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ABSTRACT

In this paper we define a new implicit iterative process with errors in a real Banach
space and establish a necessary and sufficient condition for the strong convergence
of the iteration to a common fixed point for the case of a finite family of
asymptotically nonexpansive mappings in a arbitrary real Banach space. Also we
study the weak and strong convergence results of this implicit iterative scheme for
the same family of mappings in the setting of a uniformly convex Banach space. Our
results extend and generalize a number of existing results.
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1. Introduction

Let X be a normed space, C be a nonempty subset of Xand 7 :C — C be a given
mapping. Then 7 is said to be asymptotically nonexpansive if there exists a sequence
{h,}c[l,00)with lim, & =1 such that

If F (T );t @, then T is said to be asymptotically quasi-nonexpansive mapping if there

T'x —T"y

<h, Hx— v

,forall x,yeCandeach n>1.

exists a sequence { /1, }[l,00)with lim, , %, =1such that

‘ , forall xe C,peF(T)andeach n=>1.

T is said to be uniformly L-Lipschitzian if there exists a constant L>0 such that

T"x — pl|l<h, Hx—p

HT"x—T”yHSL”x—y

,forall x,yeC and each n>1.
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From the above definitions it is clear that an asymptotically nonexpansive mapping
with a fixed point must be uniformly L-Lipschitzian as well as asymptotically quasi-
nonexpansive but it is well-known that the converse does not hold in general. In
2001 Xu and Ori[14] introduced the following implicit iteration process for a finite
family of N nonexpansive self mappings

{T,:iel,}of C(herel, ={1,2,..,N})with {¢,} a real sequence in (0, 1) and an
initial point x,, € C, which is defined as follows:

x, =tx, +(1-t,)T,x,, n>1, (1.1)

n n”"n-1 n’n>

where T, = T, moa v (here mod N function takes values in /y ) and they[14] proved
the weak convergence of the process (1.1) to a common fixed point in the setting of

a Hilbert space. In the rest of the paper we denote {1,2,..,N }byl ~- Zhou and

Chang [16] studied the modified implicit iteration with errors for a finite family of
asymptotically nonexpansive mappings which in compact form can be written as

xn = anxn—l + ﬂnTnn(modN)xn + ynun 2 nz 1’ (12)
where { a, }, { B, }, { Y }are real sequences in [O, 1] satisfying
a,+p,+y, =1 and {un} is a bounded sequence in C. Chang et al.[1] defined an

implicit iteration process with errors by

x1=a1x0+(1—a1)T1x1+u1,

X, = X, +(1—0{2)T2x2 +u,,

Xy = aNxN—1+(1_aN)TNxN+”N >

_ 2
Xy = AyXy T ( l-ay, )T1 Xya HUy s

(1.3)

_ 2
Xon =) nXon- +(1_a2N )TNxZN tU,y,

_ 3
Xone1 =Xy Xoy T ( l—a,y, )Tl Xyner TUsprs

Since each n>1can be written as n=(k-1)N+i, where i=I (n) € {1,2,...N} ,
k=k(n)> 1. is a positive integer and k (n)—> oo, it follows that (1.3) can be written in
the following compact form:

n n"'n-1 i(n

X, =a,x +(l—an)T.f(;’)xn+un, n>1, (14)
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where {an }is a real sequence in [0,1 ]and {un }is a bounded sequence in C where

Cis a nonempty closed convex subset of X satisfying C+ C c C.Chang et al.[1]

defined and studied the implicit iterative process with errors (1.4) for a finite family
of asymptotically nonexpansive mappings. Very recently Zhao et al. [15] introduced
the following implicit iteration scheme for a finite family of nonexpansive
mappings:

X, =a,x

n n—1+ﬂn71nxn—1+}/n]:1xn’ nz 17 (15)
where T, =T, .- Motivated and inspired by these facts we introduce and study

a new implicit iteration scheme with errors for a finite family of asymptotically
nonexpansive mappings which is defined as follows:

X, =a,Xx,, +,BnTl.f,§;’) X, + }/nTifX) x,+ou,,n=1, (1.6)
where n = (k—l)N+i, izi(n)e {1,2,...,N},k=k(n) > 1 is a positive integer and
k(n)—>o0 as n—oo, {a, {8,117, 115, } are real sequences in [0,1] satisfying
a,+p, +y,+0, =1 and {un} is a bounded sequence in C'.

The following argument shows that the sequence {xn} according to (1.6) can be

actually constructed for the case of asymptotically nonexpansive mappings. For
fixed x,ueC, any asymptotically nonexpansive mapping 7 : C — C and

nonnegative real numbers «, f,7,0 satisfying a+ f+y+0 =1, we construct

the mapping A:C—>C given byAy=ax+pfT"x+yT"y+du . Then

|| Ay — Az ||S;/hn

contraction mapping and has a unique fixed point. Hence the iteration procedure

1
y—z”. If we take }/<z where L=sup,, A, then Ais a

1
given by (1.6) is well defined for choices of y, <Z foralln >1 where
L=sup {h; n>1 andieIN}.
To prove our main results we need the following definitions and Lemmas.

A Banach space X is said to satisfy Opial’s condition [8] if x, —x weakly and
x #y imply

limsup” X, =X ||< 1imsup| X, =y ||

n—>0 n—>
A Banach space X is said to satisfy Kadec-Klee property if for every sequence
{xn }C X,x, —x weakly and || X, ||—>||x|| together imply that x, —x as n—oo.
There are uniformly convex Banach spaces which have neither a Frechet
differentiable norm nor they satisfy Opial’s property but their duals do have the
Kadec-Klee property (See [5 ] , [7] )
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Condition (A)[l O]: A self mapping 7 of C with nonempty fixed point set F (T )
satisfies Condition(A)if there is a nondecreasing function f : [O,oo) - [0,00)
with f(0)=0 and f(r)>O0forall re (0,00) such that

f(d(x,F (1)) S” x—Tx”forallxeC

N

A finite family {7: el }Of N self-mappings of C with F = ﬂ F(T)#¢ is said
i=1

to satisfy

@A) Condition (A )[2] if  there is a  nondecreasing function

£:[0,00]—[0,00)with £(0)=0 and f(r)>0 forall re (0,0) such that

1l (x,F))S%(ﬁ: ||x—Tl.x||j forall xeC

(i1) Condition (E )[2] if  there is a nondecreasing function
f:[O,oo)—)[O,oo)with f(O)ZO and f(r)>0 forall re (0,00) such that
fld(x, F))< max {”x—Tl.x”}for allxeC

(ii1) Condition (5 )[2] if  there is a nondecreasing function
£:[0,00)—>[0,00)with £(0)=0 and f(r)>O0forallre(0,00) such that at least
one of the 7;'s satisties Condition (A)

Clearly if T,=T,forall i =1,2,..., N, then Condition (Z ) reduces to Condition (A)
Also Condition (l_? ) reduces to Condition (A) if all but one of 7's are identities. It

is well known that every continuous and demicompact mapping must satisfy
Condition (A)(See [1 O]) Since every completely continuous mapping is continuous

and demicompact, it must satisfy Condition (A) Therefore the study of the strong

convergence of the sequence {xn} defined by (1.6) under the assumption of

Condition (E ) includes the same study in the case under complete continuity of the

mappings {Tl Iy, Ty }

Lemma 1.1 ([1 2], Lemmal)Let {an }, {b” }and {5,, }be sequences of nonnegative real

numbers satisfying the inequality
an+1 S(1 + 571 )an +bnavn21
If z; 0, < and z; b, <, then

(i) im, , a, exists,

(ii) im, . a, =0 whenever liminf, , a, =0.
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Lemma 1.2 ([9]) Suppose that X is a uniformly convex Banach space and
0<p<t, 6 <q<1 for all positive integers n. Also suppose that {xn }and {yn }are
two sequences in X such that

limsup, . ||xn || <r, limsup, . ||yn || <randlim _ |t x, +(1-t,)y, || =r hold
=0.

n—>0

for some r 2 0.Then lim X, =Y,

n—0

Lemma 1.3 ([4], T heorem3.4) Let X be a real uniformly convex Banach space,
C be a nonempty closed convex subset of X andT:C — X be asymptotically
nonexpansive mapping. Then I —T is demiclosed at zero, i.e. if {xn} is a sequence
in C which converges weakly to x and if the sequence {xn —Txn} converges

strongly to zero, then x —Tx =0.

Lemma 1.4 ([7], T heoremZ) Let X be a real reflexive Banach space such that X
has the Kadec-Klee property. Let {xn} be a bounded sequence in

Xand x*,y" ew,(x,) (week w—limit set of {x,}).
Supposelim,_, Htxn +(1—t)" — y*H exists forallt €[0,1] Then x* =y".

Lemma 1.5 LetX be a uniformly convex Banach space, C be a nonempty
bounded closed convex subset of X. Then there exists a strictly increasing
continuous convex function ¢:[0,00)—>[0,00)WiZh ¢(0)=0 such that for any
Lipschitzian mapping T : C — X with the Lipschitz constant L>1 and for any
x,y € C and t €[0,1] the following inequality holds:

||T(tx + (l - t)y) - (th + (l - t)Ty)” <L¢”" (“x - y” - ||Tx - Ty”)

The purpose of this paper is to establish a necessary and sufficient condition for the
strong convergence of the implicit iterative process with errors to a common fixed
point for a finite family of asymptotically nonexpansive mapping which we have
defined in (1.6) in an arbitrary real Banach space. Also we establish some strong
convergences of the implicit iterative process (1.6) satisfying some additional
condition and some weak convergences of the implicit iterative process (1.6) to a
common fixed point for a finite family of nonexpansive mappings in uniformly
convex Banach space. The results presented in this paper extend and improve some
well known results.

2. Main Results
In this section we begin with the following lemmas.



70 Shrabani Banerjee and Binayak S. Choudhury

Lemma 2.1 Let X be a real Banach space and C be a nonempty closed convex
subset of X. Let {Tl iiel N} be a finite family of N asymptotically nonexpansive

self-mappings of C with sequences {h; }g [l,oo) such that z:o_l (h; - 1)< w for

N
alliel, and F = ﬂF(Tl ) # Q. Let {xn} be the sequence as defined in (1.6) with
i1

o0

1
0<Tl£]/né‘[2<z<l,an—ﬂn>Z'3>0 and zn 0, <o, where

-1 n

L= sup{h,i :neN andie IN}. Then lim,

X, — p” exists for all p e F.

Proof: Let p e F. Since {un} is a bounded sequence in C,M =sup ,

u, — p|| is
finite. Let h, = max{h; el } Thus {hn }g [l,oo) such that z::l (hn - l) < o0,
Now for all n>1,

x,-p = e, - )+ B0, — )47, (T, - p)+ 6, w, - p)|

T3 % = b+ 7,7t %, | + 5,

|| Xn1 _p||+ﬂnhk(n)
= a,

'xn—l _p||+ﬁn

< a

< a,

u, =]
X, — p|| +0,M

X1 _p||+ ]/nhk(n)
xn—l _p||+(1_an _j/n _§n)(1+lunxxn—l _p||+

(1 -a,-p, —5n)(1+ﬂn) X —P||+5nM= (Where H, :(hk(n) —1))
< a, ., -pl|+(1-a,-7,+u,)
l-a,-B, -6, +u,)

xn—l _p||+
X, — p” +0,M,

= (1-p, + 1, ), —p|+(-a, - B, =6, +u,)x, - p|+5,M
It follows from above that
(a, + B, +3,x, - p| <=y, + u, 5, = £+ 1, ]x, = p||+ 5,M

which implies that

o.M
xn—p||S(1+1ﬂ” jxn_l—p||+ixn—p”+ :
_7/}’1 _}/}'I -

un _ ILln _ n
S£1+1—12JXH p||+—1_z_2 X, p||+1_z_2

By arranging both sides we get

ol <lm T _ %M
E p”Sl_TZ_lun 1_2-2_lun
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2
— 1+¢
1_7’-2 _/Lln

Since u, =My, —1 and Z::I (hk(n) —1)< o, we have Z:;l M, <. So there

s M
X, —p||+1— 2.1)
_TZ _ﬂn

-7
exists a positive integer 7, such that x, < 2

for all n=n, Thus from (2.1)

we have that for all n=>n,,

X, —p|| < (1 +ﬂ] X, —p|| + M o,
-7, -7,
= (148, ), = pl+e, 2.2)
where b, = 4, and ¢, = 2M o,. Since z;l M, <oo, it follows that
-7, -7, -

Z; b, <oo. Again z:;l 0, <o implies that Z:Zl ¢, <oo. Thus by Lemma 1.1

we have that lim

n—>0

X, — p| exists forall p € F'.
Theorem 2.1 Let X be a real Banach space and C be a nonempty closed convex
subset of X. Let {Tl el N} be a finite family of N asymptotically nonexpansive

. }g [1,0) such that z::l (h; - 1)< © for all

n

self-mapping of C with sequences {h

N
iel, and F = ﬂF(Tl);t @. Let {xn} be the sequence as defined in (1.6) with
i=1

1
0<Tl£]/nS12<z<l,an—ﬂn>r3>0 and 0, <o, where

n=l 1

L= Sup{h,i :neNand iel N}. Then {xn } converges strongly to a common fixed
point of T, T,..., Ty, if and only if liminf, __ d(x,,F)=0.

nd

Proof: The necessary part is trivial. We only prove sufficiency part. From (2.2) we
get that forall n > n,,

||xn — p|| < (1 +b, ]xn_l — p|| +c,
where Z::I b, < and Z; ¢, <oo. Taking infimum over all p e F we have
that forall n2>n,,

d(x,,F)<(+b,)d(x, ,F)+c

n
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Then by Lemma 1.1 we have that lim d(xn,F ) exists.  Since
liminf,  d(x,,F)=0, we get that lim,  d(x,,F)=0. Now from (2.2) we

n—x0

get that forall n>n,,
||xn — p|| < (1 +b, M
Therefore for n > n, and for any positive integer m, we get that

X, — p” +c, < el X, — p” +c,

b,

xn+m - p” = e 'xn+m—1 - p” + Cn+m
bn+m+bn+m4 — bn+m
< e xn+m—2 p” +c cn+m—1 + cn+m
S
n+m n+m—1 n+m
b hIR
i=n+1 _ i=k+1
< e ||xn p||+ Z c.e +Cim
k=n+1
0
< Rjx, —p||+R ZCk
k=n+1

where R = ez”:‘b" . Therefore for any p € F' we have that for all n>n,,

X, — p” < (R + 1)||xn - p” +R ch (2.3)

k=n+1

Since Zj:l ¢, <o and lim, _d(x,,F)=0, there exists n,(>n,)e N such that

Xpam — p” +

le+Wl - xn || S

& o &
for all n=>n, we have d(x ,F)< and ¢, <——. So there exists
? (x,, F) 2(R+1) Lo 2R

p € F such that

X, —;_9” < & for all n>n,. Therefore from (2.3) we have
2(R+1)

that forall n2>n,,

X = D+ |x, = DS R+1)x, =B+ R D e,

k=n+1

X —X

n+m n

& &
R+l)————+R—=
< +)2(R+1)+ 2R

which implies that {xn} is a Cauchy sequence. Since X is complete and C is a
closed subset of X, we have x, = q(e C ) as n—>o0. Now we will show that
g € FF. Each T is asymptotically nonexpansive, so F (Tl) is closed, which implies

that /' being the intersection of a finite number of closed sets is closed. Now

|d(q,F)—d(xn,F)| < ||q—xn||—>0 forall n>1. (2.4)
d (x F ): 0, from (2.4) it follows that

Since lim, ,, x, =g and lim, o

d (q, F ) =0 thatis g € F. This completes the proof of the Theorem.
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Lemma 2.2 Let X be a uniformly convex Banach space and C be a nonempty
closed convex subset of X. Let {Tl el N} be a finite family of N asymptotically

nonexpansive self-mappings of C with sequences {h;}g[l,OO) such that

N
z::l (h; - 1)< o foralliel, and F = ﬂ F(Tl ) # . Let {xn} be the sequence

i=1

1
as defined in (1.6) with 0<T1§7n572<z<1705n_ﬂn>73>0 and

2:215” <00, where Lzsup{h,’; :neNandie[N}. Then lim
SJorall lel,.

=0

xl’l - ]-}xll

n—»0

Proof: Let p e F'. Since {un} is a bounded sequence in C,M =sup .,

u, —p|| 18
finite. Let &, =max{h,i :ie]N}. Thus {4, } < [1,00) such that Z:zl (h, —1)< oo,

Now by Lemma 2.1 we have lim,

X, — p” exists for all p € F°. Therefore {xn}

is bounded. Let lim

X, — p” =d, for some d > 0. Now,

d = lim|x, - p
= timlr, (x,., = p)+ B, (L%, = p)+ 7, ()%, = p)+ 8,(u, - p)

- il 1 e B ) - )

yTex, ~ p+8,(u, - p) | 2.5)

Now,

-y, -y,
T I PR I T |
- 1— 7, n—1 1— 7, k(n)||?n-1 n||"n

Taking limsup on the both sides of above we get

limsu% a— (xn—l - p) + L (T;'fn(;l)xn—l - p) + 57! (un - p* < d (26)
o 1=y, -y,

Also

TiWx, = p+0,(u, - p)| <y, — o]+,

u, — p|.
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Taking limsup on the both sides of above we get
limsup|7;{$x, - p+3,(u, - p)| < d

n—>0

From (2.5), (2.6), (2.7) and by Lemma 1.2 we have

ﬂn(

‘ Ti0x,  ~p)+6,(u, - p)

n

Lli]; l_j/n (xn—l _p)+1_]/n

(1%, - p+5,(u, - p)) | =0,
which implies that

timla, (v, , —p)+ B, (T{5x,, — p)—~(1-7, XT{'x, - p)|=0

which further implies that
x, =T4'x, = 8,(u, - p)|=0.

n—>0

Since

<|lv, ~7{"x, =6,(u, ~ p)|

x, - T(Wx,

5

by (2.8) and the given condition Zw 0, <o it follows that

EE,HX ~T(%x,|=0.
Now,
[, T s =X |+ 7T % = %, -
fsﬂ[fﬁﬂnl—zﬁﬁn F N e S |
Vn[ﬂ(())x =X, + xn_ i 41
< Blwlx L) x —-x, —x, |+
n[Ti(n())xn—xn +|x, X,y
=18,(+ 1)+ B, + 7,0~ x, T, U, =%,
<(l-a,+B,+u,)|x,. ) z(())x - X, X,
Simplyfying we get
(e, =B,

k
S/’lnH x”71 _an + (ﬂn + 7}1)” ]:(EI;)X _xn” + é‘n|| un_xrhl”

Since a, — S, > 7,> 0, from above it follows that
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”xn_xn—l”

H B, +7r g
<y =+ == T X, = [+ = e, = x|

73 73 73
After rearrangement we get from the above that

B, +r k 2
” xn_xn—l” < — || T;(li’;) ‘xn - ‘xn H + s H un _xn—l ” (210)
37 FHa 37 FHa

. © . T T
Since 2.7, u, < oo, there exists a positive integer 1, such that g, <?3 for all

n 2 ny. Thus from (2.10) we have that for all n > n, ,

2(8, + " 20,
I, =, | < 2Bt L) ypron oy 20 e @

i(n) n

& T3
Thus from (2.9) and (2.11) it follows that
lim||x, —x, || =0. (2.12)
Therefore forany [ € 1, ,
lim||x, —x,, | =0. (2.13)
n—w
Let o, =|| Tlfx) x, — x,||. From (2.9), we have o, — 0 as n — oo. For each

n>N,n=(n—N) (modN), and for any
n>N, n=(k(n)-1)N+i(n),i(n) € {l, 2........ ,N},s0 k(n—N)=k(n)-1
and i(n— N) = i(n). Hence,

Ix, =T,x, |l =
1%, = Toy %)+ I TG x, =T, x|l <o, + LT, x, — x|
< o, + LUITG ™ x, =T % I+ 1 T %y = x, ]
= o, + LUTENY x, —Totwy) Xy 1+ 1 TG00 Xy — %, 1]
<o, +LIL|x, = x, y |+ I T oy = %l fxy = x|
=0, + LI(L + D[ x, = x,_y[[+0,y] (2.14)
From (2.9), (2.13) and (2.14) it follows that
lim ||, ~7,, | =0 (2.15)

Now for all /€ [, by using (2.15) and (2.13) we get that
lx, =T

n+l xn ” < ||xn _xn+l ||+ ||xn+l _T+l'xn+l ||+||T:1+lxn+l _T+l'xn ||

n n

T+lxn+l ||+L ||x

n+l~ tn _xn ||

<l =X, [+ {1

n+l

S (1+L) ||‘xn _xn+l ||+ ||xn+l _T;wlxnﬂ ||

—> 0 as n—o.
Consequently we have
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lim ||x,—T)x,||=0,forall [e], . (2.16)

Theorem 2.2 Let X be a uniformly convex Banach space and C be a nonempty
closed convex subset of X. Let {I,:iel,} be a finite family of N

asymptotically nonexpansive self-mappings of C with sequence {h,’,} < [1,0) such

N
that > (h —1) < oo for all iel, and F:ﬂF(TI.);t¢.. Let {x,} be the

n=l
i=1

1
sequence as defined in (1.6) with 0 <7, <y <7, Sz <1, a,-B,>7,>0 and

® 0, <o, where L=sup{h :neN and iel,}.If {T:iel} satisfy
condition(B), then {x, }converges strongly to a common fixed point of
1, T, Ty
Proof : As in the proof of Theorem 2.1 we have that lim,_, d(x,,F’) exists. Now
o llx,=Tx,| =0, for /el, . Then by Condition(B)
it follows that lim, , f(d(x,,F))=0. Since f:[0,00)—[0,00) is a

nondecreasing function with f(0) =0 and lim, , d(x,,F) exists, we have

by Lemma 2.2 we get lim

lim _,_ d(x,,F)=0.Then the Theorem follows by an application of Theorem 2.1.

Theorem 2.3 Let X be a uniformly convex Banach space and C be a nonempty
closed convex subset of X. Let {7;:i € I, } be a finite family of N asymptotically

nonexpansive self-mapping of C with sequence {h'} < [l,0) such that
N
>r (h—1)<oo forall iel, and F = ﬂF(Tl ) #¢.. Let {x, } be the sequence

i=l1

as defined in (1.6) with
1
0<7,<y, <1, Sz <l,a,-p,>7,>0and2_ &, < o ,where

L=sup{hl:neN and ic I, }. If one member of the family {T,:i e I, } is

semi-compact, then {x } converges strongly to a common fixed point of

Proof : From Lemma 2.2 we get that lim —Tx,||=0,forall /el,.Let

us assume that 7] is semi-compact operator. So there exists a subsequence {x, } of

n—>0 | | xn

{x,} such that x, — p. Now

Ip=T,pll = lim [|lx,~Tx, | =0 forall lel,,
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which implies that peF. Since {x,} has a subsequence {x, }such that x, = p,

we have that lim inf  d(x,,F)=0. Hence the result follows by an application of
Theorem 2.1.

Theorem 2.4  Let X be a uniformly convex Banach space satisfying Opial’s
condition, C be a nonempty closed convex subset of X. Let {I,:iel,} bea

finite family of N asymptotically nonexpansive self-mappings of C with
sequences {h'} < [l,00) such that X° (h —1)<oo for all iel, and

N
F zﬂF (Tl);t¢ Let {x,} be the sequence as defined in (1.6) with
i=1

1
O0<r7, <y <7, SZ <l,a,-p,>7,>0 and 27 5, < o, where

L=sup{h :neN and i€ I, }. Then {x,} converges weakly to a common fixed
pointof 7;, T,,........ T}, .

Proof : Since F'#¢, let geF. Then by by Lemma 2.1 lim, _|x, —¢g]| exists,
so {x,} is bounded. As E be a uniformly convex Banach space, it is reflexive,
hence {x,} has a subsequence {x,} which is weakly convergent to peC (say).
From Lemma 2.2 we get lim, ,_||x, —7,x,|| = 0, forall /e/, . By Lemma 1.3 we
have 7, is demiclosed at 0 so that peF(7;) for all /el, and hence peF . If
possible let {x,} have another subsequence {x, } which converges weakly to

another point g € C. Then by similar argument as above we have that g€ F'. Then
by Opial’s property we have
[ x,—p | =limsup|[x, —p[l < limsup |lx, —¢| = lim|[[x, —q|

J—o® J o n—>0

= limsup ||x, —¢[| < limsup [|x, —q| = lim [|x, —p]|

k- k—oo n—>c0
a contradiction. So p=gq . Therefore{x, } converges weakly to a common fixed
pointof 7;, T,,........ T} .

Lemma 2.3 Let X be a uniformly convex Banach space and C be a nonempty
closed convex subset of X . Let {7,:iel,} be a finite family of N

asymptotically nonexpansive self-mappings of C with sequences {A} < [l,00)

N
such that X7, (h! —1) < oo forall iel, and F =[|F(T,)# ¢.. Let {x,} be the

n=1
i=1

1
sequence as defined in (1.6) with 0 <7, <y <7, Sz <l, a,—f,>7,>0and
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>0, <o,  where L=sup{h,:neN and iel,}. Then

n=1"n

lim ,_|tx, +(1-¢)p,— p,|| exists for all p,, p,€F and forall ¢€ [0,1].

Proof : Let h= max {h:iel,}. Thus {h} c[l,0) such that

n

2 (h,—1) <oo. By Lemma 2.1 we have that {x, } is a bounded sequence, so
there exists >0 such that {x, } < B, (0) ﬂC . Then B, (0) ﬂC is a nonempty
closed bounded subset of X. Let d (t) =||tx,+ (1—1) p,—p, || for all ¢ €[0,1]
and p.p,eF. Then lim, .. d, (0)=|p —p,ll and
lim, , d, (1) =lim,_  |x,—p,| existby Lemma2.1.Let £€(0,1). Let xeC be
given. Let us define the mapping S, | from C — C by

_ k() k()
Sga=ax+ BT x+y T +6u,

— k() k()
Let u,veC. Now || S, u=S_, vi=r, T u =T vl <y llu=v.
Again by the condition of the theorem we have y /i, <l. Hence S, | is a

contraction mapping. Therefore it has a unique fixed point which we denote by
G, ,x. Hence it is possible to define the function G, , from C to C for all values

of j>1. In view of the above argument we define the following sequence of
functions G, :C —C by

G,=a I+ BT 1+yT,G,+du,
G =a,I+ B,T)1+y,T,G, +6,u,

Gy =ayl+ BT +y,T,G\ +5,u,
Gy=ay, I+ IBNHleI + 7N+1leGN + 0y Uy

Gy =a2NI+ﬂ2NT]\?I+7/2NT]\3G2N—1 +0,yUyy

_ 3 3
Gy =y + By i L+ Yoy i T Gy + 05y

which can be written in the compact form as

(2.17)

n+l

_ k(n+1) k(n+1)
Gn _an+ll+ﬁn+1]—;(n+l) I+7/n+17—;'(n+l) Gn +5n+lu
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1G,x=G,y|
Sa, ) 1%yl + B by 1=V 1+ 71 By 1| G, x =G, ¥ |

=, [[x=yll+ B A+p, Ix=yl+7,. Q+u,.)

=, lx=yll+ A=a,, =70 =6, U+u,.)|x— )]
+(-a,, =0 —0,.,)A+u, ) G,x=G, y|

< apllx=—yll+d-au=7u+t i) x=yll+

(l_an+l _ﬂrﬁ—l 5n+1 +lun+l)|| an_GnyH
which implies that

(1_7n+1)||an_Gny|| < (1_7/,1+1 + /’anrl) ||x_y|| + ﬂn+l|| an - GnyH
which further implies that

1Gxr=Gyl < (2 [y 4 F GGy |
n+l n+l

Since 0< 7, <y, <7, <1, from above it follows that

| (1+ 1/1;1+1 J”x y”+ Hou

After rearranging both sides we have that

1 B 7'-2 + lLln+1 2#11+1
<|— 2 T8 e gl
| : (1 - TZ - ﬂn+l J”x y” [ " 1 - TZ - ﬂn-%—l j”x y”

Since z:il M, < oo, there exists a positive integer 7, such that for all n=>n, we

||an -G,y

||an -G,y

-7,

have u, <

Thus for all n > n,, it follows from the above that

4u,
< (1 o ! j”x V| =+, -] (2.18)
_ 4ﬂn+1 .
where b, ,, = 1— Again from (2.17) and (1.6) we have
|ann n+l || 7/71+l 7"1(”(:7_;')1)an" - T'zéfn(j—;—)l) n+1 7n+1h (n+l) ann _xn+l |
Since 7,141y <1, we have
Gx, =x,,. (2.19)

Similarly we can show that for any g € F,
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G,q=q. (2.20)

Set

Then

S X =S, < W+b,,, 45, ). (145, Jx—)]
Denote the sequence {(1 +b,.. )(1 + meil) ..... (1 +b,., )} by {H - } Then
lim H, =1

n,m—»0

Now by (2.19) and (2.20) respectively it follows that S, ,x, =x,,, and S, p=p

m

forall peF.
We have that S, is Lipschitzian with the lipschitz constant H,,. Now By

n,m

Lemma 1.5 we have

S

-1 -1
n,m < Hn,m¢ (“xn - q” - Hn,m xn+m - q”)

By Lemma 2.1 we have lim b, =0.

n,m—0 ~n,m

d,.,6)=x,., +0-t)p—q|<b,, + H,|x, +(1-t)p—q|=b,, + H,d,(t)

Hence,

limsupd, (t)< ¢~ (0)+liminf d, () =liminf d , (¢).

This completes the proof of the Lemma.

Theorem 2.5 Let X be a uniformly convex Banach space such that it’s dual X"
has the Kadec-Klee property and C be a nonempty closed convex subset of X. Let

{Tl iiel N} be a finite family of N asymptotically nonexpansive self-mappings of
C with sequences {h,i}g [1,00) such that z (h,i —1)<oo Sor all iel, and

o0
n=1

N
F:ﬂF(Ti);t¢. Let {xn} be the sequence as defined in (1.6) with
i=1

1 @
0<Z'1£7/nS2'2<Z<l,an—,b'n>r3>0 and zn 0, <o, where

=1n

L =sup {h; :neNandiel, } Then {xn } converges weakly to a common fixed
pointof 1,,T,,...T),.
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Proof: Since F'#¢, let g€ F. Then by Lemma 2.1 lim

X, — q” exi1sts so
{xn} is bounded. Since £ be a uniformly convex Banach space, it is reflexive.

Hence {xn} has a subsequence {.xn_} which is weakly convergent to p € C (say).

From Lemma 2.2 we get lim, , |x, —7T.x, (=0 for ie/,. By Lemma 1.3 we

n—0

have 7, is demiclosed at 0, so p € F(Tl) forall ie/,. Hence pe F.
If possible let {xn} have another subsequence {xnk } which converges weakly to
another point g € C. Then by similar argument as above we have that g € F (T )

Now from Lemma 2.3 we get lim |txn + (l - t)p - q” exists, so by Lemma 1.4

.

we have that p=¢q. So {xn} converges weakly to some common fixed point of

1,,T,,...T. This completes the proof of the Theorem.

Remark 2.1 (1) Furthermore Condition (5 ) and Condition (E ) are equivalent
(See [2]) If {Tl e IN} satisfy Condition (5) then theorem 2.2 still holds.

(2) Results in this paper extend and improve the corresponding results of

[3} [14] [1s] [1e]
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