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ABSTRACT

In this paper, regular fuzzy graphs, total degree and totally regular fuzzy graphs are
introduced. Regular fuzzy graphs and totally regular fuzzy graphs are compared
through various examples. A necessary and sufficient condition under which they
are equivalent is provided. A characterization of regular fuzzy graphs on a cycle is
provided. Some properties of regular fuzzy graphs are studied and they are
examined for totally regular fuzzy graphs.
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1. Introduction

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975. Though it is very
young, it has been growing fast and has numerous applications in various fields. In
this paper, we introduce regular fuzzy graphs, total degree and totally regular fuzzy
graphs. We make a comparative study between regular and totally regular fuzzy
graphs though various examples. We provide a necessary and sufficient condition
under which they become equivalent. Then we provide a characterization of regular
fuzzy graphs in which the underlying crisp graph is a cycle. Also we study some
properties of regular fuzzy graphs and examine whether they hold for totally regular
fuzzy graphs.

First we go through some definitions and results which can be found in [1]- [7].

Definition 1.1: A fuzzy graph G is a pair of functions G:(o,u) where o is a fuzzy
subset of a non empty set V and p is a symmetric fuzzy relation on o . The
underlying crisp graph of G:(o,p) is denoted by G*(V,E) where E < VxV. A fuzzy

graph G is complete if p(uv) = o(u) A o(v) for all u,ve V where uv denotes the edge
between u and v.

Definition 1.2: Let G:(o,u) be a fuzzy graph. The degree of a vertex u is
dg(u)= z w(uv). Since p(uv)> 0 for uveE and p(uv) = 0 for uv ¢ E, this is

u#v
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equivalent to dg(u)= Z p(uv) . The minimum degree of G is 8(G)=A{d(v)/ v € V}.

uveE

The maximum degree of G is A(G) = v{d(v)/ ve V}.

Definition 1.3:The strength of connectedness between two vertices u and v is

0 (wv)=sup{ p*(u,v)k=12,...... } where p(u,v)= sup{p(uu)A p(uu)A.... A p(ug.

Definition 1.4: An edge uv is a fuzzy bridge of G:(o,p) if deletion of uv reduces the
strength of connectedness between pair of vertices.

Definition 1.5: A vertex u is a fuzzy cutvertex of G:(o,) if deletion of u reduces the
strength of connectedness between some other pair of vertices.

Definition 1.6: Let G:(o,u) be a fuzzy graph such that G*:(V,E) is a cycle. Then G
is a fuzzy cycle if and only if there does not exist a unique edge xy such that

H(xy)=A {u(av)/(uv) >0},

Definition 1.7: The order of a fuzzy graph G is O(G) = Z o(u).

ueV

The size of a fuzzy graph G is S(G) = Y_ p(uv).

uveE

Lemma 1.8: Let G:(o,u) be a fuzzy graph on a cycle G*. Then G is a fuzzy cycle if
and only if G is not a fuzzy tree.

Lemma 1.9: Let G:(o,u) be a fuzzy graph on a cycle G* and let t = A{p(uv) /
u(uv)>0}. Then all edges uv such that p(uv) >t are fuzzy bridges of G.

Lemma 1.10: Let G:(o,u) be a fuzzy graph such that G*:(V,E) is a cycle. Then a
vertex is a fuzzy cutvertex of G if and only if it is a common vertex of two fuzzy
bridges.

2. Regular and totally regular fuzzy graphs
Definition 2.1: Let G:(o,u) be a fuzzy graph on G*:(V,E). If dg(v)=k for all ve V,

(i.e) if each vertex has same degree k, then G is said to be a regular fuzzy graph of
degree k or a k-regular fuzzy graph. This is analogous to the definition of regular
graphs in crisp graph theory.

Example 2.2: Any connected fuzzy graph with two vertices is regular.
Remark 2.3: G is a k-regular fuzzy graph iff 5=A=k.

Remark 2.4: In crisp graph theory, any complete graph is regular. But this result
does not carry over to the fuzzy case. A complete fuzzy graph need not be regular.
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For example, consider G*:(V,E) where V={u,v,w} and E={uv,vw,wu}. Define
G:(o,n) by o(u)=0.5, o(v) = 0.7 o(w) = 0.6 and p(uv)=0.5, p(vw)=0.6, p(wu)=0.5.
Then G is a complete fuzzy graph. But d(u)= pw(uv) + p(uw) = 0.5 + 0.5 = 1 and
d(v)=d(w)=1.1. So G is not regular.

Definition 2.5: Let G:(o,i) be a fuzzy graph on G*. The total degree of a vertex
ueV is defined by tdg(w)= Y p(uv)+ o) = Y p(uv)+o(w) = dg(u) + o(w).

u#v uveE

If each vertex of G has the same total degree k, then G is said to be a totally regular
fuzzy graph of total degree k or a k-totally regular fuzzy graph.

Example 2.6: Consider G*:(V,E) where V= {v,vp,v3,v4} and E=
{V1V2,V2V3,V3V4,V4vy }. Define G:(o,p) by o(v;)=0.5, o(v,) = 0.4, o(v3) = 0.7, o(vy) =
0.5 and W(v1v2)=0.2, wW(vyv3)=0.4, w(vsvs)=0.2, u(v4v1)=0.4. Then d(v;) = 0.6 for all i
=1,2,3,4. So G is a regular fuzzy graph. But td(v;) = 1.1 # 1 = td(v;). So G is not
totally regular.

Example 2.7: Consider G*:(V,E) where V={v|,v,,vs} and E={v,v,,viv3}. Define
G:(o,pu) by o(vy) = 0.4, o(vy) = 0.8, o(v3) = 0.7 and p(v;v,) = 0.3, w(vyvs) = 0.4. Then
td(v;) =1.1 for all i = 1,2,3. So G is a totally regular fuzzy graph. But d(v,) =.7 # 0.3
=d(v,). So G is not regular.

Example 2.8: Consider G*:(V,E) where V ={v,v,,v3} and E={v|v,,vov3, v3v; }.
Define G:(o,1) by 6(v)) = 6(v2) = o(v3) = 0.4 and pw(viv,y) = W(vavs) = w(vavy) = 0.3,
Then d(v;) = 0.6 for all i = 1,2,3. So G is a regular fuzzy graph. Also td(v;) = 1 for all
i=1,2,3. Hence G is also a totally regular fuzzy graph.

Example 2.9: Consider G*:(V,E) where V={v|,v,,vs} and E={v,v,,viv3}. Define
G:(o,p) by 6(v1)=0.3, 6(v2) = o(v3) = 0.4 and pw(v,v,)=0.1, w(v,v3)=0.2. Then d(v;) =
0.3 #0.1 =d(v2). So G is not a regular fuzzy graph. Also td(v;) = 0.6 # 0.5 = td(v»).
So G is not totally regular.

Remark 2.10: From the above examples, it is clear that in general there does not
exist any relationship between regular fuzzy graphs and totally regular fuzzy graphs.
However, a necessary and sufficient condition under which these two types of fuzzy
graphs are equivalent is provided in the following theorem.

Theorem 2.11: Let G:(o,u) be a fuzzy graph on G*:(V, E).Then o is a constant
function if and only if the following are equivalent:

(1). G is a regular fuzzy graph.

(2). G is a totally regular fuzzy graph.

Proof: Suppose that ¢ is a constant function. Let 6(u) = c, a constant, forallu e V.
Assume that G is a k; — regular fuzzy graph.
Then d(u)=k;, forallue V.

So td(u) =d(u) + o(u), forallue V.
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= tdw) =k +ec, forallue V.

Hence G is a totally regular fuzzy graph. Thus (1) = (2) is proved.
Now, suppose that G is a k;, — totally regular fuzzy graph.

Then td(u) =k, forallue V.
= d(u) +o(u) =k, forallue V.
= d@u)+ ¢ =k, forallue V.
= du) =k, -c, forallue V.
So G is a regular fuzzy graph. Thus (2) = (1) is proved. Hence (1) and (2) are
equivalent.

Conversely, assume that (1) and (2) are equivalent. (i.e) G is regular if and only
if G is totally regular.
Suppose ¢ is not a constant function. Then o(u)# o(w) for at least one pair of

vertices u,w € V.
Let G be a k-regular fuzzy graph. Then d(u) = d(w) =k
So td(u) = d(u) + o(u) = k+ o(u) and td(w) = d(w) +o(w) = k+ o(w)
Since o(u) # o(w), we have td(u) # td(w).
So G is not totally regular which is a contradiction to our assumption.
Now let G be a totally regular fuzzy graph.
Then td(u) = td(w) = d(u)+ o(u) = d(w)+o(w)
= d(u) —d(w) =o(w)—o(u) #0
= d(u)#d(w).
So G is not regular which is a contradiction to our assumption. Hence o is a
constant function.

Theorem 2.12: If a fuzzy graph G is both regular and totally regular, then ¢ is a
constant function.
Proof: Let G be a k; — regular and k; — totally regular fuzzy graph.

So d(u)=ky, for allu e V and td(u) =k,, forallue V.

Now td(u) = ko, forallue V.
= d(u) +o(u) =k, forallue V.
= kit+to(u)=k,, forallue V.
= o(u)=k,—k;, forallueV.

Hence o is a constant function.

Remark 2.13: Converse of theorem 2.12 need not be true.

For example, Consider G*:(V,E) where V={v,v,,v3} and E={v,v,;,v|v3}. Define
G:(o,u) by o(vy)=0.5, i=1,2,3 and p(vivy)=0.1, u(vyv3)=0.2. Then o is a constant
function. But d(v,)=0.1#0.2=d(v3). Also td(v,)=0.6#0.7=td(v;). So G is neither
regular nor totally regular.
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3. A characterization of regular fuzzy graphs on a cycle
Theorem 3.1 and Theorem 3.3 provide a characterization of a regular fuzzy graph
G:(o,p) such that G*:(V,E) is a cycle.

Theorem 3.1: Let G:(o,u) be a fuzzy graph where G*:(V,E) is an odd cycle. Then
G is regular iff p is a constant function.
Proof: If p is a constant function, say p(uv)=c, for all uveE, then d(v)=2c, for
every veV. So G is regular.

Conversely, suppose that G is a k-regular fuzzy graph. Let ej,e,,...,e2n+1 be the
edges of G* in that order.

Let u(e;) = k,.Since G is k-regular,

u(es) = k-k;
u(es) =k - (k-kp) =k
p(es) = k-ki

and so on.

k,, if 1is odd
Therefore p(e;) = k-k if iiseven’
-k,

Hence p(er)= p(en+1 )=k;.
So if e; and e, incident at a vertex u, then d(u)=k.
So d(er)*d(exn:1) =k

:> k1+k1:k
= 21(1:1(
= ki=k/2

Hence k-k;=k/2. So u(e;) = k/2, for all i. Hence p is a constant function.

Remark 3.2: The above theorem does not hold for totally regular fuzzy graphs.

For example, Consider the cycle G*:(V,E) where V={v,,v,,v3} and E ={v|v,,v,v3,
v3vi}. Define G:(o,p) by o(vy) = 0.5, o(vz) = 0.6, o(v;) = 0.4 and w(v,v,) = 0.1,
w(vavs) = 0.2, w(vsvy) = 0.3. Then td(v;) = 0.9 for all i = 1,2,3. Hence G is a totally
regular fuzzy graph. But p is not a constant function.

Theorem 3.3: Let G:(o,u) be a fuzzy graph where G* is an even cycle. Then G is
regular iff either p is a constant function or alternate edges have same membership
values.

Proof: If either p is constant function or alternate edges have same membership
values, then G is a regular fuzzy graph.

Conversely, Suppose G is a k-regular fuzzy graph. Let €,¢s,.....,, be the edges of
the even cycle G*in that order. Proceeding as in theorem 3.1,

k,, if 1iis odd
ue) = . ..
k-k,, if 1iiseven
If k;=k-k;, then p is a constant function.
If k# k-ky, then alternate edges have same membership values.

Remark 3.4: The above theorem does not hold for totally regular fuzzy graphs.
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For example, Consider the cycle G*:(V,E) where V={v,,vp,v3,v4} and
E= {v|v2,vav3,v3V4,vavy }. Define G:(o,1) by o(v1)=0.9, o(v2) = 0.7, 6(v3) = 0.5, o(v4)
=0.7 and p(vv2)=0.2, W(v,v3)=0.5, u(v3v4)=0.4, w(v4v,)=0.3. Then td(v;) = 1.4 for all
i=1,234. So G is totally regular. But in G, neither p is a constant nor alternate
edges have the same p-values.

4. Properties of regular fuzzy graphs

k
Theorem 4.1: The size of a k-regular fuzzy graph G:(o,u) on G*:(V, E) is p?
where p=| V |.
Proof: The size of G is S(G) = z p(uv).

uveE

Since G is k-regular, dg(v) =k, for all ve V.
We have Zdo (v) =2 ZH(UV) = 2 S(Q).

veV uveE
So 28(G) = >ds(v)= >k = pk
veV veV
Hence S(G) = %

Theorem 4.2: If G:(o,p) is a r- totally regular fuzzy graph, then 2S(G) + O(G) = pr
where p=| V|.
Proof: Since G is a r-totally regular fuzzy graph,

= td(v) =d(v) + o(v) for all veV.

r
So Zr = ZdG(V) + ZG(U)

veV veV ueV

= pr = 28(G) + O(G)

Corollary 4.3: If G is a k-regular and a r- totally regular fuzzy graph, then
O(G) = p(r—k).

k
Proof: From Theorem 4.1, S(G)= p7 (or) 25(G) = pk.

From Theorem 4.2, 2S5(G) + O(G) = pr
So O(G) =pr—2S(G) =pr-pk =p(r-k).

Theorem 4.4: Let G:(o,u) be a regular fuzzy graph where G* is a cycle. Then G is a
fuzzy cycle. It can not be a fuzzy tree.

Proof: Assume that G:(o,n) is a regular fuzzy graph on a cycle G*. Then by
Theorem3.1 and Theorem3.3, either p is a constant function or alternate edges have
same membership values.

So there does not exist a unique edge xy such that u(xy) = A{p(uv) / p(uv) > 0}.

Therefore G is a fuzzy cycle.
Hence by Lemma 1.8, G can not be a fuzzy tree.

Remark 4.5: The above theorem does not hold for totally regular fuzzy graphs.
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For example, Consider G:(o,it) in Remark 3.4. G is totally regular. But G has a
unique edge v;v; such that p(vyv,) = A{p(xy) / xy € E }. So G is a fuzzy tree.

Theorem 4.6: A regular fuzzy graph on an odd cycle does not have a fuzzy bridge.
Hence it does not have a fuzzy cutvertex.
Proof: Assume that G:(o,p) is a regular fuzzy graph on an odd cycle G*. Then p is a
constant function. So removal of any edge does not reduce the strength of
connectedness between any pair of vertices. Hence G has no fuzzy bridge.

Hence by Lemma 1.10, G does not have a fuzzy cutvertex.

Remark 4.7: The above theorem does not hold for totally regular fuzzy graphs.
For example, Consider the fuzzy graph G:(o,u) in Remark 3.2. G is totally regular.

Also A{u(xy) /xy € E } = 0.1 and w(vyv3) =0.2> 0.1, p(vsvy) = 0.3 >0.1. So by

Lemma 1.9, v,v; and vsv, are the fuzzy bridges of G. Hence by Lemma 1.10, v; is a
fuzzy cutvertex.

Theorem 4.8: Let G:(o,u) be a regular fuzzy graph on an even cycle G*:(V, E).
Then either G does not have a fuzzy bridge or it has q/2 fuzzy bridges where q = | E
|. Also G does not have a fuzzy cutvertex.

Proof: Assume that G:(o,p) is a regular fuzzy graph on an even cycle G*. Then by
Theorem 3.3, either p is a constant function or alternate edges have same
membership values.

Case 1: p is a constant function. Then the removal of any edge does not reduce the
strength of connectedness between any pair of vertices. So G does not have a fuzzy
bridge and hence does not have a fuzzy cutvertex.

Case 2: Alternate edges have same membership values. Then by Lemma 1.9, edges
with greater membership values are the fuzzy bridges of G. There are /2 such edges
where q=|E |. Hence G has q/2 fuzzy bridges. But then no vertex is a common
vertex of two fuzzy bridges. So G does not have a fuzzy cutvertex.

Remark 4.9: The above theorem does not hold for totally regular fuzzy graphs.

For example, consider the following examples:

(1). Consider G:(o,u) in Remark 3.4. G is totally regular. v,v; viv4 and vgv, are the
fuzzy bridges of G. Hence v; and v, are the fuzzy cutvertices of G. Here G has more
than q/2(=2) fuzzy bridges.

(2).Consider G*:(V,E) where V={V|,V2,V3,V4,V5,Vs} and
E={vV2,V2V3,V3V4,V4Vs,VsV6,Vev ;. Consider G:(o,u) on G* such that o(v;)=0.9,
0(v2)=0.7, 6(v3)=0.8, o(v4)=c(vs) =6(ve)=1 and w(vivy) = 0.3, p(vavs) = 0.4, W(vsvy)
= W(v4vs) = W(vVsvg) = W(vevy) = 0.2. Then td(v;) = 1.4 for all i = 1,2,3,4. So G is
totally regular. v,v, and v,v; are the fuzzy bridges of G. Hence v, is a fuzzy cutvertex
of G. Here G has fewer than q/2(=3) fuzzy bridges.

Theorem 4.10: A connected k-regular fuzzy graph where k > 0 with p>3 can not
have an end vertex (a vertex of degree 1 in G*).
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Proof: Since k > 0, dg(v) > 0 for every v € V. So each vertex is adjacent to atleast
one vertex. If possible, let u be an end vertex and let uv € E. Then d (u) = k = p(uv).
Since G is connected and p>3, v is adjacent to some other vertex w# u.
Then d(v) > p(uv) +p(vw)

> u(uv)
So d(v) > k, which is a contradiction. Hence G can not have an end vertex.

Remark 4.11: The above theorem does not hold for totally regular fuzzy graphs.
For example, Consider G:(o,1) in Example 2.7. G is a totally regular fuzzy graph,
which has two end vertices v, and v;.

Remark 4.12: It is evident from theorem 2.11 that Theorems 3.1, 3.3, 4.4, 4.6, 4.8
and Theorem 4.10 hold for totally regular fuzzy graphs when o is a constant
function.
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