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ABSTRACT 

A mathematical model has been developed for studying the 
characteristics of blood flow in a rigid inclined circular tube with 
periodic body acceleration under the influence of a uniform magnetic 
field. The blood is supposed to be couple stress fluid. Finite Hankel and 
Laplace transforms are used to obtain the analytical expressions for 
velocity profile, flow rate and acceleration of blood. The flow velocity 
deviates with various parameters such as Hartmann number, gravitational 
parameter, body acceleration, inclination angle, time etc. and this 
deviation of flow velocity can be regulated by a proper use of magnetic 
field. 
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1. Introduction 

In our daily life we often face some external body acceleration, such as travelling 
in high velocity vehicles, aircrafts etc. Again in various sports it needs a high acceleration 
suddenly. These type of situations undoubtedly effects the normal flow of blood which 
lead to headache, vomiting tendency, loss of vision, abnormality in pulse rate etc. So we 
have to maintain such type of body accelerations to avoid these types of health hazards.  

Various mathematical models have been investigated by several researchers to 
explore the behaviour of blood flow under the influence of external acceleration. Sud et. 
al [1,2] studied the characteristics of blood flow accompanied with body accelerations. 
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Sud and Sekhon [3,4,5] took into account various types of body accelerations and studied 
different characteristics of blood flow according to the nature of accelerations. Chaturani 
and Palanisamy [6,7,8] studied the flow characteristics of blood under external body 
acceleration assuming blood as a Newtonian fluid, Casson fluid and power law fluid 
respectively. Chaturani and Upadhya [9] studied the gravity flow of fluid with couple 
stress along an inclined plane with application to blood flow. A good number of 
researchers [10,11,12,13] investigated the nature of blood flow in an inclined channel or 
surface . El-Shehawey et. al [14] studied the nature of unsteady flow of blood in the 
presence of magnetic field through a circular pipe taking blood as an electrically 
conducting, visco-elastic, non-Newtonian fluid. Recently, Rathor et. al [15], have studied 
the pulsatile flow of blood through rigid inclined circular tubes under the influence of 
periodic body acceleration .  

In the present paper , it is proposed to develop a mathematical model to study the 
characteristics of inclined pulsatile flow of blood through an inclined circular tube under 
the influence of periodic body acceleration in presence of transverse magnetic field . Here 
we consider blood as a couple stress fluid. The axial blood flow velocity is determined 
using finite Hankel and Laplace transforms. Also the effect of magnetic field, 
gravitational parameter, inclination angle, body acceleration, time etc. on axial blood 
flow, flow rate and acceleration of blood has been discussed graphically.  
 
2. Mathematical Formulation of the Problem 
 Let us consider a one-dimensional pulsatile blood flow through a uniform straight 
and inclined rigid circular tube in presence of transverse magnetic field. Let us take the 
flow of blood as axially symmetric, pulsatile and fully developed. Taking blood as couple 
stress fluid we may write the basic equation in cylindrical polar co-ordinates as  

( )2 2 2 2
0sinu p G u u g B u

t z
ρ ρ µ η ρ θ σ∂ ∂

= − + + ∇ − ∇ ∇ + −
∂ ∂

 (1) 

where 2 1 r
r r r
 ∂ ∂  ∇ ≡   ∂ ∂  

. 

Here u=u(r,t) is the axial velocity, ρ  is the density of blood, µ  is the co-efficient of 
viscosity of blood, η  is the couple stress parameter, g is the acceleration due to gravity, 

0B  is the transverse component of magnetic field and σ  is the electrical conductivity of 

the medium. The pressure gradient 
p
z
∂
∂

 is taken as 

   0 1 cosp A A t
z

ω∂
− = +
∂

,      t ≥ 0  (2) 
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in which 0A  is the steady state part of pressure gradient, 1A  is the amplitude of the 
oscillatory part, 2 fω π= , f being the heart pulse frequency. Again the body 
acceleration G is given by  
  ( )0 1cosG a tω φ= + ,      t ≥ 0 (3) 

in which 0a  is the amplitude of body acceleration, φ  is the phase difference, 1 12 fω π=  
and 1f  is the body acceleration frequency.  
 We can write equation (1) in non-dimensional form , by substituting  

' uu
Rω

=  , ' rr
R

=  , 't tω=  , 0 0' RA A
µω

=  , 1 1' RA A
µω

=  , 0 0' Ra aρ
µω

= , ' zz
R

=  , 

' Rg gρ
µω

=  

as (dropping the primes) 

( )2 2 2 2 2 2 2 2 2 2 2 2
0 1 0' ' ' cos ' cos( ) ' ' sin 'u A A t a bt u u g M u

t
α α α α α φ α α θ α∂

= + + + + ∇ −∇ ∇ + −
∂

  

    (4) 

where R ωρα
µ

=  is the Womersley’s parameter , ' R µα
η

=  is the couple stress 

parameter , 0M B R σ
µ

=  is the Hartmann number , R is the radius of the tube and 

1b ω
ω

=  . 

  
3. Mathematical Analysis 
 We take the boundary conditions of the problem as [15] 
   u and 2u∇  both are finite at r=0, (5) 
   u=0 and 2u∇ =0 at r=1. (6) 
Taking finite Hankel transform of (4) and using boundary conditions (5) and (6) we 
obtain 

( ) ( ) 2
1*

1

'
, n

n
n n

J
u t

λ α
λ

λ

∞

=

=∑  
( )

( )
0 1 0

2 2 2 2 2

cos sin
' 'n n

A A a bt g
M
φ θ

λ λ α α
+ + + +

+ +
 

where ( ) ( ) ( )
1

*
0

0

, ,n nu t ru r t J r drλ λ= ∫  and nλ are the roots of the equation 

( )0 0nJ λ = . 
Initially at t=0 
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( ) ( ) 2
1*

1

'
, 0 n

n
n n

J
u

λ α
λ

λ

∞

=

=∑  
( )

0 1 0
2 2 2 2 2

cos sin
' 'n n

A A a g
M

φ θ
λ λ α α
+ + +

+ +
 .  (7) 

To solve the problem we employ the Laplace transform in equation (1) and with the help 
of (5) and (6) we obtain  

( ){ } ( )2 2 2 2 2 2 2 2 20 1
02 2 2

cos sin' ,0 ' ' ' '
1

A A s s bsu u r a u u
s s s b

φ φα α α α α α−
− = + + + ∇ −∇ ∇

+ +

     2 2 2sin' 'g M u
s
θα α+ −  

i.e., 

( ) ( )2 2 2 2 2 2 2 20 1
02 2 2

cos sin,0 ' ' ' ' '
1

A As s bmsu mu r a u u
s s s b

φ φα α α α α−
− = + + + ∇ − ∇ ∇

+ +
 

    2 2 2sin' 'g M u
s
θα α+ −   (8) 

where ( ) ( )
0

, ,stu r s e u r t dt
∞

−= ∫  and m= 2 2'α α  

Now taking finite Hankel transform of (8) and using (7) we get  
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msu s m
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∞
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φ θ
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where ( ) ( ) ( )
1

*

0
0

, ,n nu s ru r s J r drλ λ= ∫  
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{ } ( ) ( ) ( )2
* 1 00 1

2 2 2
1

' cos sin sin,
1

n
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nn

J a s bA A s gsm u s m
s s s b s

λ α φ φ θ γβ λ
λ β

∞

=

− 
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∑  

 [Taking ( )2 2 2 2 2' 'n n Mβ λ λ α α= + +  and 0 1 0 cos sinA A a gγ φ θ= + + + ] 

i.e.,  

( ) ( ) ( )2
* 1 00 1

2 2 2
1

' cos sin sin 1,
1

n
n

nn
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λ α φ φ θ γλ
λ β β

∞

=
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∑  .  

    (9) 
For simplicity of calculations, we rearrange (9) as  



 Effect of Magnetic Field on Pulsatile Blood Flow Through……… 47 
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n
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where h= 
m
β

 . 

Taking inverse Laplace transform of (10) we get  
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Also taking finite Hankel inversion of (11) we obtain the required solution for blood 
velocity as 
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].  (12) 

 The flow rate Q is given by 

 ( )
1

0

, 2Q r t urdrπ= ∫  
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and the fluid acceleration F is  
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4. Numerical Results and Discussions 
  The expression for velocity profile u(r,t) obtained in equation (12) has been 
depicted in figures 1-9 by plotting r versus u in presence / absence of M, for different 
values of gravitational parameter g, inclination angle θ , amplitude of body acceleration 

0a , steady state part of pressure gradient 0A , amplitude of the oscillatory part of pressure 

gradient 1A , Womersley’s parameter α , couple stress parameter 'α , time t and 

Hartmann number M. Figure - 10 is constructed for r versus fluid acceleration F and Fig - 
11 is constructed for t versus flow rate Q.  
  Figure - 1 shows that u increases with increasing g, but influence of M reduces 
the effect of variation in g. Figure - 2 shows that u increases with increasing θ , but 
influence of M reduces the effect of variation in θ . Similarly figures - 3,4,5,6,7 show that 
u increases with increasing 0 0 1, , , , 'a A A α α  respectively; but the presence of M reduces 

the effect of variation of those parameters. On the other hand, from figure - 8 we observe 
that u decreases with increasing t and presence of M reduces the effect of variation of t. In 
figures 9 and 10 different values of M are taken to visualise the effect of M on blood 
velocity u(r,t) and acceleration F of blood respectively, retaining all other parameters 
unaltered . In fig - 9 we observe that the transverse magnetic field reduces the value of 
u(r,t) . Fig - 10 shows that there occurs a retardation in the flow velocity u(r,t) and the 
amount of retardation is reduced by the influence of M. In fig-11 for different values of 
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M we observe that the flow rate Q depends largely on time t and the transverse magnetic 
field reduces the amount of flow rate Q. 
 
5. Conclusions 

It is clear from the above discussions that the transverse magnetic field effects 
largely on the axial flow velocity of blood. Again from the figures 1-9 the amount of 
deviation in u(r, t) due to M is shown. So, by taking appropriate values of M we may 
regulate the axial flow velocity.  

In case of arthritis, gout etc. patients are often advised to take protective pads or 
tractions. By applying proper magnetic field attached with those instruments we may 
enhance their activities. Again, in the case of magnetotherapy , by maintaining a proper 
magnetic field, the influence of magnetic instruments on blood flow velocity may be 
regulated . 
  In our daily life we often use several kinds of electromagnetic instruments, such 
as cellular phones, transistors, television, computers etc. which have some magnetic field 
effect. This magnetic field effects the blood flow velocity leading to various kinds of 
health hazards such as headache, vomiting tendency, partial loss of vision etc.  
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  ---■--- g=9,M=0  
  ___■___ g=9,M=2.5 
      ( ),u r t ↑  
  
  
  
  
 
 
 

r →  
Fig. :1 Variation of velocity profile for different values of g ; 

taking A0=2.0,A1=4.0,a0=3.0,b=0.5,t=0.5, 015φ = , 030 , 1θ α= = , 1α =  
 
 
 
 
  
 

  ---●--- θ=15o,M=0 
  ___●___ θ=15o,M=2.5  
  ---▲--- θ=45o,M=0  
  ___▲___ θ=45o,M=2.5  

  ---■--- θ=60o,M=0  
   ( ),u r t ↑  ___■___ θ=60o,M=2.5 
  
 
  
 
 
 
 
 
  

r →  
 

Fig. :2 Variation of velocity profile for different values of θ  ; 

taking A0=2.0,A1=4.0,a0=3.0,b=0.5,t=0.5, 015φ = ,g=0.5, 1α = , 1α =  
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r →  
 

 Fig. :3 Variation of velocity profile for different values of a0; 
taking A0=2.0,A1=4.0 ,b=0.5,t=0.5, 015φ = , 030θ = ,g=0.5, 1α = , 1α =  

 
 
  
 
   ---●--- A0=2,M=0 
  ___●___ A0=2,M=2.5  
  ---▲--- A0=4,M=0  
  ___▲___ A0=4,M=2.5  

  ---■--- A0=6,M=0  
  ___■___ A0=6,M=2.5 
 
 ( ),u r t ↑  

 
 
 
  
  
  
 

r →  
Fig. :4 Variation of velocity profile for different values of A0; 

taking A1=4.0,a0=3.0,b=0.5,t=0.5, 015φ = , 030θ = ,g=0.5, 1α = , 1α =  
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r →  
Fig. :5 Variation of velocity profile for different values of A1; 

taking A0=2.0,a0=3.0,b=0.5,t=0.5, 015φ = , 030θ = ,g=0.5, 1α = , 1α =  
 
 

 
  
  ---●--- t=1.0,M=0 
  ___●___ t=1.0,M=2.5  
  ---▲--- t=1.5,M=0  
  ___▲___ t=1.5,M=2.5  

  ---■--- t=2.0,M=0  
  ___■___ t=2.0,M=2.5 
   ( ),u r t ↑  

  
  
  
 
 
 
 
 

r →  
Fig. :6 Variation of velocity profile for different values of t; 

taking A0=2.0,A1=4.0,a0=3.0,b=0.5, 015φ = , 030θ = ,g=0.5, 1α = , 1α =  
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  ---●--- α  =1,M=0 
  ___●___ α  =1,M=2.5  
  ---▲--- α =3,M=0  
  ___▲___ α =3,M=2.5  

  ---■--- α =5,M=0  
  ___■___ α =5,M=2.5 

( ),u r t ↑   
 
 
  
 
 
  
 
  

r → 
Fig. :7 Variation of velocity profile for different values of α ; 

taking A0=2.0,A1=4.0,a0=3.0,b=0.5,t=0.5, 015φ = , 030θ = ,g=0.5, 1α =   
 
  
  

  ---●--- α =1,M=0 

  ___●___ α =1,M=2.5  

  ---▲--- α =3,M=0  

  ___▲___ α =3,M=2.5  

  ---■---α  =5,M=0  

  ___■___ α =5,M=2.5 
 
 ( ),u r t ↑   
  
 
 
 
 

r →  

 Fig. : 8 Variation of velocity profile for different values of α ; 
taking A0=2.0,A1=4.0,a0=3.0,b=0.5,t=0.5, 015φ = , 030θ = ,g=0.5, 1α =  
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  ___■___ M=0 
  ___♦___ M=4 
  ___▲___ M=7 
  ___●___ M=10 
 
 
( ),u r t ↑   

  
 
  
  
  

r → 
Fig. : 9 Variation of velocity profile for different values of M; 

taking A0=2.0,A1=4.0,a0=3.0,b=0.5,t=0.5, 015φ = , 030θ = ,g=0.5, 1α = , 1α =  
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( ),F r t ↑ 

 
 
 
 

 
 
 
 

Fig. :10 Variation of acceleration of blood for different values of M; 
taking A0=2.0,A1=4.0,a0=3.0,b=0.5,t=0.5, 015φ = , 030θ = ,g=0.5, 1α = , 1α =  
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( ),Q r t ↑   

 
 
 

 
 
  
  
 
  

 
t →  

 
Fig. :11 Variation of flow rate of blood for different values of M; 

taking A0=2.0,A1=4.0,a0=3.0,b=0.5, 015φ = , 030θ = ,g=0.5, 1α = , 1α =  
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