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ABSTRACT

Classical statistical techniques assume that observations are precise and unambiguous.
However, real-world data are often affected by uncertainty, vagueness, and incomplete
information. Neutrosophic statistics, based on neutrosophic numbers comprising
deterministic and indeterminate components, provides a realistic mathematical framework
for addressing such situations. In this paper, we develop rigorous formalisms for
neutrosophic correlation and regression using theorem—proof structures. Explicit
expressions for neutrosophic mean, variance, covariance, correlation coefficient, and
regression models are derived. A comprehensive numerical case study of the relationship
between working time and income is presented, with all intermediate computations and
final results reported in detail. The proposed approach demonstrates clear advantages over
classical regression by naturally incorporating uncertainty in both explanatory and
response variables.
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1. Introduction

Statistical regression analysis has long been a central tool for modelling and quantifying
relationships between variables in diverse fields such as economics, engineering,
agriculture, and the social sciences. In the classical statistical framework, regression
methods are based on crisp numerical observations and deterministic assumptions. The
least squares principle, developed by Gauss, provides the mathematical foundation for
classical regression analysis and has been widely adopted due to its simplicity and strong
theoretical properties [1]. However, classical regression models implicitly assume that data
are precise and free from ambiguity. In practice, this assumption is often violated, as real-
world data are influenced by various sources of uncertainty.

In economic systems, fluctuations in markets and income levels introduce
variability; in agriculture, environmental conditions such as rainfall, temperature, and soil
quality affect crop yield; in engineering applications, measurement errors and material
imperfections are unavoidable; and in social sciences, human behaviour is inherently
imprecise. These factors lead to vagueness, incompleteness, and indeterminacy in data that
cannot be adequately represented using real numbers alone. Consequently, the applicability
of classical regression analysis becomes limited when uncertainty plays a dominant role.
To overcome these limitations, fuzzy regression analysis emerged as an extension of
classical regression following the introduction of fuzzy set theory by Zadeh [2]. Tanaka et
al. proposed the first fuzzy linear regression model [3], in which regression coefficients are
represented as fuzzy numbers rather than crisp values. This approach allows uncertainty
and vagueness to be incorporated directly into the regression structure. Later, Diamond
developed fuzzy least-squares techniques [4] to improve parameter estimation in fuzzy
environments. Fuzzy regression models have since been applied successfully in decision-
making, forecasting, control systems, and risk analysis, where precise data are rarely
available.

Despite their advantages, fuzzy regression models primarily address vagueness
and do not explicitly capture indeterminacy arising from incomplete or conflicting
information. To address this gap, neutrosophic statistics was introduced as a further
generalization of classical and fuzzy statistics. Based on the neutrosophic set theory
proposed by Smarandache [5], neutrosophic statistics incorporates an explicit
indeterminate component alongside deterministic information. Neutrosophic numbers
allow simultaneous representation of known values and associated uncertainty, providing
a more realistic mathematical framework for complex data.

The present paper systematically develops neutrosophic correlation and regression
and illustrates their applicability through a fully worked numerical example. The
progression from classical to fuzzy and neutrosophic regression reflects the growing
demand for robust statistical tools capable of handling uncertainty, vagueness, and
indeterminacy in real-world data analysis.

2. Neutrosophic numbers

A neutrosophic number is defined as
N =a+bl, 1)
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where a,b € R and I c [0,1] denotes indeterminacy satisfying
12 =1, [-0=0, I#1.
Here, a represents the deterministic (observed) part, and bl represents the
indeterminate (uncertain) part. If a = 0, then N is called a pure neutrosophic number.

Real-life examples of neutrosophic numbers

Typical real-life quantities are often affected by uncertainty due to incomplete information,
measurement errors, environmental factors, human judgment or many others. Such
situations can be effectively modelled using neutrosophic numbers, which consist of a
determinate part and an indeterminate component. For example, monthly income can be
represented as (50,000 + 12,0001), where the fixed salary constitutes the determinate part
and the indeterminate part reflects bonuses, overtime payments, or irregular earnings.
Similarly, household expenditure, expressed as (30,000 + 8,0001), accounts for routine
expenses and uncertain costs such as medical bills and emergency spending. In agriculture,
crop yield varies due to weather conditions, soil quality, and pest attacks, and can be
modelled as (40 + 151) quintals per hectare. Likewise, the project completion time, given
by (180 + 401) days, captures the planned schedule along with possible delays caused by
resource shortages or unforeseen circumstances. These representations provide a more
realistic framework for decision-making under uncertainty.

3. Algebra of neutrosophic numbers
Let Nl == a1 + bll and NZ = az + bzI Then

Nl + N2 - (al + az) + (bl + bz)[, (2)
Ny — N, = (ag — ay) + (by — by)1, 3)
NiN, = aja, + [(a; + by)(a; + by) — aja,]l. (4)

(Division) If N, = a, + b,I with a, # 0 and a, + b, # 0, then
Ni_ @ biazmaiby (5)
Ny ay  az(az+by)

4. Neutrosophic statistical measures
Neutrosophic mean: For N; = a; + b;l, i = 1,2, ...,

N =

n,
@+ bl,
where @ =Y. a; and b =~ 3. b;.

Lemma 1. (Neutrosophic variance)
Let Ni = Xj + 3’1[ Then

Var(N) = Var(x) + [Var(y) + 2Cov(x, y)]I.
Proof.

Var(V) =% (N~ N)?

=% [(x — %) + 0 — DI
= Var(x) + Var(y)I + 2Cov(x, y)I.
Lemma 2. (Neutrosophic covariance)
Let u; = x; + y;I and v; = p; + q;I be a bivariate sample of size n. Then
Cov(u,v) = Cov(x,p) + [Cov(x, q) + Cov(y,p) + Cov(y, q@)]I.
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Proof. Cov(u,v) =~ Y(u - W)(v — 7)
= -G+ 9d) — G+ TN+ @) — B+ D)
= (G~ + 0~ D~ D) + @~ DI}

1
= EZ{(xi -0 —0)+ i —0)(qi — DI+ i =i — ) + i —¥)(qi — DI}
= Cov(x,p) + Cov(x,q) + Cov(y,p) + Cov(y, q).

Note that if there is no uncertainty in both uw; and wv;, then the covariance between u and
v is equal to the covariance between x and p.

4.1. Neutrosophic correlation and regression
The neutrosophic correlation coefficient is defined as
Cov(u,v)
r=—-"
47147
where ¢, = /Var(u) and g, = /Var(v).
A neutrosophic regression model of Y on T is given by

Y =a+ BT,
where a and B are neutrosophic coefficients. These two parameters can be determined
based on the given sample values.

5. Numerical results and case study

To illustrate the proposed regression model within a neutrosophic framework, we consider
a dataset comprising 10 families. The dataset contains these families' monthly income and
the time spent working each month. In practical situations, a family's working time and
income are not always fixed or precisely known. Apart from regular, fixed work, families
may engage in additional, non-specific, irregular, or uncertain activities that contribute
variably to both working time and income.

Accordingly, in the given dataset, fixed working time and fixed income are
recorded along with additional indeterminate components representing other uncertain or
non-specific work and the corresponding income. These indeterminate components may
arise due to overtime work, temporary jobs, seasonal employment, or informal economic
activities. Such uncertainty cannot be adequately modelled using classical regression
techniques, which assume precise numerical observations.

By representing both working time and income in neutrosophic form, the dataset
captures the deterministic and indeterminate aspects of the variables simultaneously. This
makes the data particularly well-suited for demonstrating the effectiveness of the proposed
neutrosophic regression model, which can incorporate indeterminacy directly into the
regression structure. The numerical analysis based on this dataset highlights that
neutrosophic regression provides a more realistic and flexible modelling approach than
classical regression when dealing with uncertain socio-economic data.

The time represented as T = a; + byl and income represented as Y = ay + byl
where aT, bT represent the fixed time spent in a month, and the uncertain amount of time
spent for a month. Similarly, a, and by represent the fixed monthly income and the extra
income obtained by spending bT time.
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Table 1: Neutrosophic data for working time and income

Obs. T =ar+brl Y =ay + byl
(hours/month) (Rs. in K/month)

1 160 + 10/ 40 + 8/
2 170 + 121 42 +8.51
3 180 + 15/ 45+ 91
4 190 + 15/ 47 + 101
5 200 + 18/ 50 + 11/
6 210 + 20! 525+ 121
7 220 + 221 55+ 13/
8 230 + 251 57.5 + 141
9 240 + 251 60 + 151
10 250 + 28I 62.5 + 161

The statistics for this table of data areas follows. o
@r = 205, by = 19, @ = 51.15, by = 11.65.

T =205+191, Y = 51.15 + 11.65L.
This data shows that the average time spent on the work is 205 hours (fixed), and
19 hours may be spent for extra income. The minimum fixed average income for this
group of families is Rs. 51.15 thousand, and the uncertain income is Rs. 11.65 thousand.

The variances of the crisp data for A, By, Ay and By are determined as
Var(A;) = 825.00, Var(By) = 32.60,
Var(Ay) = 52.8525,  Var(By) = 7.1025.

And the covariances are
Cov(Ar, By) = 163.00, Cov(A7,Ay) = 208.75, Cov(Ar, By) = 76.25,
COV(BT,Ay) = 4130, COV(BT, By) = 1505, COV(Ay,By) = 193025

The variance of neutrosophic sample N; = x; + y;1,i =1,2,...,n is
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Var(N) = Var(x) + [Var(y) + 2Cov(x, y)]I.

Then
Var(T) = 825 + (32.60 + 2 x 163)] = 825 + 358.60 I,
Var(Y) = 52.8525 + (7.1025 + 2 X 19.3025)I = 52.8525 + 45.7075 1.

Foru=x+yl and v=p +ql,
Cov(u,v) = Cov(x, p) + [Cov(x, q) + Cov(y,p) + Cov(y, q@)]I.

Thus, the covariance between time spent T and income Y is

Cov(T,Y) = Cov(Ar,Ay) + [Cov(Ay, By) + Cov(Br, Ay) + Cov(By, By)]I
= 208.75 + [76.25 + 41.30 + 15.05]/ = 208.75 + 132.61.

5.1. Correlation coefficients
The correlation coefficient r is determined by the conventional formula
Cov(u,v)
r=——mmm

0y 0y

where o, = /Var(u) and g, = /Var(v).

Note that the computation of the square root of a neutrosophic number is not so
easy. It provides four possible values, unlike crisp numbers, which provide only two. The
value of a,0,, can be computed in two different ways. By separately finding the values
of g, and g, we can compute their product. It makes it more complicated.
Alternatively, we can compute the variances of u and v, then multiply them and take the
square root. This process reduces the confusion.

Let p = Var(T)Var(Y) = (825 + 358.601)(52.8525 + 45.70751)
= 43603.3125 + 73052.3035I

Square roots are:
z, = 208.814062 + 122.711, z, = 208.814062 — 540.33 ],
z3 = —208.814062 + 540.33 ], 7z, = —208.814062 — 122.71

The principal values are
zy = 208.814062 4+ 122.711 and z3; = —208.814062 + 540.33 1.

The four correlation coefficients are,
r, = 0.9997 4+ 0.03001, r, = 0.9997 — 2.03001/,
r3 = —0.9997 + 2.0300 1, r, = —0.9997 — 0.0300 1.

Note that the deterministic parts of all correlation coefficients are the same in terms of
magnitude. In this particular application, if the time spent on other work increases, the
income will increase, and vice versa. So, the correlation coefficient must be positive. Thus,
only two correlation coefficients are valid for this application. These are
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r, = 0.9997 4+ 0.0300 1, r, = 0.9997 — 2.0300 /.
The deterministic correlation coefficient is 0.9997. This shows that time spent and income
are highly correlated, and this is obvious.

6.2. Regression equations
Regression equations are very important in regression analysis and are used for
prediction.
The regression equation for income on time spent is
Y =Y = by (T — T), where

b = oy Cov(Y,T) oy Cov(Y,T) Cov(Y,T)
e = raT - ooy oy o2  Var(T)

This formula gives a single value for byr. But if we evaluate this expression for different
values of r, we get two distinct values of byr.

_208.75+132.6] _
Thus by = =222 = 02530 + 0.0354 1.

Thus, the regression equation of income on time spent is
Y-Y=b(T-T)
That is,
Y = byyT + (Y — byyT)
= (0.2530 + 0.0354 )T — (0.715 + 1.0866I).

Neutrosophic Regression in the T-Y Plane

—— Deterministic line
80 Upper bound
—== Lower bound

0 50 lUIIO 11';0 2[|)0 25|0 360
T
Figure 1: Neutrosophic regression line with indeterminacy band
Deterministic line Y = 0.2530T - 0.715
Upper bound: Y = (0.2530+0.0354)T - (0.715+1.0866),
Lower bound: Y = (0.2530-0.0354)T - (0.715-1.0866).
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Prediction
For T =110 + 501,

Y =27.115+ 17.22741.

6. Conclusion
This paper demonstrates that neutrosophic correlation and regression provide a
mathematically rigorous and realistic framework for statistical analysis under uncertainty.
Unlike classical regression, the proposed approach captures uncertainty in both
independent and dependent variables, yielding an indeterminacy band rather than a single
prediction line.
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