaotic [1]): Let f : X — X is a continuous map
on a compact metric space X and 0 > 0. Then f is called generically & — chaotic

if LY(f,0) is residual in X 7.

Definition 2.7 (Cantor Set [3]): A set S is called a Cantor set provided it is (i)
perfect, (ii) totally disconnected and (iii) compact. We recall that a set S is perfect
provided it is closed and every point of S is a limit point of S and the set § is
totally disconnected if connected components are single points.

Definition 2.8 (Sensitive Dependence on Initial Conditions [3]): A continuous
map f:X — X has sensitive dependence on initial conditions if there exists

0 >0 such that, for any x € X and any neighborhood N(x) of x, there exist

y € N(x) and n >0 such that d(f"(x), f"(y)) >, where (X,d ) is a compact
metric space.

Definition 2.9 (Lyapunov & -unstable [7]): Let f : X — X is a continuous map
on a compact metric space (X,d). Given & >0, the map f is called Lyapunov & -
unstable at a point x € X if for every neighborhood N(x) of x, there is a

ye N(x) and n>0 with d(f"(x), f"(y)) > &. If a dynamical system is point

wise Lyapunov & -unstable and also transitive then it has sensitive dependence on
initial conditions.
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Definition 2.10 (Weakly Chaotic Dependence on Initial Conditions [7]): A
dynamical system (X, /) is called weakly chaotic dependence on initial conditions

if for any x € X and every neighborhood N(x)of x there are y,z € N(x), such
that the pair (y,z) € X is Li— Yorke.

We now give the definition of modified weakly chaotic dependence on initial
conditions.
Definition 2.11 (Modified Weakly Chaotic Dependence on Initial Conditions): A

dynamical system (X, /) is called modified weakly chaotic dependence on initial

conditions if for any xe€ X and every neighborhood N(x)of x there are

v,z € N(x), ¥y # x,z # x, such that the pair (y,z) € X~ is Li — Yorke.

Definition 2.12 (Chaotic Dependence on Initial Conditions [7]): A dynamical
system (X, f) is called chaotic dependence on initial conditions if for any x € X

and every neighborhood N(x)of x there is a y € N(x) such that the pair
(x,y) € X7 is Li -Yorke.

Definition 2.13 (Topological Conjugacy [3]): Let, f:4—> A and g: B — B be
two continuous mappings. Then f and g are said to be topologically conjugate if
there exists a homeomorphism #4:A4—> B such that ho f=goh. The
homeomorphism /4 is called a topological conjugacy between f and g .

Definition 2.14 (Transitive Point [3]): Any point on a compact metric space
(X,d) is called transitive point if it has dense orbit.

We also need the following lemmas.

1
Lemma-2.1 [3]: Let s, €X, and s, =¢,, for i =0,1,.....,m. Then, d(s,t) < 2—m

1
and conversely if d(s,t) < 2—m then s, =¢,, fori =0,1,.....,m.

Lemma-2.2 [2]: Let X be a compact metric space and 7 : X — X is a continuous
topologically mixing map then it is also (topologically) weak mixing map.

Lemma-2.3 [1]: Let 7: X — X be a continuous map on a compact metric
space X. If T is (topologically) weak mixing then it is generically o -chaotic on
X with 6 = diam(X).
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3. Some Properties of the Shift Map

Theorem 3.1: The shift map o :X, — X, is generically O -chaotic on X, with
o=1.

Proof: First we prove that the shift map is topologically mixing. Let U and V' be
two arbitrary non empty open set of X,. Let, u = (Uyll;ceeereeeunennen. )eU be any
point such that min{d (u, ﬂ1)} =¢,, for any [, belongs to the boundary of the set
U and v=(VyV.ccoounue. )€V be any point such that min{d (v, ﬂz)}: &g,, for

any 3, belongs to the boundary of the set V', where, &,,&, >0 be arbitrary. We

1
now choose two positive integers k, and k, such that —- e -<&, and —<¢,.
Next, we consider the sequence of points given by,
a; = (Ul ....uy, 1(1)"_1\/0\/1....\1,%_l ..... ), for i22 and
= (Ul VoV Vg i)
We now prove the theorem with the help of Lemma-2.1.
1
Now, d(u,a ;) < <g,,forall i 21, (by Lemma-2.1).
Hence, ;€ U, for all i >1, thatis 0" (a;) € " (U),forany k > 0. (3.1
On the other hand, ol (a,) = (Vg Vi, ogeeeees ). Hence,

1
d(c" (a,),v) < <&,, by applying Lemma-2.1  again.  This

givesa" (a,) € V also. (3.2)
By virtue of (3.1) and (3.2) we can say that " (U) NV # ¢.

ke +1

Next consider the point «,. Then o™ (a,) = (VyV;eoeeueenen Vi, geseeeeneens ), which

kl +1

again belongs to V. Hence, (U)NV # ¢ . Continuing this process by taking

all@,’s we can easily prove that c* (U) NV # ¢, forall k > k, .
Hence o is topologically mixing on 2,. Since 2, is a compact metric space and
the shift map o:2, — X, is a continuous map, by Lemma-2.2 it is also weak

mixing. Again applying Lemma-2.3 we get our desired result that is, o:2, > X,
is generically O -chaotic on X, with 6 =1.

Theorem 3.2: The set 2, = {1 = (@A .cevevennene.. ),a; =0orl} is a Cantor
set.
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Proof: We only have to prove that the set X, is perfect and totally disconnected.

Let, X = (X)X) coereeennnns ) be any point of X, and N(x) be any neighborhood of

x. Then there exists an open ball S, (x), with centre at x and radius 7> 0 such
1
that, S, (x) € N(x). We choose n sufficiently large such that o <r. We now

consider the sequence of points ;= (x,x,.....x,100.....)

Y, = (x,x.....x, 110......), y3 = (xpx;......x,1110.......) and so on.

f—/%
In general y, = (xyx,.....x, 11............ 1000......... ), forall i >1.
Then, d(x,y,)=d((XyX;.cccce..... X eveeeennen ), (XX, eenenn x 11....... 100......))

1 .
< ? <r, by Lemma-2.1 and our construction above.

Hence we can say that y, € S, (x), forall i 21. So, N(x) contains infinitely many
points of X,, that is x is a limit point of 2,. Since x is an arbitrary point, we can
say that every point of 2, is a limit point of 2,. Again by construction of X, it is
easy to see that if ¢ is a limit point of X, then & must be an infinite sequence of
0’s and (or) 1’s, that is, & = (&)} .ccvveverneee. ),a;, =0orl. This gives a €X,,
proves that X, is a closed set. Which concludes that X, is a perfect set.

Lastly, 2, is a set whose points are infinite sequence of 0’s and 1’s. So, we can say

that connected components of X, are single points. Hence, X, is a totally
disconnected set.
By the above two arguments we can say that 2, is a perfect and totally

disconnected set. Since X, is also a compact set so, we conclude that 2, is a Cantor
set.

Theorem 3.3: The shift map o :2, — X, has sensitive dependence on initial
conditions.
Proof: We first prove that the shift map o :X, — 2, is point wise Lyapunov ¢ -

unstable on 2,. Let, X = (XX, ccceeverrienennn ) be any point of X, and U be any

open neighborhood of x. Since U is open we can always get an & >0 such that
min{d(x,a)} = ¢, for all @ belonging to the boundary of the set U. Now the

maximum distance between any two points of X, is 1, by our chosen metric, so we

1
can not take & >1. Hence, ¢ <1 always. We take n > 0 such that o <¢&. We

! !

now consider the point y = (X;X,.....X, X, ;X ,X .5.....) of X,. Hence y is a
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point of 2, which agrees with x up to x,, but after the term x, all the terms of y

n?

are complementary terms of that term of x.

1
Now, d(x, y)<2—n<€, by Lemma-2.1 and our construction above. Then

obviously yeU. Also,
d(o_n+1 (X), 0n+1 (y)) = d((xn+1xn+2 .............. ), (x:,+1x;,+z .............. ))
1 1
==t F i
2 2°
=1.

So we can say that d(c""' (x),6"" () > ¢. That is the shift map o : %, — X, is
Lyapunov ¢ -unstable at x. Hence the shift map o:X, - X, is point wise

Lyapunov ¢ -unstable on X,. Again it is well known that the shift map is also

topologically transitive. Since the shift map is both point wise Lyapunov & -unstable
and topologically transitive, it has sensitive dependence on initial conditions.

4. Applications of Topological Conjugacy
We now apply the topological conjugacy property between the shift map and logistic
map to prove two properties of the logistic map.

Theorem 4.1: The dynamical system (22,0') has modified weakly chaotic
dependence on initial conditions.
Proof: Let, x = ()cox1 .............. ) be any point of X,. Also assume that /' be any

open neighborhood of x. Since V' is open, we can always choose an &, >0 such
that, min {d (x, ,B)} =¢&,, for any [ belongs to the boundary of the set V. Again

. 1 : : .
choose n sufficiently large such that 2—n < &,. We now give some notations which

help us to prove this theorem.

1. Let, S =808 cceeenennnne s; and P=popcccccccnnen. p,, are two finite sequences
of 0’s and

I’s, then SP =58 .ccccereuce. S, Do Dy eveeeeeeenns p,, - Further, if we suppose that
1,7, e . , T, are p finite sequences of 0’s and 1’s, then 7'T,.............. T,

can be defined in a similar manner as above.
_ ' i i
2.Let, A(x,2n+2)= (x3n+1x3n+2 ..................... D FIIER JEIPS ST X540 ),

Y ’ '
A, 20+ 4) = (X, 3 X0 g, X1 aXnssXenpgeeeeeeeeereereesuen Xoi6)s
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A(,21+6) = (X], X oo, X110 Xgrs10Xgnsl 1 eeeeeesesesenens Xopi12)
and so on. That is for any even integer kK >0, A(x, 2n+k)is a finite string of
length 2n+k .

3. Lastly we take ¢,,¢, € 2, , such that,

A 3 A R A S X3 X341 K302 K353 0neereereeseneeneene )
and

t, =

R X, (1) (0)" A(x, 27 +2) A(x, 21+ 4) A(X, 20+ 6)ovvveeveereeererereee

We now prove Theorem — 4.1, with the help of those notations and Lemma 2.1
above. Since, both ¢, and ¢, agree with x up to the (n+1)-th term, then by

1
Lemma -2.1 we get, d(x,t,) < o <¢&,,i =12 . Hence, both ¢, and ¢, belong to

n

V. Here also note that f, contains infinitely many finite sequences of the
type A(x, 2n + k), when k > 0 is an even integer.

S5n+3
Also, T () = (X, 32, g oo X geeneen ) and

S5n+3 _ i i
o (0 T A R Xgppgeeeeeen ).

Hence we get,

LtSupd(co”(t,),0"(t,))= néi 7 (T R P XS, 3 X5 g veveee Xigageneenens))

1 1 1

Znél;o(a-l-—zﬁ- ........... 2n+2)

=1.
So, LtSupd(c"(t)),0"(t,)) =1. 4.1)
Similarly,
T (1)) = (X, 5 Xgpagerenennens X eneeeens ) and
T (ty) = (X, s Xy agemerennenne Xy g eennees )
Hence,
LtInfd(c’(t)),0"(t,)) < néi ((x(wsx(m+6 .......... Xpgerrenns) (x(),ﬁsx(m+6 .......... Xy igeeneen ))

0 0 0
S Lt (o+—+. +
H—o0 (2 22 2n+2 )

=0.

Hence LtInfd(c"(t,),0"(t,))=0. 4.2)

n—>x0



158 Indranil Bhaumik and Binayak S. Choudhury

The equations (4.1) and (4.2) prove that the pair (¢,,¢,) is Li -Yorke. Hence, the

dynamical system (22,6) has modified weakly chaotic dependence on initial
conditions.

Theorem 4.2: The dynamical system (22,0) has chaotic dependence on initial
conditions.
Proof: Let, s = (SOS1 .............. ) be any point of X,. Also assume that U be any

open neighborhood of s . Since, U is open we similarly take an &, > 0, such that

min {d (S,a)} =¢&,, for any a belongs to the boundary of the set U. Choose n

sufficintly large such that 2—n < &,. We now require some similar notations given in

the Theorem - 4.1 as above.

1. Let, S =808 ceeeecuennns s, and P=p py.ccccccncnnee. p,, are two finite sequences
of 0’s and 1’s, then S P = 5,8, ..cccuenee. Y 229 2 p,, - Further, if we suppose
that 7,,7,,ccc.. ... , I, are p finite sequences of 0’s and 1’s, then
T'\T,y.n. T, can be defined in a similar manner as above.

2. A(s, 2n+ k) be the same as in the proof of Theorem — 4.1.
3. Lastly we take ¢ € 2, , such that,
T O S 5, (0)" (1) A(5,211+2) A(3, 20+ 4) A(5, 20+ 6)vvovrrreeren.. ).

where ()" = aa................ a n—times.
With those three notations and the Lemma-2.1 above we now prove Theorem —4.2 .

: 1
By construction s and ¢ agree up to s, . Hence, d(s,t) < > <&,, by Lemma -2.1.

So, t € U. Now, 6" (5) = (55, 85,09-eeeeen- S4paperenns) and

" (t) = (55,184 g erieeriSy g -nnnn). Note that ¢ consists of infinitely many finite

sequences of the type A(s,2n+k).

So we get,

L,t,fgp d(o"(s),0" (1) = n];io A((S3,41S3,40-wweeree Sameeeeree)s (83,185 04g ereerens S e eeees
aniio(%+_2+ ........... 23“)
=1.

Hence, Lt Sup d(c” (s),c" (t)) =1. 4.3)

n—om
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Similarly, TY(8) = (84,098 4y5eereneees Spierre) and
G () = (84,008 4pszeeseeens Ss,.0---) - SO again we get,
Lt Inf d(c"(s),0" (1)) < éf (CTE— Spegeeenees (SapinSayigemreonss Sgppneeeeees
n—o n—w
0 0 0
S Lt (5 + )
n—o 2 2 2n+1

=0.
Hence JLtInf d(o"(s),0"(¢))=0. (4.4)

n—>0

From (4.3) and (4.4) it is proved that the pair (s,7) is Li -Yorke. Hence, the

dynamical system (22 , O') has chaotic dependence on initial conditions.

Hence, from Theorem — 4.1 and Theorem — 4.2 and by topological conjugacy
discussed above we get our desired results.

Theorem 4.3: The dynamical system (/,F,) has modified weakly chaotic

dependence on initial conditions.

Theorem 4.4: The dynamical system (/,F #) has chaotic dependence on initial

conditions.

Remarks: We have proved Theorem — 4.1 and Theorem — 4.2 by taking open
neighborhood only. If we take any neighborhood, the proof is also similar. We
discuss it below.

Let, x € X, be any point and / be any neighborhood of x. Then there exists an
open sphere U centered at x and contained in F. Then the Theorem — 4.1 and

Theorem — 4.2 are also proved by taking U similarly. Since, U < F' the conditions
of the Definition -2.11 and Definition -2.12 hold for F also.

5. Conclusions

In this paper we have proved some properties of shift map and symbol space as well
as applied the topological conjugacy property.

It is well known that the shift map is chaotic in the sense of Devaney and Li -Yorke,
but in Theorem —3.1 we have proved that it is also generically ¢ -chaotic on X,

with 6 =1. In Theorem —3.2 we have proved directly that X, is a Cantor set. In
Theorem —3.3 we have proved that shift map is point wise Lyapunov & -unstable on
2, and then by transitivity of the shift map we can say that it also has sensitive

dependence on initial conditions. So, this is an alternative proof of the sensitive
dependence on initial conditions.

Also the two properties in Definition -2.11 and Definition -2.12 are very important
for any dynamical system, because these two properties are mainly based on Li —



160 Indranil Bhaumik and Binayak S. Choudhury

Yorke pair but have some common features with sensitive dependence on initial
conditions. Hence, we can say that the logistic map has properties which are very
similar to Li —Yorke pair but also have some common features with sensitivity. Also
our proof’s (Theorem — 4.1 and Theorem — 4.2) are independent and straightforward
and we have not applied any result from any other paper.
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