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ABSTRACT

In this article we introduce the four new inferences of fuzzy soft T spaces by using the
concept of fuzzy soft topological spaces. After that we present several new theories and
some implications of such spaces. Finally, we observe that, all these notions preserve some
soft invariance properties as 'Soft hereditary' and 'Soft topological’ property.
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1. Introduction
For formal modeling, reasoning, and computing, the majority of the mathematical tools
currently in use are crisp, deterministic, and precise. However, in practical applications,
issues in the fields of economics, engineering, environmental research, social science,
medicine, and so forth do not necessarily require precise data. The different kinds of
uncertainty that these difficulties bring make it impossible for us to apply the conventional
classical approaches with any degree of effectiveness. Some theories were provided in
order to overcome these inconstancies, such as the theory of fuzzy sets [18, 21],
intuitionistic fuzzy sets [1, 5, 15], and rough sets [13], which are mathematical instruments
for handling uncertainty. But all these theories have their inherent difficulties, as pointed
out by Russian mathematician Dmtri Molodstov in 1999 [12].

Consequently, the mathematician [12], in order to overcome the existing difficulty
of defining properly the membership function of a fuzzy set, proposed the soft sets as a
new mathematical tool for dealing with uncertainty in a parametric manner in that year.
After the essence of the notion of soft sets, a number of scholars improved this concept.
Next, Maji et al. [7-9] presented the use of soft sets in decision-making problems that are
based on the reduction of parameters to keep the optimal choice objects. Furthermore, soft
sets are a subclass of special information systems, as demonstrated by Pei and Miao [14].
Sabir and Naz [11] also explored the topological nature of soft sets. Then they examined
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the ideas of soft open sets, soft closed sets, soft closure, soft interior points, and soft
neighborhoods of a point, soft separation axioms, and their fundamental features. They also
defined the soft topological spaces, which are expressed over an initial universe with a
specified set of parameters. Later, Roy and Samanta [16] gave the definition of fuzzy soft
topology over the original universe set. Additional research was conducted by Varol and
Aygunn [2] and Cetkin and Aygun [3], and others. In addition, Sabir Hussain and Bashir
Ahmad [17] redefined and investigated a number of features of the soft Ty, i = 0, 1, 2, soft
regular, soft Ts, soft normal, and soft T, axioms using the soft points defined by 1. Zorlutuna
[22]. Additionally, they talked about the soft topological and soft hereditary aspects of soft
invariance. In this work, we describe fuzzy soft T, spaces in four novel ways, propose
several theories, and examine their topological and hereditary features, among other
properties.

All over this article, X and Y will be nonempty sets, @ be the empty set, and E will be the
set of all parameters. Fg will be the soft set, f4 will be the fuzzy soft set, T and t will be
the soft topology and fuzzy soft topology, respectively. The remaining portions of this work
are organized as follows: Section 2 presents a quick overview of some of the fundamental
definitions of fuzzy sets, soft sets, fuzzy soft sets, soft topology, fuzzy soft topology, fuzzy
soft mapping, and the image of fuzzy soft mapping. In Section 3, we establish four ideas
of fuzzy soft T spaces, show some implications among them, and present a number of new
theories related to fuzzy soft T, spaces. The ideas of “Good extension," “hereditary”
property, and its related theorems are given in Section 4. Finally, Section 5 represents the
conclusion of this paper.

2. Preliminaries

We call off some basic definitions and known results of soft set, fuzzy soft sets, and some
operations on fuzzy soft sets, soft topology, fuzzy soft topology and fuzzy soft mapping
and so on.

Definition 2.1. [21] Let X be a non-empty set and I = [0, 1]. A fuzzy set in X is a function
u: X = [ which assigns to each element x € X, a degree of membership u(x) € L.

Definition 2.2. [19] A pair (F, E) denoted by Fg is called a soft set over X, where F is a
mapping given by F: E — P(X). We denote the family of all soft sets over X by SS(X, E).

Definition 2.3. [15] A soft set (F, E) over X is called a null soft set and denoted by @, if
F(e) =@ foreverye € E.

Definition 2.4. [19] A soft set (F, E) over X is called an absolute soft set and denoted by
X, if F(e) = X forevery e € E.

Definition 2.5. [19] Let X be an initial universal set, and A € E. Let 7 a subfamily of the
family of all soft sets S(X). We say that the family T is a soft topology on X if the following
axioms are holds:
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(i) 0uXs€ T. _
(i) IfE,,Ga€TthenFE, N G4, €.
(iii) If G;4, € T foreach i € Athen U;cp Gig €T .

Then the triple (X, 7, A) is called soft topological space (STS, for short) and the
members of T are called soft open sets (SOS for short). A soft set F, is called soft closed
set (SCS, for short) if and only if its complement is soft open set. That is F{ € 7.

Definition 2.6. [11] A soft topological space (F,, 7', A) is called soft T, (ST,) space if for
each x;,x, € X, with x; # x,, there exist soft open sets (SOSs for short) F,, Fg € T such
that X1 (S FA,xZ (S FB and FA ] FB = 6.

Definition 2.7. [2] A fuzzy soft set f, on the universe X is a mapping from the parameter
set E to I%,i. e., f4:E — I%, where f,(e) # 0, ife € ACE and f,(e) =0, if e & 4,
where 0, is empty fuzzy set on X.

From now on, we will use F(X,E) instead of the family of all fuzzy soft sets over X.
Obviously, a classical soft set F, over a universe X can be seen as a fuzzy soft set by using
the characteristic function of the set F,(e):

1, ifa € F,(e);
0, otherwise.

£2©(@ = xry0(@ = {

Definition 2.8. [6] Two fuzzy soft sets f, and gz on X we say that f, is called fuzzy soft
subset of gz and write f; < g5 if f4(e) < gg(e),foreverye € E.

Definition 2.9. [6] Two fuzzy soft sets f, and gz on X are called equal if f, S g and
98 < fa-

Definition 2.10. [6] Let f4, gg € (X, E). Then the union of £, and g3 is also a fuzzy soft
set h¢, defined by ho(e) = f4(e) vV gg(e) forall e € E, where C = A U B. Here we write
he =faV gs.

Definition 2.11. [6] Let f,4, g5 € (X’,VE). Then the intersection of f, and g5 is also a fuzzy
soft set h, defined by h;(e) = f4(e) A gg(e) forall e € E, where C = A N B. Here we
erte h‘C == fA ﬁ gB'

Definition 2.12. [6] A fuzzy soft sets f on X is called a null fuzzy soft set denoted by 0
if fz(E) =0, foreache € E.

Definition 2.13. [6] A fuzzy soft sets f; on X is called an absolute fuzzy soft set denoted
by 1 if fz(E) =1, foreache € E.

Definition 2.14. [6] Let f, € (X, E). Then the complement of f; is denoted by £ and is
defined by fy(e) =1 — f4(e) foreach e € E.
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Definition 2.15. [10] A fuzzy soft set g, is said to be a fuzzy soft point, denoted by ey, if
for the element e € 4, g(e) # P and g(e') = d,Ve' € A — {e}.

Definition 2.16. [10] A fuzzy soft point e 4, is said to be in a fuzzy soft set h,, denoted by
ega € hy if for the element e € 4, g(e) < h(e).

Definition 2.17. [10] Let f4 be a fuzzy soft set, FS(f,) be the set of all fuzzy soft subsets
of f, and 7 be a subfamily of FS(f,). Then t is called a fuzzy soft topology on f, if the
following conditions are satisfied:

Q) ®y, f4 belong to t;

(i) fia f24 €T = fia0 o4 €T;

(ilf)  Foranyindexsetl, f;4 € t,foranyi € I,thenU {fi4,i € I} € 7.
Then the pair (f3,7)is called fuzzy soft topological space (FSTS, for short) and the
members of t are called the fuzzy soft open sets (FSOS, for short). A fuzzy soft open set
(FSOS) g4 is called a fuzzy soft closed set (FSCS, for short) if g5 € 7, where g4 is a
complement of g4.

Definition 2.18. [10] A fuzzy soft topological space (fy,7) is said to be a fuzzy soft T,
space if for any pair of distinct fuzzy soft points ey, ep4 of f4, 3 two fuzzy soft open sets

fraand f;4 such that eg 4 € fia €g4 € foaand epa € fop,epa € fraand f14 0 fr0 = 0.

Definition 2.19. [2] Let (f4, 71) and (gg, 72) be two fuzzy soft topological spaces
(FSTS’s), on the two universal sets X and Y respectively. Then a fuzzy soft mapping

(@, ¥): (fa, T1) — (ga, T2)iscalled

Q) Fuzzy soft continuous if (¢, ¥) " 1(gg) € 71,V g5 € T,

(i) Fuzzy soft open if (o, Y)(fa) ET,, V1 ET

(iii)  Fuzzy soft closed if (¢, ¥)(f,) is a fuzzy soft closed of 7, for each fuzzy soft
closed set f, of 74

(iv) Fuzzy soft homeomorphism if (¢, ) is bijective, continuous and open.

Definition 2.20. [6] Let ¢: X = Y and y: E — F be two mappings, where E and F are
parameter sets for the crisp sets X and Y, respectively. Then (¢, ) is called a fuzzy soft
mapping from (X, E) into (Y, F) and denoted by (¢, y): (X,E) — (Y, F).

Definition 2.21. [6] Let f, and ggbe two fuzzy soft sets over X and Y, respectively and
(¢, ) be a fuzzy soft mapping from (X, E) into (Y, F).

0] The image of f, under the fuzzy soft mapping (¢, ), denoted by (¢, ¥)(f4)
and is defined as, (@, V) (f)k(y) =
{qu(X) =y Vip(e) = kfa(e)(x),if o~ *(y) # 0,9~ (k) = &;

0, otherwise
forallk e F, forall y e Y.
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(i) The image of gg under the fuzzy soft mapping (¢,y), denoted by

(9, ¥)"*(gp) and is defined as, (¢, )™ (gp)(e)(x) = g(¥(e))(@(x)), for
alle e E, forall x € X.

Proposition 2.22. [4] Let (5(;, T, A) be a soft topological space over X. Then the
collection T, = {F(e)|(F,E) € T} for each e € E, defines a topology on X.

3. Definitions and properties of fuzzy soft T, spaces

Before we mentioned the definition of fuzzy soft T, space, and now in this section we
introduce four ideas of fuzzy soft T, spaces, establish some implications among them and
develop several new theories on fuzzy soft T, spaces. We denote the grade of membership
and the grade of non-membership of any point in fuzzy soft set is 1 and 0 respectively.
Here ¥ means that the grade of membership of any point in fuzzy soft set lies between 0
and 1.

Definition 3.1. A fuzzy soft topological space (FSTS) (f4, 7) is called

(@) FST,(i) if for any pair of x;,x, € X,with x; # x,,and for all e € 4,3 FSOS’s
fin f2a €T such that fia(e)(x1) =1,fia(e)(x2) =0, and fra(e)(xz) =
1,foa(€)(x1) =0and f14 N f24 = 0.

(b) FST,(ii) if for any pair of x;,x, € X, with x; # x,,and for all e € 4,3 FSOS’s
fia fan €T SUEh that flA(e)(jﬁ) =7,fia(@(x) =0, and fra(e)(xp) =
7, foa(@)(x;) =0and fi, N,y =0as0 <y < 1.

(c) FST,(iii) if for any pair of x;,x, € X, with x; # x,,and for all e € 4,3 FSOS’s
fra f2a € T sUch that f14(e)(x1) > fra(e)(x1), and fo4(€)(xz) > fra(e)(xz) and
f1a 0 f24 = 0.

(d) FST,(iv) if for any pair of x;,x, € X,with x; # x,,and for all e € A,3 FSOS’s
frar faa € T such that fi,(e)(x1) # foa(e)(x1) and fra(e)(xz) # fia(e)(x2) and
fia D fon = 0.

Theorem 3.1. Let (f;, t) be a fuzzy soft topological space. Then the above four notions

of it form the following implications.

FST,(iv) <—— FST, (i) ——> FST,(iii)

d 1

FST, (iii) 2= FST, (ii) £Z=5 FST,(iv)

Figure 1: The implications of four notions are shown by two quadrilaterals

Proof: Let (f,, 7) be aFST,(i). Then by definitions if for any pair of x;, x, € X, with x; #
x,,and forall e € 4,3 FSOS’s fi4, fo4 € Tsuchthat fi4(e)(x;) =1, fi4(e)(x,) = 0,and

fan(€)(x) =1, foa(e)(x)) =0and fio N fo4 =0
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fra(@)(x1) =7, fua(e)(xz) = 0 -
- {fm(e)(xa — P foa@Ce) = Band faifra=0  C OV <1 M
N { fra(@)(x1) > fira(e)(xz) 3 @)
f24(e)(x2) > foa(e)(xy) and fi4 N fr0 =
N { fra(@)(x1) # faa(e)(x1) 3 3)
f24(e)(x3) # fia(e)(xp) and fi4 N frp = 0

Hence from (1), (2) and (3) we see that FST, (i) = FST, (ii) = FST, (iii) = FST,(iv).

Again suppose that (f4, 7) be a FST,(i). Then by definitions if for any pair of x;,x, €
X,with x; # x,,and for all e € A,3 FSOS’s fia, foa €T such that fi.(e)(x;) =

1, fia(e)(xz) = 0,and fr4(e)(x2) = 1, f,4(e)(x1) =0 and fi4 N f,, =0

{ fra(@)(x1) > fra(e)(xq1) } @)

f24(@)(x2) > fia(e)(xx) and f14 N fr4 =

N { fra(e)(x1) # fra(e)(x1) 3 (5)
f24(e)(x2) # fra(e)(xp) and fi4, N f, =0

Hence from (4) and (5) we see that FST, (i) = FST, (iii), and FST, (i) = FST,(iv).

And finally let (f4, t) be a FST,(ii). Then from (1) for any pair of x,,x, € X, with x; #
X5,and for all e € 4,3 FSOS’s fia faa €T such that f;4(e)(x1) =7, fia(e)(xz) =0,
and fo4(e)(xz) = 7, foa(@)(x1) =0and fi, N fr, =0 as0O<y<1.

{ fra(@)(x1) # fra(e)(x1)

foa(@)(x2) # f1a(e)(xz) and fi4 A f4 = 0
From (6) we see that FST, (ii) = FST, (iv).

(6)

None of the reverse implications is true in general which can be seen in the following
counter examples:

Example 3.1.1. Let X = {x;, x,},E = {eq, €5, 3, e4, es} a set of parameters,
A ={e,,e,} c E, and 7 be a fuzzy soft topology on a universal set X generated by

T= {0,1,fia fa} Where fi, = {91 = {x%.i—f},ez = {x%,%}},fm = {el =
Ea)e= {ﬂi}} Here  fia(e)(x1) = 0, fia(e)(x2) = 05, fralex)(xy) =

0, f1a(e2)(xz) = 0.7 and fo4(e1)(x1) = 0.5, f24(e1)(x2) = 0, fr4(e2)(x1) =

0.7, f24(e5)(x,) = 0. Therefore, we have for all e €A, fis(e)(xy) # foa(e)(xy),
f24(@)(x2) # fia(e)(xz) and fi, 0 f,4 = 0. Hence we observe that (f,, t) is FST,(iv)
but not FST,(i), FST,(ii), and FST,(iii). Therefore FST,(iv) # FST,(i), FST,(iv) #
FST, (ii), and FST, (iv) # FST,(iii).

Example 3.1.2. Let X = {x;, x,},E = {ej, e,,e5,e4,es} a set of parameters, A =
{e;,e;} Cc E, and t be a fuzzy soft topology on a universal set X generated by 7 =
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{0,1, fia fou} Where fi, = {91 = {ﬂ i}’32 = {ﬂ g}}’f“ - {el - {g 0-5}’62 -

X1 %o X1 %o %1 %o

0 05

{—,—}}. Here we have for all e €4, fiu(e)(x)) > fou(@)(x1), fou(€)(r) >

X1 X2

fia(@)(xp) and f14 N f,, = 0. Hence we see that (f,, T) is FST,(iii) but not FST, (i), and
FST,(ii). Henceforth FST,(iii) # FST,(i), and FST,(iii) # FST,(ii). Finally if we

consderfis = {e1 = {2 )z = (£, 2} and fun = {er = {2, 2} 2 =

x1” % x1” % x1 Xp

{3,1}} as 0 < 7 < 1 then we have (f,, 7) is FST,(ii) but not FST, (i).

X1 X2

Theorem 3.2. Let (f,, 7,A) be a fuzzy soft topological space (FSTS) over a universal set
Xandey, ey, € fysuchthate,, # e, asx; # x, forevery pair x;, x, € X. If there exist

FSOS’s (fia,A) and (foa,A) such that ey, € (fia,A) and ey, € (fia, A)° OF ey, €
(f24-A) and ey, € (f24,A)° then

(@) (fa, t,A)Iis FST, space

(b) (F4,T,A)is ST, space

(c) (X, 7,)is T, space
Proof: Firstly we prove (a). It is clear that e,, € (f14,4) = fia(e)(x1) = 1 and ex, €
(fra A)° = (fia, A) = ey, & (fia, A) which implies that f;,(e)(x;) = 0. Again ey, €
(faa,4) = foa(e)(xx) =1 and ex, € (f2aA)° = (fza4) = ex; € (fa,4) Which
implies that f,,(e)(x;) = 0. Thus for every pair of x;,x, € X with x; # x, then there
exist two FSOS’s (fia,A) and (f4,A) such that fi4(e)(x;) =1, fia(e)(x,) = 0 and
fou(e)(x) =1, fL4(e)(xy) =0 and fi4 N fo4 = 0. These prove that (f4, 7,4) is FST,
space.

Secondly we prove (b). For it, define a characteristic function 15, such that

1 lfx € FA (e)
0, otherwise

@@ = 15,() =
Let fA = (flA'fZA) and FA = (FlAJFZA)' NOW fOI’ any X1,Xp EX Wlth X1 * X, We haVe

fia(@)(xy) = 1 implies ex, € (Fia,4) and fi4(e)(x;) = 0 implies ex, & (F14,4). Again
fou(e)(xy) =1 implies ex, € (F2u,4) and fra(e)(xy) = 0 implies ex, & (F2a,A).
Therefore ex; € (FlA:A):fxz € (Fia,A) and ey, € (Fou,A), ey, & (F24,4) and
F o0 F,, = @. Hence (F,,T,A) is ST, space. Finally to prove (c), forany e € 4, (X, T,)
is a topological space on X (see proposition 2.22) and e,, € (Fy4,4), ex, € (F14,4) and
x, € (Fya,A), ex; € (F24,A)¢. S0 that x; € Fy4(e),x, & Fia(e) and x; € Fyu(e), x, €
Fys(e)and F;4, N F,, = @. Thus (X, T,) is T, space.
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4. Good extension, hereditary and topological property
We discussed some fuzzy soft invariance properties namely ‘Good Extension’,
‘Hereditary’ and ‘Soft Topological® property in this section:

Definition 4.1. Let (F,,7,A4) be a soft topological space and 7 = {1r,:F, € T},
and 15, = fi4. Then (f,, 7) is the corresponding fuzzy soft topological space of
(FA,T,A). Let P be a property of soft topological spaces and FP be its fuzzy soft
topological analogue. Then FP is called a ‘Good extension’ of P if the statement (F,, 7, )
has P if and only if (f,, 7) has FP holds good for every soft topological space (F,, T, A).

Theorem 4.1. Let (FA, T,A) be a soft T, space and (f;, t) be FST,(j) spaces where j =
i,ii, ifi, iv. Then (F,, 7, A) will be FST,(j) spaces if and only if FST, (j) will be also a soft
T, space.
Proof: Suppose that (FA, T,A) be asoft T, (ST,) space. We prove that (FA, T, A) is FST,(j)
spaces. Since (FA, T,A) is soft T, space, thence if for each x;, x, € X, x; # x5, and for all
e € A, there exist two soft open sets (SOS’s) F; 4, Fo4 € T suchthatx; € F;4,x, € F;4and
X1 & Fyu,%, € Fy4 and Fy4 0 F,, = @.Then by a characteristics function 1r, we have
{1FA (e)(x1) =1, 15,(e)(xz) = 0 and
1p,(e)(x1) = 0,15, (e)(x2) = 1

Let 1z, = (fia, f24)- Therefore
N { f1a(€)(x1) =~i;f1A(9)(x2) =~(~) ~

f2a(e)(x1) = 0, foa(e)(x2) = }and fiaDfoa=0

fra(@)(x1) =7, fra(e)(x;) =0
=14 faa(@)(x1) =0, fa(e)(x) =7 as0<y<1 2

and fi4 0 fo4 = 0

fra(@)(x1) > fia(e)(xz)
=1 faa(e)(xz) > fra(e)(xy1) (3)

and fi14 N f,0 =0

fia(e)(x1) # fra(e)(x1)
= faa(e)(xz) # fia(e)(xz) 4)

and fi4 0 fo4 = 0

Hence from (1), (2), (3), and (4) we see that ST, space is FST, (i), FST,(ii), FST, (iii) and
FST, (iv) spaces. That implies soft T, space is FST, (j) spaces where j = i, ii, iii, iv.

Conversely we assume that (f4, 7) is FST,(j) spaces. We prove that (f;, t) is a soft T,
space, and for this it will be proved only for j=i. Since (f4, 7) is a FST,(i). Then by
definitions for all x;, x, € X, x; # x,,and for all e € A, there exist two fuzzy soft open sets

(~FSOS’S) f1A»f2,~4 € T such that f}_A(e)(xl) =1,f1a(e)(xx) =0, and  fra(e)(x1) =
0, f24(e)(xz) =1 and fi, A f5 = 0.

)
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fid (@)(1) = {x1} fid (e)(0) = {x3}
= fZ_Al(e)(ﬁ) = {x1};f2j41(e)(i) = {x;}

and ' A fot = (fiaD foa) ™t =0

Let fi4(1) =Fy, and f5;1(1) = F,,. Therefore Fis(e) = {x;} and F,,(e) = {x,}.
Therefore, if for each x;,x, € X, x; # x,, and for all e € A, there exist two soft open sets
(SOS’s) Fia,F,yu €T such that x; € Fip,x, € Fi, and x; & Fyu,x, € F4 and
Fy4 0\ F,, = @. Hence FST, (i) is ST,. In similar manner, FST, (ii), FST, (iii) and FST, (iv)
imply ST, space.

Definition 4.2. Let (f4, t) be a fuzzy soft topological space (FSTS) and g4 < f4. Then the
fuzzy soft topology 7,4, = {ga N halhy € 7} is called fuzzy soft subspace topology and
(ga,tg4,) is called fuzzy soft subspace of (f,, 7). A fuzzy soft topological property ‘P’ is
called hereditary if each subspace of a fuzzy soft topological space with property ‘P’ also
has property ‘P’.

Theorem 4.2. Let (f,, 7) be a fuzzy soft topological space (FSTS) and (g4, 74,) be a
subspace of its. Then (fy, 7) is FST,(j) implies (gA,TgA) is also FST,(j) where j =
i, 1i, iii, iv.

Proof: We prove this theorem only forj = i. Suppose that (f;, t) is FST,(i), it will be
shown that (g,,7g4,) is FST,(i). Let x4, x, € X with x; # x,,and for all e € A such that
91A(€)(x1)~= 1,914(€)(x2) =0 and g24(€)(x1) = 0,g24(e)(x2) =1 and
g1a 0 g2,4=0. Again since (f,, 7) is FST,, thence by definitions for all x;,x, € X,x; #
x,,and for all e € 4,3 FSOS’S hy4, hps € T such that hy4(e)(x;) = 1,hy4(e)(xy) =0,
and hy,(e)(x;) = 0,hys(e)(xy) =1 and hyy N hy, = 0. Since g4(e)(x;) =1 and
fllA(e)(xl) =1, thence (glA Ahia)(e)(x) =1. ~Sim“ar|y (g1a N hig)(e)(xp) =
0,and (g4 N hax)(@)(x1) = 0,(g24 N hya)(e)(xz) = 1. Als? L

(g1a N hia) 0 (g2a N hyp) = (914 N G24) O (hyg N hy) =000 = 0. Hence Gartg,)

Theorem 4.3. Let (f4, 1) and (gp, t2) be two fuzzy soft topological spaces (FSTS’s),
on the two universal sets X and Y respectively, (¢, ¥): (f4, t1) — (ga, T») be fuzzy soft
one-one, onto, and continuous map. Then these spaces are maintained in the succeeding
feature.

(@) (fa, 1) iIsFST, (i) & (gp, T2) isFST, (i)
(b) (fy, 11) is FST,(ii) & (gp, T,) is FST,(ii)
(©) (fa, 11) IS FST,(iii) & (gg, T3) is FST,(iii)
(d) (fa, 11) IsFST,(iv) & (gp, T3) IS FST,(iv)

Proof: We prove only (a). Suppose (f4, 71) is FST,(i). We prove that (g, t,) is also
FST,(i). Let y;,y, € Y with y; # y,. Since (¢,y) is onto, then there exist x;,x, €
X with x; # x,, such that ¢ (x;) = y;, ¢(x,) = y,and (e) = k for all parameters e € A
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and for all k € B. Hence x; # x, as ¢ is one-one. Again since (f,, t;) is FST,(i), then
we have for all x;,x, € X,x; # x,,and for all e € A,3 FSOS’s fi4,f24 € T1 Such
thatflA(e)(x}) =1, fia(e)(xz) = 0,and fr4(e)(x1) = 0, fo4(e) (xz) = Tand

fiaD fou =0. Now there exist FSOS’s (@, ¥)(fia), (@, ¥)(f24) € T, such that
(0, Y)(fradk(y) = {V¢(x1) =y Vip(e) = kfia(e)(x) =1 as fia(e)(xy) = 1. And
(0, V) (fr)k(y2) = {V<P(x2) = y2Vip(e) = kfia(e)(x;) = 0 as f4(e)(x,) = 0.
Similarly(¢, ) (f24)k(y1) = 0and (¢,¥)(f24)k(y2) = 1and

(o, ¢8§f1A) N (@0, Y)(f24) = (@, ) (f1a N f2a) = 08 fi4 0 fo4 = 0. Hence (gp, 2) is
FST,(i).

Conversely, suppose that (gg, 7,) is FST,(i). We prove that (f,, 71) is FST,(i). Let
X1,Xy € X with x; # x,. This implies that ¢(x;) # ¢(x,) as ¢ is one-to-one. Put
@(x1) =y, and @(x,) = y,. Then y; # y,. Since (gg, T3) i FSTz(i) then there exist

FSOSs  g1p,925 € T, such that 913(")(3’1) =1,9:15(k)(y2) =0,and  g,5(k)(y1) =
0,9.5())(y;) =1and g5 N g,z =0. Now there exist FSOSs (¢,¥) (g15),

(@) (g25) ETysuch  that (@, %) (g18)(e)(x1) = g1p(W(e))(0(x1)) =
g1y =Tand (9, ¥) " (g18)(e)(x2) = g15(W(€)) (@ (x2)) = 915 (K) (¥2) = D.
Similarly (¢, ¥)"*(g25)(e)(x1) =0 and (¢, ¥)~ 1(g28)(e)(x2) = 1. And obviously

(0, ¥) 1 (918) A (@0, ¥)1(928) = (9, ) (g15 N g25) = 0 as gy N gop = 0. Hence,
(fa, T1) is FST,(i). In the same way, (b), (c), and (d) can be proved.

Conclusion: In this study, four new conceptions of y-separation axioms on fuzzy soft T»
spaces are developed, along with several new theories. Next, the properties of "good
extension," "soft hereditary,” and "soft topological” are examined. Lastly, in our further
work, we will explore the same kinds of ideas and theories for lattice fuzzy soft T, spaces.

Acknowledgement. The author thanks the reviewers for their valuable comments and
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