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ABSTRACT

Let G be a simple (p, q) graph with vertex set V(G) and edge set E(G). Bg,
NINC, Kq(G) is a graph with vertex set V(G) U E(G) and two vertices are adjacent if
and only if they correspond to two adjacent vertices of G or to a vertex and an edge
not incident to it in G. For simplicity, denote this graph by BG(G), Boolean graph
of G-first kind. In this paper, partitions of edges of BG;(G) are studied.
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1. Introduction

Let G be a finite, simple, undirected (p, q) graph with vertex set V(G) and edge set
E(G). For graph theoretic terminology refer to Harary [11], Buckley and Harary
[10].

A graph G is called Hamiltonian if it has a spanning cycle. Any spanning
cycle of G is called Hamilton cycle. A Hamiltonian path in G is a path, which
contains every vertex of G. Clearly, every Hamiltonian graph is 2-connected.

A decomposition of a graph G is a collection of subgraphs of G, whose edge
sets partition the edge set of G. The subgraphs of the decomposition are called the
parts of the decomposition.

A graph G is said to be F-decomposable or F-packable if G has a
decomposition in which all of its parts are isomorphic to the graph F. A graph G can
be decomposed into Hamilton cycles (paths) if the edge set of G can be partitioned
into Hamilton cycles (paths).

Following theorem is used in the partition of BG(G)

Theorem 1.1 [9](Bermond)
(i) If p is even, K,, can be decomposed into p/2 Hamiltonian paths.
(11) If p is odd, K, can be decomposed into (p—1)/2 Hamiltonian cycles.

If p is even, K, can be decomposed into (p—2)/2 cycles of length n and
(p/2)K,'s.

A path (cycle) partition of a graph G is a collection of paths (cycles) in G
such that every edge of G lies in exactly one path (cycle).
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Motivation: The Line graphs [7], Middle graphs [1,2], Total graphs [5,6] and
Quasi-total graphs [18] are very much useful in the construction of various related
networks from the underlying graph of networks. In analogous to line graph, total
graph, middle graph and quasi-total graph, thirty two graphs can be defined using
different adjacency relations. Out of these operations, eight were already studied.
Among the remaining twenty-four graph operations, two are defined and analyzed in
[13] and [14]. All the others have been defined and various structural properties are
studied [4], [13], [14], [15] and [16]. This is illustrated below.

_ Incident (INC)/
G/ G/K,/ K, Non-incident (NINC) L(G) L(G)/Ky K4

Defining a new graph from a given graph by using the adjacency relation
between two vertices or two edges and incident relationship between vertices and
edges is known as Boolean operation. It defines new structure from the given graph
either by adding extra information or extracting new information from the
substructure or by mixing the above cases of the original graph.

In Management and in social networks, the incident and non-incident
relations of vertices and edges are used to define various networks. So these are very
much applicable in socio-economical problems. In some cases, it is not possible to
retrieve the original graph from the Boolean graphs in polynomial time. So these
graph operations may be used in graph coding or coding of some grouped signal.
Also, it is possible to study the structure of original graphs through these Boolean
graph operations. This motivates the study for the exploration of various Boolean
operations and study of their structural properties.

In [4], the Boolean graph BG,(G) of a graph G is defined as follows. Let G
be a simple (p, q) graph with vertex set V(G) and edge set E(G). BG, NINC, K,(G)
is a graph with vertex set V(G) U E(G) and two vertices are adjacent if and only if
they correspond to two adjacent vertices of G or to a vertex and an edge not incident
to it in G. For simplicity, denote this graph by BG;(G), Boolean graph of G-first
kind.

BG(G) has p+q vertices, p point vertices with degree q and q line vertices
with degree p—2. BG(G) is always bi-regular and is regular if and only if q = p—2;
clearly, in this case G is disconnected. It is easy to determine that BG(G) has q(p—1)
edges and BG/(G) has (q(q+1)/2)+(p(p—1)/2) edges.

In this paper, partitions of edges of BG,(G) are studied.

2. Partition of edges of BG,(G)

First, partition of edges of BG(G) into edges of G and stars for a given graph G is
studied.

Proposition 2.1 Let G be a (p, q) graph. Then the edges of BGi(G) can be
partitioned into E(G) and q times E(K, ;).

Proof: In BG,(G), degree of a line vertex is p—2 and degree of a point vertex is ¢,
each line vertex is adjacent to exactly (p—2) point vertices only. Therefore,
corresponding to q line vertices there are q times K, , and the remaining edges are
edges of G only. Hence the proposition is proved.
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Next theorem gives the partition of edges of BG{(G) into edges of G, a
regular graph and stars, when G is a m regular Hamiltonian graph.

Theorem 2.1 Let G be a m regular Hamiltonian graph, with n vertices. Then the
edges of BG(G) can be partitioned into G, (n—2) regular graph on 2n vertices and
((mn/2)—n) times K 4.

Proof: Number of edges in G = mn/2. Therefore, BG;(G) has n point vertices and
mn/2 line vertices. Degree of a line vertex in BG(G) is n—2 and degree of a point
vertex is mn/2.

Consider the n point vertices and any n line vertices, which form a cycle in G.

Let H be the induced subgraph of BG(G) formed by these 2n vertices. In H, degree
of a point vertex is m+(n—2) and degree of a line vertex is n—2. Therefore, the edges
of this induced subgraph can be partitioned into edges of G and a (n—2) regular
graph on these 2n vertices. Number of remaining line vertices = (mn/2)—n, which are
adjacent to exactly (n—2) point vertices. Therefore, the edges of BG{(G) can be
partitioned into edges of G and a (n—2)- regular graph on 2n vertices and ((mn/2)—n)
times K, 5.

Corollary 2.1 Let G be a cycle C,.. Then the edges of BG;(G) can be partitioned into
G and a (n—2) regular graph on 2n vertices.

Proof: In Theorem 2.1, take m = 2. Number of edges of G = n. Number of vertices
of BG(G) is 2n and degree of a point vertex is n and degree of a line vertex is n—2.
Edges of BG(G) can be partitioned into G = C,, and (n—2) regular graph on 2n
vertices.

Next, we give the partition of edges of BG;(G), when G = C,, P, K,,, Ky, Ky, n1Ks.

Proposition 2.2 H = BG(G), where G = K,,. Edges of H can be partitioned into
edges of K,, and p(p+1)/2 subgraphs K, ;», in such a way that, K, and K, , » have p—
2 common vertices.

Proof: H has G as induced subgraph and each line vertex is adjacent to p—2 point
vertices. Hence the result follows.

Proposition 2.3 H = BG(G), where G = K, . Edges of H can be partitioned into
ntl stars, n times K;,; and one K;, such that the center of all stars form a
maximum independent set and any two stars of first type have n—2 common points
and each K, ,; and K , have n—1 common points.
Proof: In H, the central vertex of G is not adjacent to any line vertices and each line
vertex is adjacent to exactly n-1 point vertices. Hence edges of H can be partitioned
into n+1 stars, n times K; ,; and one K,

Now consider point vertex of G, which is not the central vertex. In H, this
vertex has degree n and exactly n such vertices. Hence taking these point vertices as
center, edges of H can be partitioned into n stars K ..

Following theorem deals with the partition of edges of BG;(C,) into cycles
of different lengths.
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Theorem 2.2 When G = C,, the edges of BG;(G) can be partitioned into (a) C,, ((n—
3)/2) Cy,and nK,, if n is odd. (b) C, and ((n—2)/2)C,,, if n is even.

Proof: Let G = C,. BG|(G) has n point vertices with degree n and n line vertices
with degree n-2.

Case 1: n is even.
Let vy, vy, ..., v, be the point vertices, €3, €3, €34, -.., €4_1n D€ the line vertices. In
BG(G), each vj is adjacent to (n—2) line vertices €12, €23, ..., €(-2)ij-1)» €(+1)([12)» --+»
€m-1)n, €n1. Combine these line vertices in two's as n is even. There are (n—2)/2 such
collections, which are adjacent to v, j=1, 2, ..., n.

Consider the point vertex v;. v, is adjacent to €3, €34, ..., €n_1n. NOW,
combine these into (€23, €34); (€45, €56); (Em-2)n+1)> €m-1yn). Get the (n-2)/2 cycles of
length 2n in BG,(G) as follows:

Vi1 Vo V3 V4 Vs ... Vn2 Vn-1 Vn

[ ) [ ] [ ] [ ) [} [ ] [ ] [ ]
€12 €23 €34 €45 €56 €n-1)n €n1
Fig: 2.1

1. v Cn-1)n V2€n1 V3 €12 V4... Vi €n-2)(n-1) V1
2.vy Cn-3)n-2) V2€m-2)(n-1) V3 €n-1)n V4€n1 V5 €12 ... Vh €n-4)(n-3) V1
3.v Cn-5)n-4) V2 €n-4)(n-3) V3 Cn-3)(n-2) V4 €C-2)(n-1) - -+ Vn €m-6)(n-5) V1

(1’1—2)/2 V1 €34 V2 €45 V3 €56 V4 ... €12V, €23 V]
From this construction and from the definition of BG(G), it follows that
edges of BG(G) are union of edges of G and these cycles.

Case 2: n is odd.

There are n point vertices vy, Vs, ..., v, and n line vertices €y, €3, ..., €,1. Combine
(n—1) line vertices into two's. v, is adjacent to €3, €34, ..., €n-1)n. Leaving em_ijn,
combine these into (€23, €34); (€45, €56); (€n3 n2, €n2n1). Similarly, v, is adjacent
to (€34, €45); (€56, €67); -+ -5 (€n2n-1, -1 1), and e, As in case (1) there are ((n—
1)-2)/2 cycles of length 2n and nK,'s vi€m-1n; Va€n1; Vi€12 ...3  Vn€n-2)n-1)-
Therefore, edges of BG{(G) can be partitioned into C,, ((n—3)/2)C,, and nK,, when n
is odd. Hence the proof of the theorem follows.

In the following theorem, partition of edges of BG;(P,) into paths of
different lengths is studied.



101 Edge Pqartition of the Boolean Graph BG;(G)

Theorem 2.3 If G = P, then edges of BG(G) can be partitioned into
1. Py, (n—=3)/2)P,,_; and (n—1)K,, if n is odd.

2. P, and ((n—2)/2)Py,, if n is even.

Proof: Similar to Theorem 2.2.

Next we give the partition of BG(K, ;) into cycles and stars.

Theorem 2.4 If G =K, the edges of BG,(G) can be partitioned into

1. Kin; (n—1)/2)Cyy, if n is odd.

2. K pn, (n=2)/2)Cyp; 1Ky, if n is even.

Proof: Let G = K, . Then BG(G) has n+1 point vertices with degree n and n line
vertices with degree n—1. Let vy, v, ..., vy, vV be the point vertices, e, = vv|, €, =
VVa,..., €,= vV, € E(G) be the n line vertices, where v is the central node of G.

Case 1: n is odd.

In BG/(G), each vj is adjacent to (n—1) line vertices e, €, ..., €-1, €1, ..., €n.
Combine these vertices into two by two. Thus, there are (n—1)/2 such collections,
which are adjacent to v;, j = 1, 2, ..., n. Consider v;, combine the edges as (e,, €3);
(€4, €5); ...; (€n-1, €n). The n—1 cycles of length 2n in BG{(G) can be obtained as
follows:

(1) vi €3 vy €4 V3 €5 V4 €6...€0-1 V2 €y Vi €1 Vy €2 V.

(2) V1 €5Vy €6 V3E€7V4€Cg... €, V3 €1 V2 €2 V1 €3 V, €4 V7.

((1’1—1)/2) Vi€, V€1 V3€V4€3... V2 €43 V-1 €42 Vh €p—1 V1.

From this construction and from the definition of BG,(G), it follows that edges of
BG;(G) can be grouped into edges of G = K, , and these (n—1)/2 cycles of length 2n.

Case 2: n is even.
There are nt1 point vertices, vy, Vs, ..., Vo, v and n line vertices ey, €, ..., €, in
BGi(G), ¢; = vvj € E(G). By the definition of BG(G) each v; is adjacent to (n—1)
line vertices, €, €, €3, ..., €1, €1, ..., €. Among this, (n—2) line vertices can be
grouped into pairs.

Consider v;. v, is adjacent to (n—1) line vertices, e, €s,..., €._1, €, leaving
en, get (n—2)/2 pairs (e,, €3), (€4, €5),..., (€n2, €41). Similarly, v, is adjacent to ey, es,
..., €n1, €y Leaving e, get (n—2)/2 pairs (€3, €4), (€5, €6)s -+ -5 (€nt1s €n)s - --

As in casel, there are ((n—1)-1)/2 cycles of length n and nK,'s given by
Vien, V2€1, Vi€, ..., Vhen-1. Therefore, edges of BG;(G) can be partitioned into K ,,
((n—2)/2)Cy, and nK, when G =K, ,, where n is even.

In the next two theorems, we give the partition of BG(K,) into cycles and stars or
regular graphs.

Theorem 2.5 If G = K,,, then edges of BG(G) can be partitioned into
(1) (0=2)/2)Can, (0—2)*/4)Can, (0/2)K, 1, (0/2)K,, when n is even.
(2) (n—1)/2)C,, ((n—1)/2)((n—=3)/2)C,, and (n(n—1)/2)K,, when n is odd.
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Proof:G = K,. BG(G) has n point vertices and n(n—1)/2 line vertices. In BG(G),
degree of each point vertex is n(n—1)/2 and degree of each line vertex is n—2.

Case 1: nis even.

When n is even, edges of K, can be partitioned into ((n—2)/2)C, and (n/2)K;'s.
Therefore, by Theorem 2.2 edges of BG(K,) can be partitioned into ((n—2)/2)C,,
((n—2)/2)((n—-2)/2)Cyy, (n/2)K; 5-» and (n/2)K,'s.

Case 2: n is odd.

When n is odd, edges of K,, can be partitioned into ((n—2)/2)C,. Hence, by Theorem
2.2 edges of BG|(K,) can be partitioned into ((n—1)/2)C,, ((n—1)/2)((n—3)/2)Cy,, ((n—
1)/2)nK,.

Theorem 2.6 If G = K, with n > 3, the edges of BG,(G) can be partitioned into (1)
(n—1)/2 times (n—2) regular graph with 2n vertices and K,, when n is odd, such that
the n point vertices are in all of these regular graphs. (2) (n—2)/2 times (n—2) regular
graph with 2n vertices, K, and (n/2)K,;,, when n is even such that the n point
vertices are in all of these regular graphs and each of the point vertices are in exactly
(n/2—1) Kl,n_z'S.

Proof: Let G = K,,. Then BG;(G) has n point vertices and n(n—1)/2 line vertices. In

BG(G), degree of each point vertex is n(n—1)/2 and degree of each line vertex is n—
2.

Case 1: n is odd.

In this case, edges of K, can be partitioned into (n—1)/2 cycles of length n. In
BG(G), consider n line vertices which form a n-cycle in G and the n point vertices.
In BG(G), these 2n vertices form a (n—2) regular graph on 2n vertices and K,.
Corresponding to the (n—1)/2 cycles of length n in G, there exist (n—1)/2 times (n—2)
regular graph on 2n vertices and K,, but this K, formed by n point vertices is
common. Hence, when n is odd, edges of G can be partitioned into K, and (n—1)/2
times (n—2) regular graph on 2n vertices such that the n point vertices are in all of
these regular graphs.

Case 2: n is even.
Edges of K,, can be partitioned into (n—2)/2 times cycles of length n and (n/2)K,'s. In
BG(G), consider the n line vertices which form a n-cycle in G. These n line vertices
with the n point vertices form a (n—2) regular graph on 2n vertices and K.
Corresponding to the (n—2)/2 cycles of length n in G, there exist (n—2)/2 times (n—2)
regular graph on 2n vertices and K,, and this K, formed by point vertices is common.
Now, consider the (n/2)K,'s on G. In BG|(G), these n/2 line vertices are
adjacent to exactly n—2 point vertices. Therefore, in BG(G) there are (n/2)K, ,,-, and
(n/2)K,, which is in K, and each of the n point vertices are in exactly ((n/2)-1)K; -
»'s. This proves the theorem.

Theorem 2.7 Edges of BG,(nK,) can be partitioned into n times K,+(n—1)K;.
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Proof: G = nK,, let V(G) = {vi, V2, V3, ..., Vo, Uy, Uy, ..., Uy} and e = uyvy, ..., €, =
u,vy, € E(G).

Consider e;. In BG{(G), v; is adjacent to e,, €3, ..., €, and u, is adjacent to e,
€3, ..., €n. Also, vy and u, are adjacent. Hence, they form K,+(n—1)K;. Similarly, for
othere,, ..., €,.

Hence, the edges of BG;(nK};) can be partitioned into n times K,+(n—1)K.

Theorem 2.8 If G = K,,,, edges of BG{(G) can be partitioned into (1) (n/2)C,,
((n/2)(n—1))C4p, if n is even. (2) ((n—1)/2)C,, ((n—1)2/2)C4n, nK, ,» and nK,, if n is
odd.

Proof: Case 1: n is even.

The edges of K,, can be partitioned into (n/2)C,,, By Theorem 2.2, edges of
BG(Cyy) can be partitioned into Cj,, ((2n—2)/2)Cyy. Therefore, BGy(K,,) can be
partitioned into (n/2)Cy,, ((n/2)(2n-2)/2)Cyy.

Case 2: n is odd.

Edges of K,, can be partitioned into ((n—1)/2)Cy,, nK,. Therefore, edges of
BG(K,,) can be partitioned into ((n—1)/2)C,,, (((n—1)/2)(2n-2)/2)C4y, 0K 2,2 and
nK5,. That is, ((n—1)/2)C,, ((n—1)2/2)C4n, nK, 5p-, and nKo.

3. Path and cycle partition of edges of BG,(G)

In this section, we study the partition of edges of BG(G) into paths or cycles, when
G =G, Py, Kin, Ky, Kiyy and nK,.

First we study partition of BG(C,) into paths of length (n—1).

Theorem 3.1 Let G = C,.. Then the edges of BG;(G) can be partitioned into n paths
of length (n—1), each path contains exactly one edge from G = C,. That is BG(G) is
P,.i- packable.

Proof: Let Vi, V2, ..., Vy € V(G) Let €12 = V1V2, €23 = V2V3, ooy €n-1)n = Vm-1Vms> €n1 =
vy € E(G).

Case 1: n is even.

Edge set of BG(G) can be partitioned as follows:

(1) v2 vi €23 Va€12 Vs €n1 Ve Cm-Dn V7 ..o Vm2)+1 €(n2)+4)((0/2)+5) V(n/2)+2-
(2) v3 V2 €34 Vs €23 Vg... Vmn2)+2 €m2)+5)(@/2)+6) Vn/2)+3-

(3) V4 V3 €45 Vg €34 V7... Vm2)+3 €(m/2)+6)(n/2)+7) V(n/2)+4--

(0/2) Vayr1 Va2 €2+ @2)+2) V2yss €m2)y(@2)+1) ---€34 V..

(n) Vi Vy €12 V3 €41 V4 €0 ... C((n/2)+3)(n/2)+4) V(n/2)+1-
Thus, the edges of BG{(G) can be partitioned into n paths of length n—1 when n is
even.

Case 2: n is odd.

Here [ n/2 | = (n+1)/2. Edges of BG,(G) can be partitioned as follows.
(1) va vi €3 Va€12 Vs €n1 Vs Cn-n V7 ... VIn2 k1 €(n2k3)(n2+4).

(2) V3 V2 €34 V5 €23 Ve... V2 Cln2+4)(n2s).
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(3) V4 V3 €45 V6 €34 V7... V2 k3 €(n2s)(n2k6)--

Fn/ﬂ V2 k1 V2l €(n2 k(w2 k2) Vin2ks €(n2]-nln2]---V1 €34. .

(n) Vi Vh€12 V3 €n V4 Cao-Dn - V2] €(n2H2)(n2 13)-

Here, the subscripts are all taken modulo n. This proves the theorem.

Next, we prove the edges of BG(K;,) can be partitioned into paths of
length n.

Theorem 3.2 When G = K, edges of BG(G) can be partitioned into n paths of
length n, each path containing exactly one edge from G = K, ,,. That is BG(G) is P,-
packable.

Proof: Case 1: n is even.

Let v be the central node of G and vy, v, ..., v, be other vertices of G and vv;= ¢;
Now, the edges of BG(G) can be partitioned as follows:

(1) v Viea Vs e Vs Vs Cnt V6 ... Vin2yrl Cni2)s3-

(2) vvaesvaervs e Ve en vy ... Vw2)+2 Cw2)+4- -

(0/2) v Vo Cw2y+1 Voyr2 Cw2) Vw2)+3 €m2)-1 ... Van €2. .

(n) V vy €1 V2 €1V3 €41 V4 €0 Vs ... V) €m2)+2-

Case 2: n is odd.

Edges of BG(G) can be partitioned into,

(1) v Vi€yV3 €1 V4 €, Vs €ni Vg ... €ni1/2)+4 Vin-1/2)+2-
(2) Vvae3vs Vs €1 Vg €, V7 ... €no1/2)t5 V(ne1/2)+3--
(N) V Vy€1 V2 €,V3 €11 V4 €42 Vs ... Cn-1/2)+3 V (n-1/2)+1-
This proves the theorem.

In the next theorem, we partition edges of BG(K,,) into paths of length n—1.

Theorem 3.3 When G = K,,, edges of BG(G) can be partitioned into n(n—1)/2 paths
of length n—1. That is BG(G) is P, packable.

Proof: Using Theorems 3.1 and 3.2, we can prove this theorem. Take G = K,,. Let
Vi, V2, ..., Vo € V(G).

Case 1: n is odd.

Clearly, when n is odd, edges of K, can be partitioned into (n—1)/2 cycles of length
n. By Theorem 3.1, for each cycle C,, BG|(C,) can be partitioned into n paths of
length n—1. Hence, BG,(K,) can be partitioned into n(n—1)/2 paths of length n—1.

Case 2: n is even.

Now, consider K,, as K,,_;+K;, where K,,_; is the complete graph with vertices vy, v,,
..., Vo1 and K is v,. Edges of BG(K,) are edges of BG(K,-1), edges of BG(K; 1),
and the edges joining the line vertices of BG(K,;) to v,,.

Now by case 1, edges of BGy(K,-;) can be partitioned into (n—1)(n—2)/2
paths of length n—2 and by Theorem 3.2, edges of BG;(K; ;1) can be partitioned into
(n—1) paths of length  (n—1). Now, consider the (n—1)(n—2)/2 paths of length (n—
2). To each of this path join one edge joining a line vertex to v, in BG;(G). Thus,
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(n—1)(n—2)/2 paths of length (n—1) are obtained. So, totally there are (n—1)(n—
2)/2+(n—1) = n(n—1)/2 paths of length (n—1). This proves the theorem.

Following are some important remarks in the path partition of K.

Remark 3.1 These n(n—1)/2 paths has the following properties:

(1) Each path contains exactly one edge from K.

(2) If n is odd, each path starts from a point vertex and ends with a line vertex.
(3) If n is even, each path starts with a point vertex and ends with a point vertex.

In the next theorem, we study the path partition or cycle partition of BG(G)
when G = (n/2)K,.

Theorem 3.4 If G = (n/2)K,, edges of BG{(G) can be partitioned into (n/2)C,_y, if
n/2 is even or (n/2)P,, if n/2 is odd, such that each path or cycle contains exactly one
edge from G.

Proof: Let vy, vy, ..., Vo € V(Q), €12 = VI V2, €34 = V3V4, ..., €n-1)n = Va-1Va € E(Q).
Case 1: n/2 is odd.

Consider the following partitions:

(1) vivaes3s Va1 €56 Vi3 ... Cm2)(n/2)+1) V(0/2)+2) C(m2)+4)(m/2)+5) V/2)+1€((0/2)+6)(/2)+7) V(/2)-1---
Cn-1n V6 €12 V4.

(2) V3 V4 €56 Vy... C(m2)2)(2)+3) Y/2)+4 C(/2)+6)(n/2)+7) V(@/2)+3 €((n/2)+8)(n/2)+9 V(m/2)+1 ---€12 Vg
€34 Vg..

(H/Z) Vn-1Vn €12 Vn-3 €34 V-5 €56 ... €n/2)-2)n/2)-1 V(n2) €((n/2)+2)((n/2)+3) V(n/2)-1

C((n/2)+4) (0/2)+5) V(n/2)-3 +++ €n-3)(n-2) V4 C(n-1)n V2.

Thus, edges of BG((G) can be partitioned into n/2 paths of length n—1, that is
(n/2)P,.

Case 2: n/2 is even.
Consider the following partitions:

(1) Vi V2 €34 Vi €56 Va2 €78 Vs ... C(@2)+1)(/2)+2) V(2)-1) C(/2)+3)((/2)+4) V(0/2)-3) ---V3 €mn-1)n
V1.

(2) v3Vaes6Va€78 Vi €9(10) Vn-2:+ €((n/2)+3)(n/2)+4) V@/2)+1 €((n/2)+5)(n/2)+6) V(n/2)-1--- €12 V3. .

(n/2) Vi1 Vo €12 V2 €34 V4 €56 ... C(m2)-DH®2) Vn/2)-3 S((02)+1)((0/2)+2) V(n/2)-1+++ €n-3)(n-2)Vn-1-
Thus, edges of BG(G) can be partitioned into n/2 cycle of length n—1.

The following theorem gives the partition of BG(K,) into cycles when n is a
multiple of four.

Theorem 3.5 When n is a multiple of four, edges of BG(K,) can be partitioned into
n(n—1)/2 cycles of length (n—1). That is BG(K,) is C,.; packable.

Proof: n is a multiple of 4. Therefore, n is even and (n—2)/2 is odd. Edges of K,, can
be partitioned into (n—2)/2 cycles of length n and (n/2)K,'s. Consider the cycle C,
formed by Vi, V2, V3, ...y, Vp, let €12 = V1Vy, €3 = VV3,... , €41 = VpV] € E(G) NOW, the
edges of BG(C,) except the edges of the cycle C, can be partitioned into

(v, €n-1)n Vn-2 €n1 Vn-3 €12 Vn—4 €23 V5 ... €((n/2)-3)((n/2)-2) Vn/2-

(2) V2€n1 Va1 €12 V2 €23 V3 €34 ... C(m2)-2)(n/2)-1) V((@/2)+1)--
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(n) vy €n-2)n-1) Vn-3 €n-1)n Vn-4 €n1 Vn-5 ... €((n2)-4)(n/2)-3) V((0/2)-1)-
n-paths of length n—2. Now, add v, at the last in (1), v, at the last in (2), ..., v, in (n).
The edges Vao Vi, Vw2)+1V2, -..r V(@2)-1) Va are in some other cycles (which form K,).
Thus, there are n cycles of length n—1 corresponding to the cycle v v,vs...vyvy in G.
Similarly, for the other cycles in K, also, such partitions can be formed. Thus, there
are n(n—2)/2 cycles of length (n—1).

Now, consider the (n/2)K;'s in K,. As in the previous theorem, in BG;(G),
there are n/2 cycles of length (n—1) corresponding to this (n/2)K,'s. Thus, totally
there are (n(n—2)/2)+(n/2) = n(n—1)/2 cycles of length (n—1).

Next, we study the path partition of BG(K,, ).

Theorem 3.6 Edges of BG,(K,,) can be partitioned into n® paths of length 2n—1,
such that each path contains exactly one edge from G = K,,,,. That is BG(K,,,) is P2y
1 packable.

Proof: Case 1: n is even.

Edges of K,,, can be partitioned into n/2 cycles of length 2n. But it is already proved
that BG,(C,) can be partitioned into n paths of length n—1. Hence, BG(K,,) can be
partitioned into (n/2)2n paths of length 2n—1.

Case 2: n is odd.

In this case, edges of K,,, can be partitioned into (n—1)/2 cycles of length 2n and
nK,. It is proved that the edges of BG(C,) can be partitioned into n paths of length
(n—1) and edges BG,(nK,) can be partitioned into n paths of length 2n—1. Therefore,
edges of BG(K,,) can be partitioned into ((n—1)/2)2n paths of length 2n—1 and n
paths of length 2n—1, that is, n* paths of length 2n—1.

Now we pose a open problem in the partition of edges of BG,(G).

Open Problem: Let G be a finite, simple, undirected (p, q) graph. Edges of BG(G)
can be partitioned into q paths of length p—1, each containing exactly one edge from
G. That is BG,(G) is P,.; packable.

Other properties of BG{(G) such as domination parameters of BG(G) and
graph equations connecting BG1(G), Total graphs and Line graphs are also studied
and are submitted for publication.

Acknowledgments: We thank the referee for his useful suggestions.
REFERENCES

1. Jin Akiyama, Takashi Hamada and Izumi Yoshimura, Miscellaneous properties
of middle graphs, TRU, Mathematics, 10 (1974), 41-53.

2. Jin Akiyama, Takashi Hamada and Izumi Yoshimura, On characterizations of
the middle graphs, TRU Math. 11 (1975), 35-39.

3. Jin Akiyama and Ando, K., Equi-eccentric graphs with equi-eccentric
complements, TRU Math., Vol. 17 (1981), pp 113-115.



107

10.

11.

12.

13.

14.

15.

16.

17.

Edge Pqartition of the Boolean Graph BG;(G)

Bhanumathi, M., (2004) “A Study on some Structural properties of Graphs and
some new Graph operations on Graphs” Thesis, Bharathidasan University,
Tamil Nadu, India.

Behzad, M., and Chartrand, G., Total graphs and Traversability. Proc.
Edinburgh Math. Soc. 15 (1966), 117-120.

Behzad, M., A criterion for the planarity of a total graph, Proc. Cambridge
Philos. Soc. 63 (1967), 679-681.

Beineke, L.W., Characterization of derived graphs, J. Combinatorial Theory.
Ser. 89 (1970), 129-135.

Beineke, L.W., and Robin J.Wilson., Selected Topics in graph Theory -
Academic Press (1978).

Bermond, J.C., Hamilton Decompositions of graphs and hypergraphs. In
advances in graph Theory (ed. B. Bollobas). North Holland, Amsterdam, 1978,
pp. 21-28.

Buckley, F., and Harary, F., Distance in graphs, Addison-Wesley Publishing
company (1990).

Harary, F., Graph theory, Addition - Wesley Publishing Company Reading,
Mass (1972).

Janakiraman,T.N., Muthammai, S., Bhanumathi,M., On the Boolean function
graph of a graph and on its complement. Math Bohem.130 (2005), 113-134.
Janakiraman,T.N., Muthammai, S., Bhanumathi,M., Domination numbers of the
Boolean function graph of a graph. Math Bohem.130 (2005), 135-151.
Janakiraman,T.N., Muthammai, S., Bhanumathi,M., Global Domination and
neighborhood numbers in the Boolean function graph of a graph. Math
Bohem.130 (2005), 231-246.

Janakiraman,T.N., Muthammai, S., Bhanumathi,M., Domination numbers on the
Complement of the Boolean function graph of a graph. Math Bohem.130 (2005),
247-263.

Sastry, D.V.S., and Syam Prasad Raju, B., Graph equations for line graphs, total
graphs, middle graphs and quasi-total graphs, Discrete Mathematics 48 (1984)
113-119.

Whitney,H., Congruent graphs and the connectivity of graphs. Amer.J.Math.
54(1932), 150-168.



