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ABSTRACT 

This paper investigates the concept of picture fuzzy subgroups within the framework of 

group theory. A picture fuzzy subgroup of a group is studied by extending classical 

subgroup properties to the picture fuzzy environment through positive, neutral, and 

negative membership degrees. Furthermore, the notions of a picture fuzzy abelian subgroup 

and a cyclic picture fuzzy subgroup of a group G are introduced as special classes of picture 

fuzzy subgroups. This picture fuzzy abelian subgroup preserves the commutativity 

property in the fuzzy sense. Several characterisations and fundamental properties of both 

picture fuzzy abelian subgroups and cyclic picture fuzzy subgroups are established. The 

study contributes to the development of picture fuzzy algebra and provides a foundation 

for further investigations. 
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Abstract in Bengali 

এই গবেষণাপত্রটি গগাষ্ঠী তবের কাঠাব ার  বযে পপকচার ফাজি উপবগাষ্ঠীর যারণাটি তদন্ত 

কবর। একটি গগাষ্ঠীর পপকচার ফাজি উপবগাষ্ঠীবক পজিটিভ, পিউট্রাল এেং গিবগটিভ 

সদসেপদ পিপির  াযেব  পপকচার ফাজি পপরবেবে প্রচলিত উপবগাষ্ঠী বেপেষ্ট্েগুপল 

প্রসাপরত কবর অযেয়ি করা হয়। তদুপপর, পপকচার ফাজি অোবেপলয়াি উপবগাষ্ঠী এেং 

একটি গগাষ্ঠী G-এর সাইপিক পপকচার ফাজি উপবগাষ্ঠীর যারণাটি পপকচার ফাজি 

উপবগাষ্ঠীর পেবেষ গেণী পহসাবে প্রেপতিত হয়। এই পপকচার ফাজি অোবেপলয়াি 

উপবগাষ্ঠীটি ফাজি অবথ ি কপ উিোটিপভটি বেপেষ্ট্ে সংরক্ষণ কবর। পপকচার ফাজি 

অোবেপলয়াি উপবগাষ্ঠী এেং সাইপিক পপকচার ফাজি উপবগাষ্ঠী উভবয়র গেে কবয়কটি 

বেপেষ্ট্ে এেং গ ৌপলক বেপেষ্ট্ে প্রপতটষ্ঠত হবয়বে। এই গবেষণাটি পপকচার ফাজি 

েীিগপণবতর পেকাবে অেদাি রাবে এেং আরও তদবন্তর িিে একটি পভপি প্রদাি কবর। 

1. Introduction 
One of the important developments in fuzzy set theory was the concept of fuzzy groups 

introduced by Rosenfeld [18], which extends classical group theory to the fuzzy 

environment. This concept allows elements of the group to belong to the subgroup with 
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varying degrees of membership, thereby providing a flexible tool for handling uncertainty 

in algebraic structures. Biswas [6], studied Rosenfield’s work and introduced the idea of 

intuitionistic fuzzy group (IFG). Sharma [25] contributed to the work of Biswas by 

studying some algebraic nature of intuitionistic fuzzy groups and obtained their properties 

via (𝛼, 𝛽)-cut sets. 

Cuong and Krinovich [8] introduced picture fuzzy set (PFS) theory by 

incorporating a vital tool not taken into consideration by the previous researchers which is 

neutrality degree. Thus, PFS is made up of positive membership degree, neural 

membership degree and negative membership degree. This theory has been studied and 

applied extensively by several researchers, see [10, 11, 12, 14, 19, 21, 22, 23, 24, 25, 26]. 

One important direction in this development is the study of picture fuzzy subgroups, which 

generalise classical subgroups and fuzzy subgroups of a group introduced by Dogra and 

Pal [13] whereby extending both Rosenfield’s and Biswas’ works. Sangodapo and 

Onasanya [20] contributed to the work of Dogra and Pal [13] to establish some 

characteristics of PFSG via (𝑟, 𝑠, 𝑡)-cut sets of a PFS. 

In classical group theory, abelian groups play a fundamental role due to the 

commutativity of their binary operation. The concept of fuzzy abelian subgroup was first 

introduced in [17] by Mukherjee and Bhattacharya. Makamba in [16] established the 

weakness of the definition of fuzzy abelian group which he corrected by given another 

stronger definition. Sharma [27] studied mappings between intuitionistic fuzzy groups, and 

this led him to the introduction of the notion of intuitionistic fuzzy group homomorphisms. 

Sharma [28] studied abelian groups and extended the concept to intuitionistic fuzzy abelian 

groups. In [24] Sangodapo, studied mappings between groups and introduced the notion of 

homomorphisms of picture fuzzy subgroups, where the image and inverse image of a 

picture fuzzy subgroup under a group homomorphism preserve the picture fuzzy subgroup 

structure. 

In this paper, we have contributed to the work in [24] and extended intuitionistic fuzzy 

abelian subgroups by introducing the notion of picture fuzzy abelian subgroup and cyclic 

picture fuzzy subgroup of a group 𝐺 which is an extension of abelian groups and cyclic 

groups to the picture fuzzy environment. 

 

2. Preliminaries 

This section gives the basic definitions and existing results relating to picture fuzzy 

subgroups.  

 

Definition 2.1. [8] A picture fuzzy set Q of 𝑌 is defined as  

 𝑄 = {(𝑦, 𝜎𝑄(𝑦), 𝜏𝑄(𝑦), 𝛾𝑄(𝑦))|𝑦 ∈ 𝑌}, 
where the functions  

 𝜎𝑄: 𝑌 → [0,1], 𝜏𝑄: 𝑌 → [0,1] and 𝛾𝑄: 𝑌 → [0,1] 

are called the positive, neutral and negative membership degrees of 𝑦 ∈ 𝑄, respectively, 

and 𝜎𝑄 , 𝜏𝑄 , 𝛾𝑄 satisfy  

 0 ≤ 𝜎𝑄(𝑦) + 𝜏𝑄(𝑦) + 𝛾𝑄(𝑦) ≤ 1, ∀𝑦 ∈ 𝑌. 

For each 𝑦 ∈ 𝑌, 𝑆𝑄(𝑦) = 1 − (𝜎𝑄(𝑦) − 𝜏𝑄(𝑦) − 𝛾𝑄(𝑦)) is called the refusal membership 

degree of 𝑦 ∈ 𝑄. 
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Definition 2.2. [13] Let (𝐺,∗) be a crisp group and 𝑄 = {(𝑦, 𝜎𝑄(𝑦), 𝜏𝑄(𝑦), 𝜂𝑄(𝑦)) | 𝑦 ∈

𝐺} be a PFS in 𝐺. Then, 𝑄 is called picture fuzzy subgroup of 𝐺 (PFSG) if 

(i)  𝜎𝑄(𝑎 ∗ 𝑏) ≥ 𝜎𝑄(𝑎) ∧ 𝜎𝑄(𝑏), 𝜏𝑄(𝑎 ∗ 𝑏) ≥ 𝜏𝑄(𝑎) ∧ 𝜏𝑄(𝑏), 𝜂𝑄(𝑎 ∗ 𝑏) ≤ 𝜂𝑄(𝑎) ∨ 𝜂𝑄(𝑏) 

(ii) 𝜎𝑄(𝑎−1) ≥ 𝜎𝑄(𝑎), 𝜏𝑄(𝑎−1) ≥ 𝜏𝑄(𝑎), 𝜂𝑄(𝑎−1) ≤ 𝜂𝑄(𝑎) for all 𝑎, 𝑏 ∈ 𝐺. 

Notice that 𝑎−1 is the inverse of 𝑎 ∈ 𝐺, 

 

or equivalently, 𝑄 is a PFSG of 𝐺 if and only if 

𝜎𝑄(𝑎 ∗ 𝑏−1) ≥ 𝜎𝑄(𝑎) ∧ 𝜎𝑄(𝑏), 𝜏𝑄(𝑎 ∗ 𝑏−1) ≥ 𝜏𝑄(𝑎) ∧ 𝜏𝑄(𝑏), 𝜂𝑄(𝑎 ∗ 𝑏−1)

≤ 𝜂𝑄(𝑎) ∨ 𝜂𝑄(𝑏). 

 

Definition 2.3. [13] Let (𝐺,∗) be a crisp group and 𝑄 = (𝜎𝑄 , 𝜏𝑄 , 𝜂𝑄) be a PFSG of 𝐺. 

Then, 𝑄 is called picture fuzzy normal subgroup of 𝐺, denoted by PFNSG if  

 𝜎𝑄𝑎(𝑏) = 𝜎𝑎𝑄(𝑏), 𝜏𝑄𝑎(𝑏) = 𝜏𝑎𝑄(𝑏), 𝜂𝑄𝑎(𝑏) = 𝜂𝑎𝑄(𝑏) 

for all 𝑎, 𝑏 ∈ 𝐺.  

 

The above definition can be redefined as;  

 

Definition 2.4. A PFSG 𝑄 = (𝜎𝑄 , 𝜏𝑄 , 𝜂𝑄) of a group 𝐺 is said to be a PFNSG of 𝐺 if 

𝜎𝑄(𝑎𝑏) = 𝜎𝑄(𝑏𝑎), 𝜏𝑄(𝑎𝑏) = 𝜏𝑄(𝑏𝑎) 𝑎𝑛𝑑 𝜂𝑄(𝑎𝑏) = 𝜂𝑄(𝑏𝑎) ∀ 𝑎, 𝑏 ∈ 𝐺, or equivalently, 

𝑄 a PFSG of 𝐺 is said to be normal if and only if  

𝜎𝑄(𝑏−1𝑎𝑏) = 𝜎𝑄(𝑎), 𝜎𝑄(𝑏−1𝑎𝑏) = 𝜎𝑄(𝑎) and 𝜂𝑄(𝑏−1𝑎𝑏) = 𝜂𝑄(𝑎) ∀ 𝑎, 𝑏 ∈ 𝐺. 

 

Definition 2.5. [13] Let 𝑄 = {(𝑥, 𝜎𝑄, 𝜏𝑄 , 𝜂𝑄)|𝑎 ∈ 𝑋} be PFS over the universe 𝑋. Then, 

(𝑟, 𝑠, 𝑡)-cut set of 𝑄 is the crisp set in 𝑄, denoted by 𝐶𝜎,𝜏,𝛾(𝑄) and is defined by  

 𝐶𝑟,𝑠,𝑡(𝑄) = {𝑎 ∈ 𝑋|𝜎𝑄(𝑎) ≥ 𝑟, 𝜏𝑄(𝑎) ≥ 𝑠, 𝜂𝑄(𝑎) ≤ 𝑡} 

𝑟, 𝑠, 𝑡 ∈ [0,1] with the condition 0 ≤ 𝑟 + 𝑠 + 𝑡 ≤ 1 

 

Theorem 2.1. [13] Let (𝐺,∗) be a crisp group and 𝑄 = (𝜎𝑄 , 𝜏𝑄 , 𝜂𝑄) be a PFSG of 𝐺. 

Then, 𝑄 is a PFSG (PFNSG) if and only if 𝐶𝑟,𝑠,𝑡(𝑄) is a crisp subgroup (normal) of 𝐺.  

 

Definition 2.6. Let 𝑄 = {(𝑎, 𝜎𝑄(𝑎), 𝜏𝑄(𝑎), 𝜂𝑄(𝑎)) | 𝑎 ∈ 𝑋} and 𝑅 =

{(𝑏, 𝜎𝑅(𝑏), 𝜏𝑅(𝑏), 𝜂𝑅(𝑏)) | 𝑏 ∈ 𝑌} be two PFSs. Then the Cartesian product of 𝑄 and 𝑅 

is the PFS  

 𝑃 × 𝑄 = {(𝑎, 𝑏), 𝜎𝑄×𝑅(𝑎, 𝑏), 𝜏𝑄×𝑅(𝑎, 𝑏), 𝜂𝑄×𝑅(𝑎, 𝑏) | (𝑎, 𝑏)  ∈ 𝑋 × 𝑌}, 

where 𝜎𝑄×𝑅(𝑎, 𝑏) = 𝜎𝑄(𝑎) ∧ 𝜎𝑅(𝑏), 𝜏𝑄×𝑅(𝑎, 𝑏) = 𝜏𝑄(𝑎) ∧ 𝜏𝑅(𝑏) 

and 𝜂𝑄×𝑅(𝑎, 𝑏) = 𝜂𝑄(𝑎) ∨ 𝜂𝑅(𝑏) for all (𝑎, 𝑏) ∈ 𝑋 × 𝑌.  
 

Definition 2.7. [24] Let 𝑌1 and 𝑌2 be two nonempty sets and 𝑓: 𝑌1 → 𝑌2 be a mapping. 

Let 𝑃 and 𝑄 be two PFSs of 𝑌1 and 𝑌2, respectively. Then, the image of 𝑃 under 𝑓 

denoted by 𝑓(𝑃) is defined as  

 𝑓(𝑃)(𝑦2) = (𝜎𝑓(𝑃)(𝑦2), 𝜏𝑓(𝑃)(𝑦2), 𝜂𝑓(𝑃)(𝑦2)), 

where  
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 𝜎𝑓(𝑃)(𝑦2) = {
∨ {𝜎𝑃(𝑦1): 𝑦1 ∈ 𝑓−1(𝑦2)}

  
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

, 

 

 𝜏𝑓(𝑃)(𝑦2) = {
∨ {𝜏𝑃(𝑦1): 𝑦1 ∈ 𝑓−1(𝑦2)}

  
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

, 

and  

 𝜂𝑓(𝑃)(𝑦2) = {
∧ {𝜂𝑃(𝑦1): 𝑦1 ∈ 𝑓−1(𝑦2)}

  
1, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Thus,  

 𝑓(𝑃)(𝑦2) =

{
(∨ {𝜎𝑃(𝑦1): 𝑦1 ∈ 𝑓−1(𝑦2)},∨ {𝜏𝑃(𝑦1): 𝑦1 ∈ 𝑓−1(𝑦2)},∧ {𝜂𝑃(𝑦1): 𝑦1 ∈ 𝑓−1(𝑦2)})

  
(0,0,1),          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

The pre-image of 𝑄 under 𝑓, denoted by 𝑓−1(𝑄) is also defined as  

 𝑓−1(𝑄)(𝑦1) = (𝜎𝑓−1(𝑄)(𝑦1), 𝜏𝑓−1(𝑄)(𝑦1), 𝜂𝑓−1(𝑄)(𝑦1)) 

where  

 𝜎𝑓−1(𝑄)(𝑦1) = 𝜎𝑄(𝑓(𝑦1)), 𝜏𝑓−1(𝑄)(𝑦1) = 𝜏𝑄(𝑓(𝑦1)), 𝜂𝑓−1(𝑄)(𝑦1) = 𝜂𝑄(𝑓(𝑦1)). 

Thus,  

 𝑓−1(𝑄)(𝑦1) = (𝜎𝑄(𝑓(𝑦1)), 𝜏𝑄(𝑓(𝑦1)), 𝜂𝑄(𝑓(𝑦1))). 
 

Remark 2.1. [24] For any 𝑦1 ∈ 𝑌1, we have 𝜎𝑓(𝑃)(𝑓(𝑦1)) ≥ 𝜎𝑃(𝑦1), 𝜏𝑓(𝑃)(𝑓(𝑦1)) ≥

𝜏𝑃(𝑦1) and 𝜂𝑓(𝑃)(𝑓(𝑦1)) ≤ 𝜂𝑃(𝑦1).  

 

Theorem 2.2. [24] Let 𝑓: 𝑌1 → 𝑌2 be a mapping. Then,   

    • 𝑓(𝐶𝑟,𝑠,𝑡(𝑃)) ⊆ 𝐶𝑟,𝑠,𝑡(𝑓(𝑃)), for all 𝑃 ∈ 𝑃𝐹𝑆(𝑌1)  

    • 𝑓−1(𝐶𝑟,𝑠,𝑡(𝑄)) = 𝐶𝑟,𝑠,𝑡(𝑄)(𝑓−1(𝑄)), for all 𝑄 ∈ 𝑃𝐹𝑆(𝑌2). 
 

3. Picture fuzzy abelian subgroups 

This section introduces the concept of picture fuzzy abelian subgroup of a group and 

establishes the properties associated to it. 

 

Definition 3.1. Let 𝐺 be a group and 𝑄 a PFSG Then, the picture fuzzy normalizer of 𝑄 

in 𝐺, denoted by 𝒩, is defined as  

 𝒩(𝑄) = {𝑔 ∈ 𝐺: 𝜎𝑄(𝑔−1𝑦𝑔) = 𝜎𝑄(𝑦), 𝜏𝑄(𝑔−1𝑦𝑔) = 𝜏𝑄(𝑦) and 𝜂𝑄(𝑔−1𝑦𝑔) =

𝜂𝑄(𝑦), ∀ 𝑦 ∈ 𝐺}. 

 

Theorem 3.1. Let 𝑄 be a PFSG of a group 𝐺. Then,   

• 𝒩(𝑄) is a subgroup of 𝐺.  
• 𝑄 is a PFNSG of 𝐺 if and only if 𝒩(𝑄) = 𝐺.  
• 𝑄 is a PFNSG of the group 𝒩(𝑄).  

  



On The Picture Fuzzy Abelian Subgroups of a Group 

45 

 

Proof.   

 • Let 𝑔, ℎ ∈ 𝒩(𝑄), 𝑦, 𝑧 ∈ 𝐺. Then,  

     𝜎𝑄(𝑔−1𝑦𝑔) = 𝜎𝑄(𝑦), 𝜏𝑄(𝑔−1𝑦𝑔) = 𝜏𝑄(𝑦)and 𝜂𝑄(𝑔−1𝑦𝑔) =

 𝜂𝑄(𝑦)                                                                             (𝑖)                                                                                                                                

𝜎𝑄(ℎ−1𝑧ℎ) = 𝜎𝑄(𝑧), 𝜏𝑄(ℎ−1𝑧ℎ) = 𝜏𝑄(𝑧) and 𝜂𝑄(ℎ−1𝑧ℎ) = 𝜂𝑄(𝑧)                         (𝑖𝑖) 

Put 𝑧 = 𝑔−1𝑦𝑔 in (ii) we get,  

 𝜎𝑄(ℎ−1𝑔−1𝑦𝑔ℎ) = 𝜎𝑄(𝑔−1𝑦𝑔), 

 

 𝜏𝑄(ℎ−1𝑔−1𝑦𝑔ℎ) = 𝜏𝑄(𝑔−1𝑦𝑔) 

and  

 𝜂𝑄(ℎ−1𝑔−1𝑦𝑔ℎ) = 𝜂𝑄(𝑔−1𝑦𝑔). 
Using (i) we get,  

 𝜎𝑄(ℎ−1𝑔−1𝑦𝑔ℎ) = 𝜎𝑄(𝑔−1𝑦𝑔) = 𝜎𝑄(𝑦), 
 

 𝜏𝑄(ℎ−1𝑔−1𝑦𝑔ℎ) = 𝜏𝑄(𝑔−1𝑦𝑔) = 𝜏𝑄(𝑦) 

and  

 𝜂𝑄(ℎ−1𝑔−1𝑦𝑔ℎ) = 𝜂𝑄(𝑔−1𝑦𝑔) = 𝜂𝑄(𝑦). 
which imply that  

 𝜎𝑄((𝑔ℎ)−1𝑦(𝑔ℎ)) = 𝜎𝑄(𝑦), 
 

 𝜏𝑄((𝑔ℎ)−1𝑦(𝑔ℎ)) = 𝜏𝑄(𝑦) 

and  

 𝜂𝑄((𝑔ℎ)−1𝑦(𝑔ℎ)) = 𝜂𝑄(𝑦). 

This means that, 𝑔ℎ ∈ 𝒩(𝑄). Next, replace 𝑦 in (i) with 𝑦−1, we get,  

 𝜎𝑄(𝑔−1𝑦−1𝑔) = 𝜎𝑄(𝑦−1) = 𝜎𝑄(𝑦), 
 

 𝜏𝑄(𝑔−1𝑦−1𝑔) = 𝜏𝑄(𝑦−1) = 𝜏𝑄(𝑦) 

and  

 𝜂𝑄(𝑔−1𝑦−1𝑔) = 𝜂𝑄(𝑦−1) = 𝜂𝑄(𝑦) 

That is;  

 𝜎𝑄((𝑔𝑦𝑔−1)−1) = 𝜎𝑄(𝑔𝑦𝑔−1) = 𝜎𝑄(𝑦), 
 

 𝜏𝑄((𝑔𝑦𝑔−1)−1) = 𝜏𝑄(𝑔𝑦𝑔−1) = 𝜏𝑄(𝑦) 

and  

 𝜂𝑄((𝑔𝑦𝑔−1)−1) = 𝜂𝑄(𝑔𝑦𝑔−1) = 𝜂𝑄(𝑦), 
which imply that  

 𝜎𝑄((𝑔−1)−1𝑦(𝑔−1)) = 𝜎𝑄(𝑦), 
 

 𝜏𝑄((𝑔−1)−1𝑦(𝑔−1)) = 𝜏𝑄(𝑦) 

and  

 𝜂𝑄((𝑔−1)−1𝑦(𝑔−1)) = 𝜂𝑄(𝑦) 

Thus, 𝑔−1 ∈ 𝒩(𝑄). Therefore, 𝒩(𝑄) is a subgroup of 𝐺. 
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    • Suppose that 𝒩(𝑄) = 𝐺. Then, 𝜎𝑄(𝑔−1𝑦𝑔) = 𝜎𝑄(𝑦), 𝜏𝑄(𝑔−1𝑦𝑔) =

𝜏𝑄(𝑦) and 𝜂𝑄(𝑔−1𝑦𝑔) = 𝜂𝑄(𝑦) for all 𝑔, 𝑦 ∈ 𝐺. Hence, 𝑄 is a PFNSG of the group 𝐺.  

Conversely, suppose that 𝑄 is a PFNSG of the group 𝐺. Then,  

 𝜎𝑄(𝑔−1𝑦𝑔) = 𝜎𝑄(𝑦), 𝜏𝑄(𝑔−1𝑦𝑔) = 𝜏𝑄(𝑦) and 𝜂𝑄(𝑔−1𝑦𝑔) = 𝜂𝑄(𝑦). 
This means that, the set  

 {𝑔 ∈ 𝐺: 𝜎𝑄(𝑔−1𝑦𝑔) = 𝜎𝑄(𝑦), 𝜏𝑄(𝑔−1𝑦𝑔) = 𝜏𝑄(𝑦) and 𝜂𝑄(𝑔−1𝑦𝑔) =

𝜂𝑄(𝑦), ∀ 𝑦 ∈ 𝐺} = 𝐺. 

Therefore, 𝒩(𝑄) = 𝐺.  
    • Let 𝑔, ℎ ∈ 𝒩(𝑄). Then,  

 𝜎𝑄(𝑔−1𝑦𝑔) = 𝜎𝑄(𝑦), 𝜏𝑄(𝑔−1𝑦𝑔) = 𝜏𝑄(𝑦) and 𝜂𝑄(𝑔−1𝑦𝑔) = 𝜂𝑄(𝑦), ∀ 𝑦 ∈ 𝐺. 

Replace 𝑦 with 𝑔ℎ, we get,  

 𝜎𝑄(𝑔ℎ) = 𝜎𝑄(𝑔−1𝑔ℎ𝑔) = 𝜎𝑄(ℎ𝑔), 

 

 𝜏𝑄(𝑔ℎ) = 𝜏𝑄(𝑔−1𝑔ℎ𝑔) = 𝜏𝑄(ℎ𝑔) 

and  

 𝜂𝑄(𝑔ℎ) = 𝜂𝑄(𝑔−1𝑔ℎ𝑔) = 𝜂𝑄(ℎ𝑔) 

Hence, 𝑄 is a PFNSG of the group 𝒩(𝑄). 
 

Definition 3.2. Let 𝐺 be a group and 𝑄 a PFSG of 𝐺. Then, the picture fuzzy centralizer 

of 𝑄 in 𝐺, denoted by 𝒞(𝑄) is defined as  

𝒞(𝑄) = {𝑔 ∈ 𝐺: 𝜎𝑄([𝑔, 𝑦]) = 𝜎𝑄(𝑒), 𝜏𝑄([𝑔, 𝑦]) = 𝜏𝑄(𝑒) and 𝜂𝑄([𝑔, 𝑦]) = 𝜂𝑄(𝑒), ∀ 𝑦

∈ 𝐺}. 
where [𝑦, ℎ] = (𝑦−1ℎ−1𝑦ℎ) is called the commutator of 𝑦, ℎ ∈ 𝐺. 
 

Theorem 3.2. Let 𝑄 be a PFSG of a group 𝐺. Then,   

    • 𝒞(𝑄) is a subgroup of 𝐺.  
    • 𝒞(𝑄) is a normal subgroup of 𝒩(𝑄). 

 

Proof.   

    • 𝒞(𝑄) ≠ ∅ since 𝑒 ∈ 𝒞(𝑄). Let 𝑔, ℎ ∈ 𝒞(𝑄). Then,  

 𝜎𝑄([𝑔, 𝑦1]) = 𝜎𝑄(𝑒), 𝜏𝑄([𝑔, 𝑦1]) = 𝜏𝑄(𝑒) and 𝜂𝑄([𝑔, 𝑦1]) = 𝜂𝑄(𝑒) 

and  

 𝜎𝑄([ℎ, 𝑦2]) = 𝜎𝑄(𝑒), 𝜏𝑄([ℎ, 𝑦2]) = 𝜏𝑄(𝑒) and 𝜂𝑄([ℎ, 𝑦2]) = 𝜂𝑄(𝑒) 

for all 𝑦1, 𝑦2 ∈ 𝐺. This imply that  

  

𝜎𝑄([𝑔, 𝑦1]) = 𝜎𝑄(𝑔−1𝑦1
−1𝑔𝑦1) = 𝜎𝑄(𝑒), 

 

 𝜏𝑄([𝑔, 𝑦1]) = 𝜏𝑄(𝑔−1𝑦1
−1𝑔𝑦1) = 𝜏𝑄(𝑒), 

 

 𝜂𝑄([𝑔, 𝑦1]) = 𝜂𝑄(𝑔−1𝑦1
−1𝑔𝑦1) = 𝜂𝑄(𝑒)                (𝑖) 

 

 𝜎𝑄([ℎ, 𝑦2]) = 𝜎𝑄(ℎ−1𝑦2
−1ℎ𝑦2) = 𝜎𝑄(𝑒), 

 

 𝜏𝑄([ℎ, 𝑦2]) = 𝜏𝑄(ℎ−1𝑦2
−1ℎ𝑦2) = 𝜏𝑄(𝑒), 
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 𝜂𝑄([ℎ, 𝑦2]) = 𝜂𝑄(ℎ−1𝑦2
−1ℎ𝑦2) = 𝜂𝑄(𝑒)                (𝑖𝑖) 

In (ii), replace 𝑦2 with 𝑔−1𝑘𝑔, thus,  

 𝜎𝑄(ℎ−1𝑔−1𝑘−1𝑔ℎ𝑔−1𝑘𝑔) = 𝜎𝑄(𝑒), 
 

 𝜏𝑄(ℎ−1𝑔−1𝑘−1𝑔ℎ𝑔−1𝑘𝑔) = 𝜏𝑄(𝑒) 

and  

 𝜂𝑄(ℎ−1𝑔−1𝑘−1𝑔ℎ𝑔−1𝑘𝑔) = 𝜂𝑄(𝑒) 

this imply that,  

 𝜎𝑄((𝑔ℎ)−1𝑘−1(𝑔ℎ)𝑘)(𝑘−1𝑔−1𝑘𝑔) = 𝜎𝑄(𝑒), 
 

 𝜏𝑄((𝑔ℎ)−1𝑘−1(𝑔ℎ)𝑘)(𝑘−1𝑔−1𝑘𝑔) = 𝜏𝑄(𝑒) 

and  

 𝜂𝑄((𝑔ℎ)−1𝑘−1(𝑔ℎ)𝑘)(𝑘−1𝑔−1𝑘𝑔) = 𝜂𝑄(𝑒) 

So by (i) we get,  

 𝜎𝑄((𝑔ℎ)−1𝑘−1(𝑔ℎ)𝑘) = 𝜎𝑄(𝑒), 
 

 𝜏𝑄((𝑔ℎ)−1𝑘−1(𝑔ℎ)𝑘) = 𝜏𝑄(𝑒) 

and  

 𝜂𝑄((𝑔ℎ)−1𝑘−1(𝑔ℎ)𝑘) = 𝜂𝑄(𝑒) 

which means that, 𝑔ℎ ∈ 𝒞(𝑄). 
Also, from (i), we get,  

 𝜎𝑄(𝑒) = 𝜎𝑄(𝑔−1𝑦1
−1𝑔𝑦1) = 𝜎𝑄((𝑔−1𝑦1

−1𝑔𝑦1))−1 = 𝜎𝑄(𝑦1
−1𝑔−1𝑦1𝑔) 

 

 𝜏𝑄(𝑒) = 𝜏𝑄(𝑔−1𝑦1
−1𝑔𝑦1) = 𝜏𝑄((𝑔−1𝑦1

−1𝑔𝑦1))−1 = 𝜏𝑄(𝑦1
−1𝑔−1𝑦1𝑔) 

and  

 𝜂𝑄(𝑒) = 𝜂𝑄(𝑔−1𝑦1
−1𝑔𝑦1) = 𝜂𝑄((𝑔−1𝑦1

−1𝑔𝑦1))−1 = 𝜂𝑄(𝑦1
−1𝑔−1𝑦1𝑔) 

This means that  

 𝜎𝑄(𝑒) = 𝜎𝑄(𝑦1
−1𝑔−1𝑦1𝑔) 

 

 𝜏𝑄(𝑒) = 𝜏𝑄(𝑦1
−1𝑔−1𝑦1𝑔), 

 

 𝜂𝑄(𝑒) = 𝜂𝑄(𝑦1
−1𝑔−1𝑦1𝑔)                    (𝑖𝑖𝑖) 

Replace 𝑦1 with 𝑠𝑔−1 in (iii), we get,  

 𝜎𝑄(𝑒) = 𝜎𝑄(𝑔𝑠−1𝑔−1𝑠𝑔−1𝑔) = 𝜎𝑄(𝑔𝑠−1𝑔−1𝑠), 

 

 𝜏𝑄(𝑒) = 𝜏𝑄(𝑔𝑠−1𝑔−1𝑠𝑔−1𝑔) = 𝜏𝑄(𝑔𝑠−1𝑔−1𝑠) 

 

 𝜂𝑄(𝑒) = 𝜂𝑄(𝑔𝑠−1𝑔−1𝑠𝑔−1𝑔) = 𝜂𝑄(𝑔𝑠−1𝑔−1𝑠) 

Hence, 𝑔−1 ∈ 𝒞(𝑄). Therefore, 𝒞(𝑄) is a subgroup of 𝐺. 
 

 𝜎𝑄(𝑒) = 𝜎𝑄(𝑔𝑠−1𝑔−1𝑠𝑔−1𝑔) 

 = 𝜎𝑄(𝑔𝑠−1𝑔−1𝑠), 
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 𝜏𝑄(𝑒) = 𝜏𝑄(𝑔𝑠−1𝑔−1𝑠𝑔−1𝑔) 

 = 𝜏𝑄(𝑔𝑠−1𝑔−1𝑠) and 

 𝜂𝑄(𝑒) = 𝜂𝑄(𝑔𝑠−1𝑔−1𝑠𝑔−1𝑔) 

 = 𝜂𝑄(𝑔𝑠−1𝑔−1𝑠)(𝑖) 

 

    • Let 𝑔 ∈ 𝒞(𝑄) and ℎ ∈ 𝒩(𝑄). From equations (i) and (ii),  

 𝜎𝑄(𝑔−1𝑦1
−1𝑔𝑦1) = 𝜎𝑄(𝑒), 𝜏𝑄(𝑔−1𝑦1

−1𝑔𝑦1) = 𝜏𝑄(𝑒), 𝜂𝑄(𝑔−1𝑦1
−1𝑔𝑦1) = 𝜂𝑄(𝑒) 

and  

 𝜎𝑄(ℎ−1𝑦2
−1ℎ𝑦2) = 𝜎𝑄(𝑒), 𝜏𝑄(ℎ−1𝑦2

−1ℎ𝑦2) = 𝜏𝑄(𝑒), 𝜂𝑄(ℎ−1𝑦2
−1ℎ𝑦2) = 𝜂𝑄(𝑒),

for all 𝑦1 𝑦2 ∈ 𝐺. 
Let 𝑦2 = 𝑔−1𝑦1

−1𝑔𝑦1 in equation (ii) and using equation (i), we get,  

 𝜎𝑄(ℎ−1𝑔−1𝑦1
−1𝑔𝑦1ℎ) = 𝜎𝑄(𝑔−1𝑦1𝑔𝑦1) = 𝜎𝑄(𝑒), 

 

 𝜏𝑄(ℎ−1𝑔−1𝑦1
−1𝑔𝑦1ℎ) = 𝜏𝑄(𝑔−1𝑦1𝑔𝑦1) = 𝜏𝑄(𝑒), 

 

 𝜂𝑄(ℎ−1𝑔−1𝑦1
−1𝑔𝑦1ℎ) = 𝜂𝑄(𝑔−1𝑦1𝑔𝑦1) = 𝜂𝑄(𝑒)                  (𝑖𝑣) 

Also, let 𝑦1 = ℎ𝑘ℎ−1 which means that  

 𝜎𝑄(ℎ−1𝑔−1ℎ𝑘−1ℎ−1𝑔ℎ𝑘ℎ−1ℎ) = 𝜎𝑄(𝑒), 
 

 𝜏𝑄(ℎ−1𝑔−1ℎ𝑘−1ℎ−1𝑔ℎ𝑘ℎ−1ℎ) = 𝜏𝑄(𝑒), 
 

 𝜂𝑄(ℎ−1𝑔−1ℎ𝑘−1ℎ−1𝑔ℎ𝑘ℎ−1ℎ) = 𝜂𝑄(𝑒) 

i.e;  

 𝜎𝑄(ℎ−1𝑔−1ℎ𝑘−1ℎ−1𝑔ℎ𝑘) = 𝜎𝑄(𝑒), 
 

 𝜏𝑄(ℎ−1𝑔−1ℎ𝑘−1ℎ−1𝑔ℎ𝑘ℎ) = 𝜏𝑄(𝑒), 
 

  

𝜂𝑄(ℎ−1𝑔−1ℎ𝑘−1ℎ−1𝑔ℎ𝑘ℎ) = 𝜂𝑄(𝑒) 

This imply that  

 𝜎𝑄((ℎ−1𝑔ℎ)−1𝑘−1(ℎ−1𝑔ℎ)𝑘) = 𝜎𝑄(𝑒), 
 

 𝜏𝑄((ℎ−1𝑔ℎ)−1𝑘−1(ℎ−1𝑔ℎ)𝑘) = 𝜏𝑄(𝑒), 
 

 𝜂𝑄((ℎ−1𝑔ℎ)−1𝑘−1(ℎ−1𝑔ℎ)𝑘) = 𝜂𝑄(𝑒) 

which means that ℎ−1𝑔ℎ ∈ 𝒞(𝑄). 
Therefore, 𝒞(𝑄) is a normal subgroup of 𝒩(𝑄). 
 

Theorem 3.3. Let 𝑄 be a PFNSG of a group 𝐺. 
Let 𝒩 = {𝑔 ∈ 𝐺: 𝜎𝑄(𝑔) = 𝜎𝑄(𝑒), 𝜏𝑄(𝑔) = 𝜏𝑄(𝑒) and 𝜂𝑄(𝑔) = 𝜂𝑄(𝑒)}.  

Then, 𝒩 ⊆ 𝒞(𝑄).  
 

Proof. Let 𝑄 be a PFNSG of a group 𝐺. This implies that  
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 𝜎𝑄(𝑦2
−1𝑦1𝑦2) = 𝜎𝑄(𝑦1), 𝜏𝑄(𝑦2

−1𝑦1𝑦2) = 𝜏𝑄(𝑦1) and 𝜂𝑄(𝑦2
−1𝑦1𝑦2) = 𝜂𝑄(𝑦1) 

for all 𝑦1, 𝑦2 ∈ 𝐺. 
Let 𝑔 ∈ 𝒩. Then, 𝜎𝑄(𝑔) = 𝜎𝑄(𝑒), 𝜏𝑄(𝑔) = 𝜏𝑄(𝑒) and 𝜂𝑄(𝑔) = 𝜂𝑄(𝑒). 
Now,  

 𝜎𝑄([𝑔, 𝑦1]) = 𝜎𝑄(𝑔−1𝑦1
−1𝑔𝑦1) 

 ≥ 𝜎𝑄(𝑔−1) ∧ 𝜎𝑄(𝑦1
−1𝑔𝑦1) 

 = 𝜎𝑄(𝑔) ∧ 𝜎𝑄(𝑔) 

 = 𝜎𝑄(𝑒) ∧ 𝜎𝑄(𝑒) 

 = 𝜎𝑄(𝑒) 

 

 

 𝜏𝑄([𝑔, 𝑦1]) = 𝜏𝑄(𝑔−1𝑦1
−1𝑔𝑦1) 

 ≥ 𝜏𝑄(𝑔−1) ∧ 𝜏𝑄(𝑦1
−1𝑔𝑦1) 

 = 𝜏𝑄(𝑔) ∧ 𝜏𝑄(𝑔) 

 = 𝜏𝑄(𝑒) ∧ 𝜏𝑄(𝑒) 

 = 𝜏𝑄(𝑒) 

 

 

 𝜂𝑄([𝑔, 𝑦1]) = 𝜂𝑄(𝑔−1𝑦1
−1𝑔𝑦1) 

 ≤ 𝜂𝑄(𝑔−1) ∨ 𝜂𝑄(𝑦1
−1𝑔𝑦1) 

 = 𝜂𝑄(𝑔) ∨ 𝜂𝑄(𝑔) 

 = 𝑒𝑡𝑎𝑄(𝑒) ∨ 𝜂𝑄(𝑒) 

 = 𝜂𝑄(𝑒) 

 So, 𝑔 ∈ 𝒞(𝑄). Hence, 𝒩 ⊆ 𝒞(𝑄). 
 

Definition 3.3. Let 𝑄 be a PFSG of a group 𝐺. Then, 𝑄 is called a picture fuzzy abelian 

subgroup (PFASG) if and only if 𝒞𝑟,𝑠,𝑡(𝑄) is an abelian subgroup of 𝐺, for all 𝑟, 𝑠, 𝑡 ∈
[0,1] with 0 < 𝑟 + 𝑠 + 𝑡 ≤ 1.  
 

Remark 3.1. If 𝐺 is an abelian group, then every PFSG of 𝐺 is a PFASG of 𝐺 but the 

converse need not hold. See the example below.  

 

Example 3.1. Let  

 𝐺 = 𝔻4 = 〈𝑎, 𝑏 | 𝑎4 = 𝑒, 𝑏2 = 𝑒, 𝑏𝑎𝑏 = 𝑎−1〉 
be the dihedral group of order 8. Define a PFS 𝑄 on 𝐺 by assigning membership elements 

in the abelian subgroup 𝑄 = {𝑒, 𝑎2} and zero otherwise. Define the membership functions 

as: 

For 𝑔 ∈ 𝐺,   
    • If 𝑔 ∈ 𝐺: 𝜎𝑄(𝑔) = 0.7, 𝜏𝑄(𝑔) = 0.15, 𝜂𝑄(𝑔) = 0.05  

    • If 𝑔 ∈ 𝐺\𝑄: 𝜎𝑄(𝑔) = 0.1, 𝜏𝑄(𝑔) = 0.05, 𝜂𝑄(𝑔) = 0.7.  

 Clearly, 0 ≤ 𝜎𝑄(𝑔) + 𝜏𝑄(𝑔) + 𝜂𝑄(𝑔) ≤ 1, ∀  𝑔 ∈ 𝐺. 
Note:  

(i) 𝑄 ia s PFSG of 𝐺 because; 𝑒 has maximal membership, the inverse of 𝑎2 is itself, 

membership degrees are preserved and the closure property holds. 
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(ii) 𝑄 is a PFASG of 𝐺 because; within the support of 𝑄, {𝑒, 𝑎2} we have  

 𝑒𝑎2 = 𝑎2𝑒, 𝑎2𝑎2 = 𝑒. 
Hence, for all 𝑔1, 𝑔2 with significant membership  

 𝜎𝑄(𝑔1𝑔2) = 𝜎𝑄(𝑔2𝑔1), 𝜏𝑄(𝑔1𝑔2) = 𝜏𝑄(𝑔2𝑔1) and 𝜂𝑄(𝑔1𝑔2) = 𝜂𝑄(𝑔2𝑔1). 

This shows that, 𝐺 = 𝔻4 is a non-abelian group but picture fuzzy subgroup 𝑄 

behaves abelian within its support which means that, 𝑄 is a PFASG of a non-abelian group 

𝐺. 
 

Theorem 3.4. Let 𝑄 be a PFASG of 𝐺. Then, the set  

 𝐺∗ = {𝑔 ∈ 𝐺: 𝜎𝑄(𝑔ℎ) = 𝜎𝑄(ℎ𝑔), 𝜏𝑄(𝑔ℎ) = 𝜏𝑄(ℎ𝑔) and 𝜂𝑄(𝑔ℎ) =

𝜂𝑄(ℎ𝑔)  ∀ 𝑔, ℎ ∈ 𝐺} 

is a PFASG of 𝐺.  
 

Proof. Since 𝐺 is a PFASG of group 𝐺, 𝒞𝑟,𝑠,𝑡(𝑄) is a PFASG, for all 𝑟, 𝑠, 𝑡 ∈ [0,1] with 

0 ≤ 𝑟 + 𝑠 + 𝑡 ≤ 1. 
Next is to show that 𝐺∗ is a PFASG of 𝐺. Since 𝐺∗ has an identity, i.e; 𝑒 ∈ 𝐺∗, it 

means that 𝐺∗ ≠ ∅. 
Let 𝑔, ℎ ∈ 𝐺∗. Then,  

 𝜎𝑄(𝑔𝑦1) = 𝜎𝑄(𝑦1𝑔), 𝜎𝑄(ℎ𝑦1) = 𝜎𝑄(𝑦1ℎ), 
 

 𝜏𝑄(𝑔𝑦1) = 𝜏𝑄(𝑦1𝑔), 𝜏𝑄(ℎ𝑦1) = 𝜏𝑄(𝑦1ℎ) and  

 

  

𝜂𝑄(𝑔𝑦1) = 𝜂𝑄(𝑦1𝑔), 𝜂𝑄(ℎ𝑦1) = 𝜂𝑄(𝑦1ℎ)  ∀ 𝑔, ℎ ∈ 𝐺 

Thus,  

𝜎𝑄((𝑔ℎ)𝑦1) = 𝜎𝑄(𝑔(ℎ𝑦1)) = 𝜎𝑄((ℎ𝑦1)𝑔) = 𝜎𝑄(ℎ(𝑦1𝑔)) = 𝜎𝑄((𝑦1𝑔)ℎ)

= 𝜎𝑄(𝑦1(𝑔ℎ)), 
 

𝜏𝑄((𝑔ℎ)𝑦1) = 𝜏𝑄(𝑔(ℎ𝑦1)) = 𝜏𝑄((ℎ𝑦1)𝑔) = 𝜏𝑄(ℎ(𝑦1𝑔)) = 𝜏𝑄((𝑦1𝑔)ℎ) = 𝜏𝑄(𝑦1(𝑔ℎ)) 

 

and  

 𝜂𝑄((𝑔ℎ)𝑦1) = 𝜂𝑄(𝑔(ℎ𝑦1)) = 𝜂𝑄((ℎ𝑦1)𝑔) = 𝜂𝑄(ℎ(𝑦1𝑔)) = 𝜂𝑄((𝑦1𝑔)ℎ) =

𝜂𝑄(𝑦1(𝑔ℎ)) 

 

hold for all 𝑦1 ∈ 𝐺. Hence, 𝑔ℎ ∈ 𝐺∗. 
Also, let 𝑔 ∈ 𝐺∗ this means that  

 𝜎𝑄(𝑔𝑦1) = 𝜎𝑄(𝑦1𝑔), 𝜏𝑄(𝑔𝑦1) = 𝜏𝑄(𝑦1𝑔) and 𝜂𝑄(𝑔𝑦1) = 𝜂𝑄(𝑦1𝑔) 

hold for all 𝑦1 ∈ 𝐺. 
Let 𝑦1 = 𝑦1

−1, then  

 𝜎𝑄(𝑔𝑦1
−1) = 𝜎𝑄(𝑦1

−1𝑔), 𝜏𝑄(𝑔𝑦1
−1) = 𝜏𝑄(𝑦1

−1𝑔) and 𝜂𝑄(𝑔𝑦1
−1) = 𝜂𝑄(𝑦1

−1𝑔) 

Thus,  

 𝜎𝑄(𝑔−1𝑦1) = 𝜎𝑄((𝑔−1𝑦1)−1) = 𝜎𝑄(𝑦1
−1𝑔) = 𝜎𝑄(𝑔𝑦1

−1) = 𝜎𝑄((𝑔𝑦1
−1)−1) =

𝜎𝑄(𝑦1𝑔−1) 
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 𝜏𝑄(𝑔−1𝑦1) = 𝜏𝑄((𝑔−1𝑦1)−1) = 𝜏𝑄(𝑦1
−1𝑔) = 𝜏𝑄(𝑔𝑦1

−1) = 𝜏𝑄((𝑔𝑦1
−1)−1) = 𝜏𝑄(𝑦1𝑔−1) 

𝜂𝑄(𝑔−1𝑦1) = 𝜂𝑄((𝑔−1𝑦1)−1) = 𝜂𝑄(𝑦1
−1𝑔) = 𝜂𝑄(𝑔𝑦1

−1) = 𝜂𝑄((𝑔𝑦1
−1)−1)

= 𝜂𝑄(𝑦1𝑔−1) 

for all 𝑦1 ∈ 𝐺. So, 𝑔−1 ∈ 𝐺∗. Therefore, 𝐺∗ is a PFASG of 𝐺. 
Next, to show that 𝐺∗ is a PFASG of group 𝐺. 
Let 𝑔, ℎ ∈ 𝐺∗, assume without loss of generality; let 𝜎𝑄(𝑔) = 𝑟, 𝜏𝑄(𝑔) ≤ 1 − 𝑟, 𝜂𝑄(𝑔) ≤

1 − 𝑟 − 𝑠 and 𝜎𝑄(ℎ) = 𝑢, 𝜏𝑄(ℎ) ≤ 1 − 𝑢, 𝜂𝑄(ℎ) ≤ 1 − 𝑢 − 𝑣 where 𝑟, 𝑠, 𝑡, 𝑢, 𝑣, 𝑤 ∈

[0,1] with 0 ≤ 𝑟 + 𝑠 + 𝑡 ≤ 1 and 0 ≤ 𝑢 + 𝑣 + 𝑤 ≤ 1. Then, 𝑔 ∈ 𝒞𝑟,1−𝑟,1−𝑟−𝑠(𝑄), ℎ ∈

𝒞𝑢,1−𝑢,1−𝑢−𝑣(𝑄). 
Let 𝑟 < 𝑢. Then, 𝜎𝑄(ℎ) = 𝑢 > 𝑟, 𝜏𝑄(ℎ) ≤ 1 − 𝑢 < 1 − 𝑟 and 𝜂𝑄(ℎ) ≤ 1 − 𝑢 − 𝑣 < 1 −

𝑟 − 𝑠, which imply that ℎ ∈ 𝒞𝑟,1−𝑟,1−𝑟−𝑠(𝑄). Thus, 𝑔, ℎ ∈ 𝒞𝑟,1−𝑟,1−𝑟−𝑠(𝑄). Therefore, 

𝑔ℎ = ℎ𝑔. Hence, 𝐺∗ is a PFASG of 𝐺. 
 

Corollary 3.1.  

(i) If 𝑄 is a PFASG of 𝐺, then 𝑄 is also a PFNSG of 𝐺. 
(ii) 𝒞(𝑄) = 𝐺∗. 

 

Theorem 3.5. Let 𝑄 be a PFASG of 𝐺. Then, 𝒞(𝑄) is a PFASG of 𝐺.   
 

Theorem 3.6. Let 𝑃 and 𝑄 be two PFSGs of groups 𝐺1 and 𝐺2, respectively. Then, 𝑃 × 𝑄 

is a PFASG of 𝐺1 × 𝐺2 if and only if 𝑃 and 𝑄 are PFASGs of 𝐺1 and 𝐺2, respectively.  

 

Proof. Suppose that 𝑃 × 𝑄 is a PFASG of 𝐺1 × 𝐺2. Then, 𝒞𝑟,𝑠,𝑡(𝑃 × 𝑄) is a PFASG of 

𝐺1 × 𝐺2, i.e; 𝒞𝑟,𝑠,𝑡(𝑃) × 𝒞𝑟,𝑠,𝑡(𝑄) is a PFSG of 𝐺1 × 𝐺2. This implies that 𝒞𝑟,𝑠,𝑡(𝑃) and 

𝒞𝑟,𝑠,𝑡(𝑄) are PFASG of 𝐺1 and 𝐺2, respectively. Hence, 𝑃 and 𝑄 are PFASG of 𝐺1 and 𝐺2, 
respectively. 

Conversely, suppose that 𝑃 and 𝑄 are PFASG of 𝐺1 and 𝐺2, respectively. Then, 

𝒞𝑟,𝑠,𝑡(𝑃) and 𝒞𝑟,𝑠,𝑡(𝑄) are PFASG of 𝐺1 and 𝐺2, respectively for all 𝑟, 𝑠, 𝑡 ∈ [0,1] with 

0 ≤ 𝑟 + 𝑠 + 𝑡 ≤ 1. Thus, 𝒞𝑟,𝑠,𝑡(𝑃) × 𝒞𝑟,𝑠,𝑡(𝑄) is a PFSG of 𝐺1 × 𝐺2. But 𝒞𝑟,𝑠,𝑡(𝑃 × 𝑄) =
𝒞𝑟,𝑠,𝑡(𝑃) × 𝒞𝑟,𝑠,𝑡(𝑄).  
Therefore, 𝒞𝑟,𝑠,𝑡(𝑃) × 𝒞𝑟,𝑠,𝑡(𝑄) is a PFASG of 𝐺1 × 𝐺2, for all 𝑟, 𝑠, 𝑡 ∈ [0,1] with 0 ≤ 𝑟 +

𝑠 + 𝑡 ≤ 1. 
 

Definition 3.4. Let 𝑄 be a PFSG of a group 𝐺. Then, 𝑄 is called cyclic picture fuzzy 

subgroup of 𝐺, denoted by CPFSG if 𝒞𝑟,𝑠,𝑡(𝑄) is a CPFSG of 𝐺, for all 𝑟, 𝑠, 𝑡 ∈ [0,1] with 

0 ≤ 𝑟 + 𝑠 + 𝑡 ≤ 1. 
 

Remark 3.2.   

• If 𝐺 is a cyclic group, then every PFSG of 𝐺 is a CPFSG of 𝐺, but converse need not be 

true.  

 

Proof. Let 𝐺 = 〈𝑎〉 be cyclic group and let 𝑄 be any PFSG of 𝐺. Then, it is true that  

 𝜎𝑄(𝑎𝑝) ≥ 𝜎𝑄(𝑎𝑝−1) ≥ 𝜎𝑄(𝑎𝑝−2) ≥ ⋯ ≥ 𝜎𝑄(𝑎2) ≥ 𝜎𝑄(𝑎), 
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 𝜏𝑄(𝑎𝑝) ≥ 𝜏𝑄(𝑎𝑝−1) ≥ 𝜏𝑄(𝑎𝑝−2) ≥ ⋯ ≥ 𝜏𝑄(𝑎2) ≥ 𝜏𝑄(𝑎) 

and  

 𝜂𝑄(𝑎𝑝) ≤ 𝜂𝑄(𝑎𝑝−1) ≤ 𝜂𝑄(𝑎𝑝−2) ≤ ⋯ ≤ 𝜂𝑄(𝑎2) ≤ 𝜂𝑄(𝑎). 

hold for all 𝑝 ∈ ℕ. Therefore, if 𝑎𝑞 ∈ 𝒞𝑟,𝑠,𝑡(𝑄), for some 𝑞 ∈ ℕ, then 𝑎𝑞 , 𝑎𝑞+1, 𝑎𝑞+2, ⋯ ∈

𝒞𝑟,𝑠,𝑡(𝑄), i.e; 𝒞𝑟,𝑠,𝑡(𝑄) = 〈𝑎−1〉, which is a CPFSG, for all 𝑟, 𝑠, 𝑡 ∈ [0,1] with 0 ≤ 𝑟 + 𝑠 +
𝑡 ≤ 1. Hence, 𝑄 is a CPFSG of 𝐺. 
Converse need not be true, see Example 3.1.  

  

• Every CPFSG of a group 𝐺 is a PFSG, but the converse need not be true.  

 

Proof. It is obvious. 

 

4. Homomorphism of picture fuzzy abelian groups 

Theorem 4.1. Let𝑓: 𝐺 → 𝐺∗ be homomorphism of a group 𝐺 into a group 𝐺∗. Let 𝑃 be a 

PFASG of group 𝐺∗. Then, 𝑓−1(𝑃) is a PFASG of group 𝐺.  
 

Proof. Let 𝑃 be a PFASG of group 𝐺∗. Therefore, 𝒞𝑟,𝑠,𝑡(𝑃) is a PFASG of 𝐺∗, for all 

𝑟, 𝑠, 𝑡 ∈ [0,1] with 0 ≤ 𝑟 + 𝑠 + 𝑡 ≤ 1. By Theorem 2.6 [24], we have  

 𝒞𝑟,𝑠,𝑡(𝑓−1(𝑃)) = 𝑓−1(𝒞𝑟,𝑠,𝑡(𝑃)) 

 = {𝑎 ∈ 𝐺1 | 𝑓(𝑎) ∈ 𝒞𝑟,𝑠,𝑡(𝑃)}. 

 Let 𝑎1, 𝑎2 ∈ 𝒞𝑟,𝑠,𝑡(𝑓−1(𝑃)) be any two points. Then, 𝑓(𝑎1), 𝑓(𝑎2) ∈ 𝒞𝑟,𝑠,𝑡(𝑃) since 

𝒞𝑟,𝑠,𝑡(𝑃) is a PFASG of 𝐺∗. Therefore, we have  

 𝑓(𝑎1)𝑓(𝑎2) = 𝑓(𝑎2)𝑓(𝑎1) implies  that 
 𝑓(𝑎1𝑎2) = 𝑓(𝑎2𝑎1). 

 So,  

 𝜎𝑃(𝑓(𝑎1𝑎2)) = 𝜎𝑃(𝑓(𝑎2𝑎1)), 
 𝜏𝑃(𝑓(𝑎1𝑎2)) = 𝜏𝑃(𝑓(𝑎2𝑎1)) and  
 𝜂𝑃(𝑓(𝑎1𝑎2)) = 𝜂𝑃(𝑓(𝑎2𝑎1)) 

 This means that  

 𝜎𝑓−1(𝑃)(𝑎1𝑎2) = 𝜎𝑓−1(𝑃)(𝑎2𝑎1), 

 𝜏𝑓−1(𝑃)(𝑎1𝑎2) = 𝜏𝑓−1(𝑃)(𝑎2𝑎1) and  

 𝜂𝑓−1(𝑃)(𝑎1𝑎2) = 𝜂𝑓−1(𝑃)(𝑎2𝑎1) 

 Thus, 𝑎1𝑎2 = 𝑎2𝑎1. Therefore, 𝒞𝑟,𝑠,𝑡(𝑓−1(𝑃)) is a PFASG of 𝐺, for all 𝑟, 𝑠, 𝑡 ∈ [0,1] with 

0 ≤ 𝑟 + 𝑠 + 𝑡 ≤ 1. 
Hence, 𝑓−1(𝑃) is a PFASG of 𝐺. 
 

Theorem 4.2. Let𝑓: 𝐺 → 𝐺∗ be surjective homomorphism and 𝑄 be a PFASG of group 

𝐺1. Then, 𝑓(𝑄) is a PFASG of group 𝐺∗.  
 

Proof. Let 𝑄 be a PFASG of group 𝐺, then 𝒞𝑟,𝑠,𝑡(𝑄) is a PFASG of 𝐺, for all 𝑟, 𝑠, 𝑡 ∈ [0,1] 
with 0 ≤ 𝑟 + 𝑠 + 𝑡 ≤ 1. 
Let 𝑏1, 𝑏2 ∈ 𝒞𝑟,𝑠,𝑡(𝑓(𝑄)). Then, there exists 𝑎1, 𝑎2 ∈ 𝐺 such that 𝑓(𝑎1) = 𝑏1, 𝑓(𝑎2) = 𝑏2. 
Therefore, 𝑓(𝑎1), 𝑓(𝑎2) ∈ 𝒞𝑟,𝑠,𝑡(𝑓(𝑄)) as 𝒞𝑟,𝑠,𝑡(𝑄) is a PFASG of 𝐺. Thus, there exists 

𝒞𝑢,𝑣,𝑤(𝑄) such that 𝑎1, 𝑎2 ∈ 𝒞𝑢,𝑣,𝑤(𝑄) for all 𝑢, 𝑣, 𝑤 ∈ [0,1] with 0 ≤ 𝑢 + 𝑣 + 𝑤 ≤ 1. 
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But 𝒞𝑢,𝑣,𝑤(𝑄) is a PFASG of 𝐺. Therefore, 𝑎1𝑎2 = 𝑎2𝑎1  ⇒ 𝑓(𝑎1𝑎2) = 𝑓(𝑎2𝑎1)  ⇒
𝑓(𝑎1)𝑓(𝑎2) = 𝑓(𝑎2)𝑓(𝑎1) i.e; 𝑏1𝑏2 = 𝑏2𝑏1. So, 𝒞𝑟,𝑠,𝑡(𝑓(𝑄)) is a PFASG of 𝐺∗. 
Hence, 𝑓(𝑄) is a PFASG of group 𝐺∗.   
 

Theorem 4.3. Let 𝑓: 𝐺 → 𝐺∗ be homomorphism of a group 𝐺 into a group 𝐺∗. Let 𝑃 be a 

CPFSG of group 𝐺∗. Then, 𝑓−1(𝑃) is a CPFSG of group 𝐺.  
 

Proof. Since 𝑃 is a CPFSG of group 𝐺∗, then 𝒞𝑟,𝑠,𝑡(𝑃) is a CPFSG of 𝐺∗, for all 𝑟, 𝑠, 𝑡 ∈
[0,1] with 0 ≤ 𝑟 + 𝑠 + 𝑡 ≤ 1. 
Let 𝒞𝑟,𝑠,𝑡(𝑃) = 〈𝑔2〉, for some 𝑔2 ∈ 𝐺∗. Now, 𝑔2 ∈ 𝐺∗, there exists 𝑔1 ∈ 𝐺 such that 

𝑓(𝑔1) = 𝑔2. So, 𝒞𝑟,𝑠,𝑡(𝑃) = 〈𝑓(𝑔2)〉. Thus,  

 𝑓−1(𝒞𝑟,𝑠,𝑡(𝑃)) = 𝒞𝑟,𝑠,𝑡(𝑓−1𝑃) = 〈𝑔1〉. 

Therefore, 𝑓−1(𝑃) is a CPFSG of group 𝐺. 
 

Theorem 4.4. Let𝑓: 𝐺1 → 𝐺∗ be surjective homomorphism and 𝑄 be a CPFSG of group 

𝐺. Then, 𝑓(𝑄) is a CPFSG of group 𝐺∗.  
 

Proof. Let 𝑄 be a CPFSG of group 𝐺, then 𝒞𝑟,𝑠,𝑡(𝑄) is a CPFSG of 𝐺, for all 𝑟, 𝑠, 𝑡 ∈ [0,1] 
with 0 ≤ 𝑟 + 𝑠 + 𝑡 ≤ 1. 
Let 𝑔 ∈ 𝒞𝑟,𝑠,𝑡(𝑓(𝑄)) be any element. Since 𝑓 is surjective, let 𝑔 = 𝑓(𝑔∗), for some 𝑔∗ ∈
𝐺. Thus, for all 𝑔∗ ∈ 𝐺 (also for all 𝑔 ∈ 𝒞𝑟,𝑠,𝑡(𝑓(𝑄))) there exists 𝒞𝑢,𝑣,𝑤(𝑄) such that 𝑔∗ ∈

𝒞𝑢,𝑣,𝑤(𝑄). But 𝒞𝑢,𝑣,𝑤(𝑄) is a CPFSG of 𝐺. Let 𝒞𝑢,𝑣,𝑤(𝑄) = 〈𝑔1〉. Thus, 𝑔∗ = (𝑔1)∗∗. So,  

 𝑔 = 𝑓(𝑔∗) = 𝑓((𝑔1)∗∗) = (𝑓(𝑔1))∗∗ 

i.e; 𝒞𝑟,𝑠,𝑡(𝑓(𝑄)) is a CPFSG of 𝐺∗. Therefore, 𝑓(𝑄) is a CPFSG of group 𝐺∗. 
 

5. Conclusions  

In the development of group theory, abelian groups play a vital role which has led to the 

interest in studying picture fuzzy abelian subgroup of a group 𝐺. Thus, in this paper, 

PFASG and CPFSG have been introduced after studying the PFSG of a group 𝐺 as special 

cases of PFSGs, and several characterisations and fundamental properties have been 

established. So, this study has contributed to the development of picture fuzzy algebra. 

Acknowledgement. The author would like to express sincere appreciation to the esteemed 

reviewers for their valuable comments and suggestions, which significantly contributed to 

the quality of the paper. 
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