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ABSTRACT 
 
In this paper we define a new implicit iterative process with errors in a real Banach 
space and establish a necessary and sufficient condition for the strong convergence 
of the iteration to a common fixed point for the case of a finite family of 
asymptotically nonexpansive mappings in a arbitrary real Banach space. Also we 
study the weak and strong convergence results of this implicit iterative scheme for 
the same family of mappings in the setting of a uniformly convex Banach space. Our 
results extend and generalize a number of existing results. 
 
Keywords:   Implicit iteration process with errors, asymptotically nonexpansive 
mapping, uniformly convex Banach space, common fixed point, Condition ( )B , 
Opial’s condition, Kadec-Klee property. 
 

1. Introduction 

Let X be a normed space, C be a nonempty subset of X and CCT →:  be a given 
mapping. Then T is said to be asymptotically nonexpansive if there exists a sequence 
{ } )[ ∞⊂ ,1nh with nn h∞→lim = 1 such that 

  ,yxhyTxT n
nn −≤− for all Cyx ∈, and each .1≥n  

If ( ) ,φ≠TF then T is said to be asymptotically quasi-nonexpansive mapping if there 
exists a sequence { } )[ ∞⊂ ,1nh with 1lim =∞→ nn h such that 

  ,pxhpxT n
n −≤−  for all ( )TFpCx ∈∈ , and each .1≥n  

 
T is said to be uniformly L-Lipschitzian if there exists a constant L>0 such that 
 
 ,yxLyTxT nn −≤− for all Cyx ∈, and each .1≥n  
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From the above definitions it is clear that an asymptotically nonexpansive mapping 
with a fixed point must be uniformly L-Lipschitzian as well as asymptotically quasi-
nonexpansive but it is well-known that the converse does not hold in general. In 
2001 Xu and Ori[14] introduced the following implicit iteration process for a finite 
family of N nonexpansive self mappings 
{ } { }( )NICIiT NNi ,..,2,1hereof: =∈ with { }nt  a real sequence in (0, 1) and an 
initial point ,0 Cx ∈ which is defined as follows: 
 
   ( ) ,1,11 ≥−+= − nxTtxtx nnnnnn                             (1.1) 
 
where Tn  = Tn mod N  (here mod N function takes values in IN ) and they[14] proved 
the weak convergence of the process (1.1) to a common fixed point in the setting of 
a Hilbert space. In the rest of the paper we denote { } .by,..,2,1 NIN  Zhou and 
Chang [16] studied the modified implicit iteration with errors for a finite family of 
asymptotically nonexpansive mappings which in compact form can be written as 
 
     ,1,)(mod1 ≥++= − nuxTxx nnn

n
Nnnnnn γβα                       (1.2) 

where { } { } { }nnn γβα ,, are real sequences in [ ]1,0 satisfying 
1=++ nnn γβα and { }nu  is a bounded sequence in C.  Chang et al.[1] defined an 

implicit iteration process with errors by 
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       (1.3)  

Since each 1≥n can be written as  n=(k-1)N+i, where i=I (n) Є {1,2,…,N} , 
k=k(n)≥ 1. is a positive integer and ,)( ∞→nk it follows that (1.3) can be written in 
the following compact form: 
 
   ( ) ,1,1 )(

)(1 ≥+−+= − nuxTxx nn
nk

ninnnn αα      (1.4)            
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where { }nα is a real sequence in [ ]1,0 and { }nu is a bounded sequence in C where 
C is a nonempty closed convex subset of X satisfying .CCC ⊂+ Chang et al.[1] 
defined and studied the implicit iterative process with errors (1.4) for a finite family 
of asymptotically nonexpansive mappings. Very recently Zhao et al. [15] introduced 
the following implicit iteration scheme for a finite family of nonexpansive 
mappings: 
  ,1,11 ≥++= −− nxTxTxx nnnnnnnnn γβα                         (1.5) 
where .mod Nnn TT =  Motivated and inspired by these facts we introduce and study 
a new implicit iteration scheme with errors for a finite family of asymptotically 
nonexpansive mappings which is defined as follows: 

,1,)(
)(1

)(
)(1 ≥+++= −− nuxTxTxx nnn

nk
ninn

nk
ninnnn δγβα                         (1.6) 

where ( ) ( ) { } ( ) 1,,...,2,1,1 ≥=∈=+−= nkkNniiiNkn  is a positive integer and 
( ) ∞→nk  as { } { } { } { }nnnnn δγβα ,,,,∞→  are real sequences in [ ]1,0  satisfying 

1=+++ nnnn δγβα  and { }nu  is a bounded sequence in C . 
The following argument shows that the sequence { }nx  according to (1.6) can be 
actually constructed for the case of asymptotically nonexpansive mappings. For 
fixed ,, Cux ∈  any asymptotically nonexpansive mapping CCT →: and 
nonnegative real numbers δγβα ,,,  satisfying ,1=+++ δγβα  we construct 
the mapping CCA →:  given by .uyTxTxAy nn δγβα +++=  Then 

.zyhAzAy n −≤− γ  If we take 
L
1

<γ  where ,sup 1 nn hL ≥=  then A is a 

contraction mapping and has a unique fixed point. Hence the iteration procedure 

given by (1.6) is well defined for choices of 1allfor1
≥< n

Lnγ  where 

{ }.and1:sup N
i
n IinhL ∈≥=  

 
To prove our main results we need the following definitions and Lemmas. 
 
A Banach space X  is said to satisfy Opial’s condition [ ]8  if xxn →  weakly and 

yx ≠  imply 

   yxxx n
n

n
n

−<−
∞→∞→

suplimsuplim  

A Banach space X  is said to satisfy Kadec-Klee property if for every sequence 
{ } xxXx nn →⊂ ,  weakly and xxn →  together imply that .as ∞→→ nxxn  
There are uniformly convex Banach spaces which have neither a Frechet 
differentiable norm nor they satisfy Opial’s property but their duals do have the 
Kadec-Klee property [ ] [ ]( ).7,5see  
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Condition ( )[ ]:10A  A self mapping CT of  with nonempty fixed point set ( )TF  
satisfies Condition ( )A if there is a nondecreasing function )[ [ )∞→∞ ,0,0:f  
with 0)0( =f  and 0)( >rf for all ( )∞∈ ,0r  such that 
   ( )( )( ) CxTxxTFxdf ∈−≤ allfor,  

A finite family { } NIiT Ni of: ∈  self-mappings of C  with φ≠=
=
∩
N

i
iTFF

1

)(  is said 

to satisfy  
(i) Condition ( )[ ]2A  if there is a nondecreasing function 

[ ] [ ) ( ) 00with,0,0: =∞→∞ ff  and ( ) 0>rf  for all ( )∞∈ ,0r  such that 

   ( )( ) 







−≤ ∑

=

N

i
i xTx

N
Fxdf

1

1, for all Cx∈  

 
(ii) Condition ( )[ ]2B  if there is a nondecreasing function  

[ ) [ ) ( ) 00with,0,0: =∞→∞ ff  and ( ) 0>rf  for all ( )∞∈ ,0r  such that 
   ( )( ) { } CxxTxFxdf iNi

∈−≤
≤≤

allformax,
1

 

 
(iii) Condition ( )[ ]2C  if there is a nondecreasing function 

[ ) [ ) ( ) 00,0,0: =∞→∞ fwithf  and ( ) ( )∞∈> ,0allfor0 rrf  such that at least 
one of the s'iT  satisfies Condition ( ).A  

Clearly if ,,...,2,1allfor, NiTTi ==  then Condition ( )A reduces to Condition ( )A . 

Also Condition ( )B  reduces to Condition ( )A  if all but one of s'iT  are identities. It 
is well known that every continuous and demicompact mapping must satisfy 
Condition ( ) [ ]( ).10SeeA  Since every completely continuous mapping is continuous 
and demicompact, it must satisfy Condition ( ).A  Therefore the study of the strong 
convergence of the sequence { }nx  defined by ( )6.1  under the assumption of 

Condition ( )B  includes the same study in the case under complete continuity of the 
mappings { }.,...,, 21 NTTT  
 
Lemma 1.1 [ ]( ) { } { } { }nnn andbaLetLemma δ,1,12 be sequences of nonnegative real 
numbers satisfying the inequality 
 
   ( ) .1,11 ≥∀++≤+ nbaa nnnn δ  
 
If ,

11
∞<∞< ∑∑ ∞

=

∞

= n nn n bandδ  then 

(i) ,lim existsann ∞→  
(ii) .0inflim0lim == ∞→∞→ nnnn awhenevera  



On the convergence of an implicit iteration scheme for a finite family of 
asymptotically nonexpansive mappings in Banach spaces 

 

69 

 

 
Lemma 1.2 [ ]( )9  Suppose that X  is a uniformly convex Banach space and 

10 ≤≤≤< qtp n  for all positive integers n . Also suppose that { }nx and { }ny are 
two sequences in X such that 

( ) rytxtandryrx nnnnnnnnn =−+≤≤ ∞→∞→∞→ 1limsuplim,suplim hold 

for some .0≥r Then .0lim =−∞→ nnn yx  
 
Lemma 1.3 [ ]( )4.3,4 Theorem  Let X  be a real uniformly convex Banach space, 
C  be a nonempty closed convex subset of XCTandX →:  be asymptotically 
nonexpansive mapping. Then TI −  is demiclosed at zero, i.e. if { }nx  is a sequence 
in C  which converges weakly to x  and if the sequence { }nn Txx −  converges 
strongly to zero, then .0=−Txx  
 
Lemma 1.4 [ ]( )2,7 Theorem  Let X  be a real reflexive Banach space such that ∗X  
has the Kadec-Klee property. Let { }nx  be a bounded sequence in 

( )nxwwyxandX ∈∗∗ , { }( ).nxofsetlimitwweek −  

Suppose ( ) [ ].1,01lim ∈−−+ ∗∗
∞→ tallforexistsyxttxnn Then .∗∗ = yx  

 
Lemma 1.5  Let X  be a uniformly convex Banach space, C  be a nonempty 
bounded closed convex subset of .X  Then there exists a strictly increasing 
continuous convex function [ ) [ ) ( ) 00,0,0: =∞→∞ φφ with  such that for any 
Lipschitzian mapping XCT →:  with the Lipschitz constant 1≥L  and for any 

Cyx ∈, and ]1,0[∈t  the following inequality holds: 
 ( )( ) ( )( ) ( )TyTxLyxLTyttTxyttxT −−−≤−+−−+ −− 1111 φ  
The purpose of this paper is to establish a necessary and sufficient condition for the 
strong convergence of the implicit iterative process with errors to a common fixed 
point for a finite family of asymptotically nonexpansive mapping which we have 
defined in (1.6) in an arbitrary real Banach space. Also we establish some strong 
convergences of the implicit iterative process (1.6) satisfying some additional 
condition and some weak convergences of the implicit iterative process (1.6) to a 
common fixed point for a finite family of nonexpansive mappings in uniformly 
convex Banach space. The results presented in this paper extend and improve some 
well known results. 
 
 
2. Main Results 
In this section we begin with the following lemmas. 
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Lemma 2.1   Let X  be a real Banach space and C  be a nonempty closed convex 
subset of .X  Let { }Ni IiT ∈:  be a finite family of N  asymptotically nonexpansive 

self-mappings of C  with sequences { } [ )∞⊆ ,1i
nh  such that ( ) ∞<−∑∞

−1
1

n
i
nh  for 

all NIi∈  and ( ) .
1

φ≠=
=
∩
N

i
iTFF  Let { }nx  be the sequence as defined in (1.6) with 

0,110 321 >>−<<≤≤< τβατγτ nnn L
 and ,

1
∞<∑∞

=n nδ  where 

{ }.:sup N
i
n IiandNnhL ∈∈=  Then pxnn −∞→lim  exists for all .Fp∈  

 
Proof: Let .Fp∈  Since { }nu  is a bounded sequence in puMC nn −= ≥1sup,  is 

finite. Let { }.:max N
i
nn Iihh ∈=  Thus { } [ )∞⊆ ,1nh  such that ( ) .1

1
∞<−∑∞

=n nh  

Now for all ,1≥n  

( ) ( )
( )( ) ( )

( )( ) ( )pupxTpxTpxpx nnn
nk

ninn
nk

ninnnn −+−+−+−=− −− δγβα 11

         

( )
( )

( )
( ) pupxTpxTpx nnn
nk

ninn
nk

ninnn −+−+−+−≤ −− δγβα 11  

     ( ) ( ) Mpxhpxhpx nnnknnnknnn δγβα +−+−+−≤ −− 11  

     ( )( ) +−+−−−+−= −− pxpx nnnnnnn 11 11 µδγαα  
              
( )( ) ,11 Mpx nnnnnn δµδβα +−+−−− ( )( )( )1−= nkn hwhere µ   

     ( ) +−+−−+−≤ −− pxpx nnnnnn 11 1 µγαα   

   ( ) ,1 Mpx nnnnnn δµδβα +−+−−−  
     

( ) ( ) Mpxpx nnnnnnnnn δµδβαµγ +−+−−−+−+−= − 11 1   
It follows from above that 
 ( ) ( ) Mpxpxpxa nnnnnnnnnn δµµγδβ +−+−+−≤−++ −11  
which implies that 

 
n

n
n

n

n
n

n

n
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M
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M
pxpx n

n
n

n
n       

By arranging both sides we get 
 

 
n

n
n

n

n
n

M
pxpx

µτ
δ

µτ
µτ

−−
+−

−−
+−

≤− −
2

1
2

2

11
1

 



On the convergence of an implicit iteration scheme for a finite family of 
asymptotically nonexpansive mappings in Banach spaces 

 

71 

 

                             
n

n
n

n

n M
px

µτ
δ

µτ
µ

−−
+−








−−

+= −
2

1
2 11

2
1           (2.1) 

      
Since ( ) 1−= nkn hµ  and ( )( ) ,1

1
∞<−∑∞

=n nkh  we have ∑∞

=
∞<

1
.

n nµ  So there 

exists a positive integer 1n  such that 
2

1 2τµ
−

<n  for all .1nn ≥  Thus from (2.1) 

we have that for all ,1nn ≥  

          nn
n

n
Mpxpx δ
ττ

µ

2
1

2 1
2

1
4

1
−

+−







−

+≤− −   

    ( ) nnn cpxb +−+= −11             (2.2) 
 

where 
21

4
τ
µ
−

= n
nb  and .

1
2

2
nn

Mc δ
τ−

=  Since ∑∞

=
∞<

1
,

n nµ  it follows that 

∑∞

=
∞<

1
.

n nb  Again ∑∞

=
∞<

1n nδ  implies that ∑∞

=
∞<

1
.

n nc  Thus by Lemma 1.1 

we have that pxnn −∞→lim  exists for all .Fp∈  

Theorem 2.1 Let X  be a real Banach space and C  be a nonempty closed convex 
subset of .X  Let { }Ni IiT ∈:  be a finite family of N  asymptotically nonexpansive 

self-mapping of C  with sequences { } [ )∞⊆ ,1i
nh  such that ( ) ∞<−∑∞

=1
1

n
i
nh  for all 

NIi∈  and ( ) .
1

φ≠=
=
∩
N

i
iTFF  Let { }nx  be the sequence as defined in (1.6) with 

0,110 321 >>−<<≤≤< τβατγτ nnn L
 and ∑∞

=
∞<

1
,

n nδ  where 

{ }.:sup N
i
n IiandNnhL ∈∈=  Then { }nx  converges strongly to a common fixed 

point of NTTT ,...,, 21  if and only if ( ) .0,inflim =∞→ Fxd nn  
 
Proof: The necessary part is trivial. We only prove sufficiency part. From (2.2) we 
get that for all ,1nn ≥  
   ( ) nnnn cpxbpx +−+≤− −11  

where .and
1 1

∞<∞<∑ ∑∞

=

∞

=n n nn cb  Taking infimum over all Fp∈  we have 

that for all ,1nn ≥  
   ( ) ( ) ( ) nnnn cFxdbFxd ++≤ − ,1, 1  
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Then by Lemma 1.1 we have that ( )Fxd nn ,lim ∞→  exists. Since 
( ) ,0,inflim =∞→ Fxd nn  we get that ( ) .0,lim =∞→ Fxd nn  Now from (2.2) we 

get that for all ,1nn ≥  
   ( ) nn

b
nnnn cpxecpxbpx n +−≤+−+≤− −− 111  

Therefore for 1nn ≥  and for any positive integer ,m  we get that 
 
  mnmn

b
mn cpxepx mn

+−++ +−≤− +
1  

            mnmn
b

mn
bb cccpxe mnmnmn

+−+−+
+ ++−≤ +−++

12
1   

            ......................................≤  

            ∑
−+

+=
++∑+−∑≤

+

+=

+

+=

1

1

11

mn

nk
mn

b
kn

b cecpxe
mn

ki i
mn

ni i   

            ∑
∞

+=

+−≤
1nk

kn cRpxR   

where .1∑=
∞

=n nbeR  Therefore for any Fp∈  we have that for all ,1nn ≥  

 ( ) ∑
∞

+=
++ +−+≤−+−≤−

1

1
nk

knnmnnmn cRpxRpxpxxx        (2.3)  

Since ∞<∑∞

=1n nc  and ( ) ,0,lim =∞→ Fxd nn  there exists ( ) N12 ∈≥ nn  such that 

for all 2nn ≥  we have ( ) ( )12
,

+
<

R
Fxd n

ε
 and .

21∑∞

+=
<

nk k R
c ε

 So there exists 

Fp∈  such that ( )12 +
<−

R
pxn

ε
 for all .2nn ≥  Therefore from (2.3) we have 

that for all ,2nn ≥   

 ( ) ∑
∞

+=
++ +−+≤−+−≤−

1
1

nk
knnmnnmn cRpxRpxpxxx   

            ( ) ( ) εεε
=+

+
+<

R
R

R
R

212
1    

 
which implies that { }nx  is a Cauchy sequence. Since X  is complete and C  is a 
closed subset of ,X  we have ( )Cqxn ∈→  as .∞→n  Now we will show that 

.Fq∈  Each iT  is asymptotically nonexpansive, so ( )iTF  is closed, which implies 
that F  being the intersection of a finite number of closed sets is closed. Now 
 
  ( ) ( ) 0,, →−≤− nn xqFxdFqd  for all .1≥n                  (2.4)        

Since qxnn =∞→lim  and ( ) ,0,lim =∞→ Fxd nn  from (2.4) it follows that 
( ) 0, =Fqd  that is .Fq∈  This completes the proof of the Theorem. 



On the convergence of an implicit iteration scheme for a finite family of 
asymptotically nonexpansive mappings in Banach spaces 

 

73 

 

 
Lemma 2.2  Let X  be a uniformly convex Banach space and C  be a nonempty 
closed convex subset of .X  Let { }Ni IiT ∈:  be a finite family of N  asymptotically 

nonexpansive self-mappings of C  with sequences { } [ )∞⊆ ,1i
nh  such that 

( ) ∞<−∑∞

=1
1

n
i
nh  for all NIi∈  and ( ) .

1

φ≠=
=
∩
N

i
iTFF  Let { }nx  be the sequence 

as defined in (1.6) with 0,110 321 >>−<<≤≤< τβατγτ nnn L
 and 

∑∞

=
∞<

1
,

n nδ  where { }.andN:sup N
i
n IinhL ∈∈=  Then 0lim =−∞→ nlnn xTx  

for all .NIl∈   
 
Proof: Let .Fp∈  Since { }nu  is a bounded sequence in puMC nn −= ≥1sup,  is 

finite. Let { }.:max N
i
nn Iihh ∈=  Thus { } [ )∞⊆ ,1nh  such that ( ) .1

1
∞<−∑∞

=n nh  

Now by Lemma 2.1 we have pxnn −∞→lim  exists for all .Fp∈  Therefore { }nx  

is bounded. Let ,lim dpxnn =−∞→  for some .0≥d  Now, 
 
         pxd nn

−=
∞→

lim  

         
( ) ( )

( )( ) ( )
( )( ) ( )pupxTpxTpx nnn
nk

ninn
nk

ninnnn
−+−+−+−= −−∞→

δγβα 11lim      

              

( ) ( ) ( )
( )( ) ( ) +








−+−

−
+−

−
−= −−∞→

pupxTpx nnn
nk

ni
n

n
n

n

n
nn

δ
γ

β
γ

α
γ 11 11

1lim                                                            

              ( )
( ) ( )[ ]pupxT nnn
nk

nin −+− δγ                           (2.5) 
 
Now, 

 ( ) ( )
( )( ) ( )pupxTpx nnn
nk

ni
n

n
n

n

n −+−
−

+−
− −− δ

γ
β

γ
α

11 11
 

 ( ) .
11 11 pupxhpx nnnnk

n

n
n

n

n −+−
−

+−
−

≤ −− δ
γ

β
γ

α
 

 
Taking limsup on the both sides of above we get 

 ( ) ( )
( )( ) ( ) .

11
suplim 11 dpupxTpx nnn

nk
ni

n

n
n

n

n

n
≤−+−

−
+−

− −−
∞→

δ
γ

β
γ

α
     (2.6) 

Also 
 ( )

( ) ( ) ( ) .pupxhpupxT nnnnknnn
nk

ni −+−≤−+− δδ  
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Taking limsup on the both sides of above we get 
   ( )

( ) ( ) dpupxT nnn
nk

ni
n

≤−+−
∞→

δsuplim                        (2.7) 

 
From (2.5), (2.6), (2.7) and by Lemma 1.2 we have 

  
( ) ( )

( )( ) ( )

( )
( ) ( )( ) ,0

11
lim 11

=−+−−

−+−
−

+−
− −−∞→

pupxT

pupxTpx

nnn
nk

ni

nnn
nk

ni
n

n
n

n

n

n

δ

δ
γ

β
γ

α
  

which implies that 
 ( ) ( )

( )( ) ( ) ( )
( )( ) 01lim 11 =−−−−+− −−∞→

pxTpxTpx n
nk

ninn
nk

ninnnn
γβα   

which further implies that 
  ( )

( ) ( ) .0lim =−−−
∞→

puxTx nnn
nk

ninn
δ                          (2.8) 

 
Since 
  ( )

( )
( )
( ) ( ) ,pupuxTxxTx nnnnn
nk

ninn
nk

nin −+−−−≤− δδ  

 
by (2.8) and the given condition ∞<∑∞

=1n nδ  it follows that 

   ( )
( ) .0lim =−

∞→ n
nk

ninn
xTx                           (2.9) 

Now, 
 ( )

( )
( )
( )

11111 −−−−− −+−+−≤− nnnnn
nk

ninnn
nk

ninnn xuxxTxxTxx δγβ                                 

                                ( )
( )

( )
( ) +−+−+−≤ −− ][ 1

)(
)(1 nnnn

nk
nin

nk
nin

nk
nin xxxxTxTxTβ  

                                  ( )
( )

11 ][ −− −+−+− nnnnnnn
nk

nin xuxxxxT δγ  

                             ( )
( ) +−+−+−≤ −− 11)( nnnnn
nk

ninnnnkn xxxxTxxh βββ  

                                  ( )
( )

11 ][ −− −+−+− nnnnnnn
nk

nin xuxxxxT δγ                                                                    

( )
( )

11 )(])1([ −− −+−++−+++= nnnnn
nk

ninnnnnnnn xuxxTxx δγβγβµβ                                

( )
( )

11 )()1( −− −+−++−++−≤ nnnnn
nk

ninnnnnnn xuxxTxx δγβµβα  

Simplyfying we get 
)( nn βα − 1−− nn xx

||||||||)(|||| 1
)(

)(1 −− −+−++−≤ nnnnn
nk

ninnnnn xuxxTxx δγβµ    
 
Since 03 >>− τβα nn , from above it follows that 
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|||| 1−− nn xx

|||||||||||| 1
3

)(
)(

3
1

3
−− −+−

+
+−≤ nn

n
nn

nk
ni

nn
nn

n xuxxTxx
τ
δ

τ
γβ

τ
µ

 

After rearrangement we get from the above that 

|||| 1−− nn xx |||||||| 1
3

)(
)(

3
−−

−
+−

−
+

≤ nn
n

n
nn

nk
ni

n

nn xuxxT
µτ

δ
µτ
γβ

          (2.10) 

Since ∞<∑∞
= nn µ1 , there exists a positive integer 3n  such that  

2
3τµ <n  for all  

3nn ≥ . Thus from (2.10)  we have that for all 2nn ≥ , 

|||| 1−− nn xx ||||2||||)(2
1

3

)(
)(

3
−−+−

+
≤ nn

n
nn

nk
ni

nn xuxxT
τ
δ

τ
γβ

    (2.11) 

Thus from (2.9) and (2.11) it follows that 
0||||lim 1 =− −∞→ nnn

xx .                   (2.12) 

Therefore for any ,NIl ∈  
0||||lim =− +∞→ lnnn

xx .                  (2.13) 

Let .|||| )(
)( nn
nk

nin xxT −=σ  From (2.9), we have 0→nσ  as  .∞→n  For each 

),(mod)(, NNnnNn −=>  and for any 
,Nn > }........,2,1{)(),()1)(( NniniNnkn ∈+−= , so 1)()( −=− nkNnk  

and  ).()( niNni =−  Hence, 
|||| nnn xTx −  =

 −nx||    ||)(
)( +n
nk

ni xT |||| )(
)( nnn
nk

ni xTxT − Ln +≤σ |||| 1)(
)( nn
nk

ni xxT −−   

 ≤  ||]||||[|| 1)(
)(

1)(
)(

1)(
)( nNn

nk
niNn

nk
nin

nk
nin xxTxTxTL −+−+ −

−
−

−−σ  

 = ||]||||[|| )(
)(

)(
))(

)(
)( nNn

Nnk
NniNn

Nnk
Nnin

Nnk
Nnin xxTxTxTL −+−+ −

−
−−

−
−

−
−σ  

  ≤  ]||||||||[ )(
)( nNnNnNn
Nnk

NniNnnn xxxxTxxLL −+−+−+ −−−
−

−−σ  

             = ]||||)1[( NnNnnn xxLL −− +−++ σσ                                            (2.14) 
 

From (2.9), (2.13) and (2.14) it follows that 
0||||lim =−

∞→ nnnn
xTx                      (2.15) 

Now for all NIl∈  by using (2.15) and (2.13) we get that 
 |||| nlnn xTx +−  ≤ |||||||||||| nlnlnlnlnlnlnlnn xTxTxTxxx +++++++ −+−+−  

  ≤ |||||||||||| nlnlnlnlnlnn xxLxTxxx −+−+− +++++  

  ≤ ||||||||)1( lnlnlnlnn xTxxxL ++++ −+−+  
 → 0 as  ∞→n . 

Consequently we have 
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   0||||lim =−
∞→ nlnn

xTx , for all .NIl∈          (2.16) 

Theorem 2.2    Let X  be a uniformly convex Banach space and C  be a nonempty 
closed convex subset of .X  Let }:{ Ni IiT ∈  be a finite family of N  

asymptotically nonexpansive self-mappings of C  with sequence ),1[}{ ∞⊆i
nh  such 

that ∞<−∑∞
= )1(1

i
nn h  for all NIi∈  and ( ) .

1

φ≠=
=
∩
N

i
iTFF . Let }{ nx  be the 

sequence as defined in (1.6) with ,110 21 <≤≤≤<
Ln τγτ  03 >>− τβα nn  and 

∞<∑∞
= nn δ1 , where  NnhL i

n ∈= :{sup  and  }NIi∈ . If }:{ ni IiT ∈  satisfy 

condition ),(B  then }{ nx converges strongly to a common fixed point of  

.,.......,, 21 NTTT  
Proof :  As in the proof of Theorem 2.1 we have that  ),(lim Fxd nn→∞  exists. Now 

by Lemma 2.2 we get ,0||||lim =−→∞ nlnn xTx  for  NIl∈ . Then by Condition )(B  
it follows that  .0)),((lim =→∞ Fxdf nn  Since ),0[),0[: ∞→∞f  is a 
nondecreasing function with  0)0( =f  and ),(lim Fxd nn→∞  exists, we have  

.0),(lim =→∞ Fxd nn Then the Theorem follows by an application of Theorem 2.1. 

Theorem 2.3   Let X  be a uniformly convex Banach space and C be a nonempty 
closed convex subset of .X  Let }:{ Ni IiT ∈  be a finite family of N asymptotically 

nonexpansive self-mapping of C  with sequence ),1[}{ ∞⊆i
nh  such that 

∞<−∑∞
= )1(1

i
nn h  for all NIi∈  and ( ) .

1

φ≠=
=
∩
N

i
iTFF . Let  }{ nx  be the sequence 

as defined in (1.6) with 

                ,110 21 <≤≤≤<
Ln τγτ 03 >>− τβα nn and ∞<∑∞

= nn δ1 ,where  

NnhL i
n ∈= :{sup  and }NIi∈ . If one member of the family }:{ Ni IiT ∈  is 

semi-compact, then  }{ nx  converges strongly to a common fixed point of  
.,.......,, 21 NTTT  

 
Proof :   From Lemma 2.2 we get that  ,0||||lim =−→∞ nlnn xTx for all  NIl∈ . Let 
us assume that 1T  is semi-compact operator. So there exists a subsequence }{

knx  of 

}{ nx  such that .px
kn →  Now 

|||| pTp l−   =  0||||lim =−
∞→ nlnk

xTx  for all  NIl∈ , 
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which implies that .Fp∈  Since }{ nx  has a subsequence }{
knx such that px

kn → , 

we have that lim .0),(inf =→∞ Fxd nn  Hence the result follows by an application of 
Theorem 2.1. 

Theorem 2.4    Let X  be a uniformly convex Banach space satisfying Opial’s 
condition, C  be a nonempty closed convex subset of .X  Let  }:{ Ni IiT ∈  be a 
finite family of N  asymptotically nonexpansive self-mappings of C  with 
sequences ),1[}{ ∞⊆i

nh  such that ∞<−∑∞
= )1(1

i
nn h  for all NIi∈  and 

( ) .
1

φ≠=
=
∩
N

i
iTFF .  Let }{ nx  be the sequence as defined in (1.6) with 

,110 21 <≤≤≤<
Ln τγτ 03 >>− τβα nn  and ∞<∑∞

= nn δ1 , where 

NnhL i
n ∈= :{sup  and }NIi∈ . Then }{ nx  converges weakly to a common fixed 

point of  .,.......,, 21 NTTT  
 
Proof : Since ,φ≠F  let .Fq∈  Then by by Lemma 2.1  ||||lim qxnn −→∞  exists, 
so }{ nx  is bounded. As E  be a uniformly convex Banach space, it is reflexive, 
hence }{ nx  has a subsequence }{ nx  which is weakly convergent to Cp∈  (say). 
From Lemma 2.2 we get  ,0||||lim =−→∞ nlnn xTx for all NIl∈ . By Lemma 1.3 we 
have lT  is demiclosed at 0 so that )( lTFp∈  for all NIl∈  and hence Fp∈ . If 
possible let }{ nx  have another subsequence }{

knx  which converges weakly to 

another point  .Cq∈  Then by similar argument as above we have that .Fq∈  Then 
by Opial’s property we have 

||||lim||||suplim||||suplim|||| qxqxpxpx n
n

n
j

n
j

n jj
−=−<−=−

∞→∞→∞→
 

  = ||||lim||||suplim||||suplim pxqxqx n
n

n
k

n
k

kk
−=−<−

∞→∞→∞→
  

a contradiction. So qp= . Therefore }{ nx  converges weakly to a common fixed 
point of  .,.......,, 21 NTTT  

Lemma 2.3   Let X  be a uniformly convex Banach space and C  be a nonempty 
closed convex subset of  X . Let  }:{ Ni IiT ∈  be a finite family of N  

asymptotically nonexpansive self-mappings of C  with sequences ),1[}{ ∞⊆i
nh  

such that ∞<−∑∞
= )1(1

i
nn h  for all NIi∈  and ( ) .

1

φ≠=
=
∩
N

i
iTFF . Let }{ nx  be the 

sequence as defined in (1.6) with ,110 21 <≤≤≤<
Ln τγτ 03 >>− τβα nn and 
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∞<∑∞
= nn δ1 , where  NnhL i

n ∈= :{sup  and }NIi∈ . Then  

||)1(||lim 21 ppttxnn −−+∞→  exists for all Fpp ∈21,  and for all ].1,0[∈t  

 
Proof :  Let nh =  max }.:{ N

i
n Iih ∈  Thus ),1[}{ ∞⊆nh  such that 

∞<−∑∞
= )1(1 nn h . By Lemma 2.1 we have that }{ nx  is a bounded sequence, so 

there exists 0>r  such that }{ nx .)0( ∩CBr⊂  Then ∩CBr )0(  is a nonempty 

closed bounded subset of .X  Let ||)1(||)( 21 ppttxtd nn −−+=  for all ]1,0[∈t  
and Fpp ∈21 , . Then ||||)0(lim 21 ppdnn −=∞→  and 

||||lim)1(lim 2pxd nnnn −= ∞→∞→  exist by Lemma 2.1. Let ).1,0(∈t  Let Cx∈  be 

given. Let us define the mapping 1−xjS from CC →  by 

                   jj
jk

jij
jk

jijjxj uTxTxS δγβα +++=−
)(

)(
)(

)(1  

Let ., Cvu ∈  Now  .|||||||||||| )(
)(

)(
)(

)(1,1, vuhvTuTvSuS jkj
jk

ji
jk

jijjxjx −≤−=− −− γγ  

Again by the condition of the theorem we have .1)( <jkjhγ  Hence 1, −jxS  is a 
contraction mapping. Therefore it has a unique fixed point which we denote by 

xG j 1− . Hence it is possible to define the function 1−jG from C  to C  for all values 

of .1≥j  In view of the above argument we define the following sequence of 
functions CCGn →:  by 

 
 

 
which can be written in the compact form as 
 
                                    11

)1(
)1(1

)1(
)1(11 ++

+
++

+
+++ +++= nnn

nk
nin

nk
ninnn uGTITIG δγβα     (2.17) 

























+++=

+++=

+++=

+++=

+++=
+++=

+++++

−−

+++++

−−

.

.

.

.

.

.

12122
3

112
3

112122

2212
2

2
2

2212

11
2

11
2

111

11

221222221

110111110

NNNNNNN

NNNNNNNNN

NNNNNNN

NNNNNNNNN

uGTITIG

uGTITIG

uGTITIG

uGTITIG

uGTITIG
uGTITIG

δγβα

δγβα

δγβα

δγβα

δγβα
δγβα
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|||| yGxG nn −   

≤ |||||||||||| )1(1)1(11 yGxGhyxhyx nnnknnknn −+−+− +++++ γβα  
      
= yGxGyxyx nnnnnnn −++−++− +++++ )1(||||)1(|||| 11111 µγµβα  

=  yxyx nnnnn −+−−−+− +++++ )1()1(|||| 11111 µδγαα  

     ||||)1()1( 1111 yGxG nnnnnn −+−−−+ ++++ µδβα  

≤    +−+−−+− ++++ ||||)1(|||| 1111 yxyx nnnn µγαα  

     ||||)1( 1111 yGxG nnnnnn −+−−− ++++ µδβα  
which implies that  
 ||||||||)1(||||)1( 1111 yGxGyxyGxG nnnnnnnn −+−+−≤−− ++++ µµγγ  
which further implies that 

 ||||
1

||||)
1

1(||||
1

1

1

1 yGxGyxyGxG nn
n

n

n

n
nn −

−
+−

−
+≤−

+

+

+

+

γ
µ

γ
µ

 

Since ,10 21 <≤≤< τγτ n  from above it follows that 

  yGxGyxyGxG nn
nn

nn −
−

+−







−

+≤− ++

2

1

2

1

11
1

τ
µ

τ
µ

 

After rearranging both sides we have that 

 yxyxyGxG
n

n

n

n
nn −








−−

+=−







−−
+−

≤−
+

+

+

+

12

1

12

12

1
2

1
1
1

µτ
µ

µτ
µτ

 

Since ∑∞

=
∞<

1
,

n nµ  there exists a positive integer 4n  such that for all 4nn ≥  we 

have .
2

1 2τµ
−

<n   

Thus for all 4nn ≥ , it follows from the above that  

 ( ) yxbyxyGxG n
n

nn −+=−







−

+≤− +
+

1
2

1 1
1
4

1
τ

µ
                 (2.18) 

where .
1
4

2

1
1 τ

µ
−

= +
+

n
nb  Again from (2.17) and (1.6) we have 

( )
( )

( )
( )

( ) 1111
1

1
1

111 ++++
+

+
+

+++ −≤−=− nnnnknn
nk

ninn
nk

ninnnn xxGhxTxGTxxG γγ  

Since ( ) ,111 <++ nkn hγ  we have 

               .1+= nnn xxG                                        (2.19) 
 
Similarly we can show that for any ,Fq∈  
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     .qqGn =                      (2.20) 
 
Set 
  1,...........21, ≥= −+−+ mGGGS nmnmnmn  and 

   ( )( ) ( )( ) .11,, qttxqttxSb mnnmnmn −+−−+= +  

Then 
  ( )( ) ( ) yxbbbySxS nmnmnmnmn −+++≤− +−++ 11., 1....11  

Denote the sequence ( )( ) ( ){ }11 1.....11 +−++ +++ nmnmn bbb by { }.,mnH  Then 

.1lim ., =∞→ mnmn H  

Now by (2.19) and (2.20) respectively it follows that mnnmn xxS +=,  and ppS mn =,  

for all .Fp∈  
We have that mnS ,  is Lipschitzian with the lipschitz constant .,mnH  Now By 
Lemma 1.5 we have 
 
   ( )qxHqxHb mnmnnmnmn −−−≤ +

−− 1
,

1
,, φ  

 
By Lemma 2.1 we have .0lim ,, =∞→ mnmn b  
 
 

( ) ( ) ( ) ( )tdHbqpttxHbqpttxtd nnmnnnmnmnmn +=−−++≤−−+= ++ ,, 11  
 
Hence, 
 ( ) ( ) ( ) ( ).infliminflim0suplim 1

∞→∞→

−

∞→
=+≤

n
n

n
n

n
n tdtdtd φ  

This completes the proof of the Lemma. 
 
 
Theorem 2.5 Let X  be a uniformly convex Banach space such that it’s dual ∗X  
has the Kadec-Klee property and C  be a nonempty closed convex subset of .X  Let 
{ }Ni IiT ∈:  be a finite family of N  asymptotically nonexpansive self-mappings of 

C  with sequences { } [ )∞⊆ ,1i
nh  such that ( ) ∞<−∑∞

=1
1

n
i
nh  for all NIi∈  and 

( ) .
1

φ≠=
=
∩
N

i
iTFF  Let { }nx  be the sequence as defined in (1.6) with 

0,110 321 >>−<<≤≤< τβατγτ nnn L
 and ,

1
∞<∑∞

=n nδ  where 

{ }.andN:sup N
i
n IinhL ∈∈=  Then { }nx  converges weakly to a common fixed 

point of .,...., 21 NTTT  
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Proof: Since ,φ≠F  let .Fq∈  Then by Lemma 2.1 qxnn −∞→lim  exists so 

{ }nx  is bounded. Since E  be a uniformly convex Banach space, it is reflexive. 
Hence { }nx  has a subsequence { }

jnx  which is weakly convergent to Cp∈ (say). 

From Lemma 2.2 we get 0lim =−∞→ ninn xTx  for .NIi∈  By Lemma 1.3 we 

have iT  is demiclosed at 0, so ( )iTFp∈  for all .NIi∈  Hence Fp∈ . 
If possible let { }nx  have another subsequence { }

knx  which converges weakly to 

another point .Cq∈  Then by similar argument as above we have that ( ).TFq∈  
Now from Lemma 2.3 we get ( ) qpttxnn −−+∞→ 1lim exists, so by Lemma 1.4 

we have that .qp =  So{ }nx  converges weakly to some common fixed point of 
.,...., 21 NTTT  This completes the proof of the Theorem. 

 
Remark 2.1 (1) Furthermore Condition ( )C  and Condition ( )B  are equivalent 

[ ]( ).2See  If { }Ni IiT ∈:  satisfy Condition ( )C , then theorem 2.2 still holds. 
(2) Results in this paper extend and improve the corresponding results of 
[ ] [ ] [ ] [ ].16,15,14,3  
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