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ABSTRACT 
In this paper, we introduce the concept of generalised inverse (g-
inverse) for intuitionistic fuzzy matrices (IFMs). We define minus 
partial ordering and studied several properties of it. Here we have 
shown that the minus partial ordering is a partial ordering for IFMs. 
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1. Introduction 

Atanassov introduced the idea of intuitionistic fuzzy sets [1] in the year 1983. 
Later on much fundamental works have been done with this concept by Atanassov and 
others. Several authors presented a number of results on fuzzy matrices. Kim and Roush 
[4] studied the canonical form of an idempotent matrix. Hashimoto [2] studied the 
canonical form of a transitive fuzzy matrix. Xin [9, 10] studied controllable fuzzy 
matrices. Hemasinha et al. [3] investigated iterates of fuzzy circulants matrices. Thomson 
[8] and Kim [5] defined the adjoint of square fuzzy matrix. Pal [6] introduced 
intuitionistic fuzzy determinant. Pal, Khan and Shaymal [7] studied intuitionistic fuzzy 
matrices (IFMs). Khan and Pal [11] studied intuitionistic fuzzy tautological matrices and 
also studied interval-valued intuitionistic fuzzy matrices [13]. 

Now, we define fuzzy matrices (FMs) and the intuitionistic fuzzy matrices 
(IMFs) in the following. 

Definition 1. A fuzzy matrix (FM) A of order m × n is defined as A=[aij, aijµ] where  aijµ 
is the membership value of the element aij in A. For simplicity, we write A as A = [aijµ]. 

 

Definition 2. [7] An intuitionistic fuzzy matrix (IFM) A of order m× n is defined as 
A=[xijµ,<aijµ,aijν>] where aijµ and aijv are called membership and non-membership values 
of xij in A, maintaining the condition 0 ≤ aijµ + aijν ≤ 1. 
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For simplicity, we may write A = [xij, aij] or [aij]m x n where aij = < aijµ, bijµ>. 

Let a and b be two elements of an IFM A then a + b = <max{aijµ, bijµ}, min{aijν, bijv}> 
and a.b = <min{ aijµ, bijµ},max{aijv, bijν}>. For simplicity, we denote a.b as ab. 

Definition 3. An IFM A of order m× n is said to be regular if there exists X which is also 
an IFM such that AX A = A. 

Definition 4. If A and X are two IFMs of order m× n satisfies the relation AX A = A then 
X is called a generalised inverse (g-inverse) of A which is denoted by −A . The g-inverse 
of an IFM (also FM) is not necessarily unique. We denote the set of all g-inverses by 
A{1}. 

Definition 5. If two IFMs A and X of order m×n satisfies the following equations  

AX A = A, XAX = X, (AX)T = AX and (XA)T = XA  

then X is called Moore-Penrose inverse of A which is denoted by +A . 

For FM +A  need not exist. But, if Moore-Penrose inverse of an FM A exists, then it is 
unique and coincides with its transpose AT [4]. 

Definition 6. Let A and B be two IFMs of order m × n. The minus ordering is denoted by 
A ≤ B. If BAAA −− = and −− = BAAA then we say A ≤ B. 

Conversely, if A ≤ B then BAAA −− =  and −− = BAAA . 

Definition 7. The row space R(A) is the subspace of the set of all FMs of order m × n, 
generated by the rows of A. Similarly, column space of A is denoted by C(A) and is 
generated by the columns of A. 

 
2. Properties of Minus Ordering 

Property 1. The following are equivalent for the IFMs A and B 

(i) A ≤ B 
(ii) B BAA  BAB  AA A −−− === . 

Proof.  (i) ⇒  (ii). 
 A ≤ B 

−−= BAAA  and BA = AA −−  for some { }1AA ∈− . 
Now, A = A(A —A) = AA —B = (AA—)A = BA—A = B(A—A) = BA—B. 
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(ii) ⇒  (i). 
Let X = A—AA— 

AX A = A(A—AA—)A = (AA—A)A—A = A. 
⇒  X is g-inverse. 
Now 

XA = (A —AA—) AA —B = A — (AA —A)A—B = (A—AA—)B= XB. 
Similarly, AX = BX. 
 Hence A ≤ B for X ∈ A{1}. 

Property 2. Let A, B be two IFMs. If A ≤ B then B{1} ⊆ A{1}. 

Proof. A ≤ B ⇒  A = AA—B = BA—A (by above  property)  

For B — ∈ B{1}. 
AB—A = (AA—B)B— (BA—A) = AA—{BB — B)A —A  

 =  (AA—B)A—A = AA—A = A. 
Hence, AB —A = A for each B—∈ B{1}. 
Therefore, B{1} ⊆ A{1}. 

Property 3. If A ≤ B and B is idempotent then B is a g-inverse of A. 

Proof. Since B is idempotent, B is regular and B itself is a g-inverse of B. Here B ∈B{1}. 
Then by above property B{1} ⊆  A{1}. Hence B is a g-inverse of A.  

Example. Consider 
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Property 4. For any two IFMs A, B, the following are equivalent 

(i) A≤B 

(ii) R(A) ⊆  R(B),C(A) ⊆  C(B) and AB -A = A. 

Proof. (i) ⇒  (ii) 
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A = BA —B = BA — (BB —B) = (BA —B)B —B = AB —B. Also, A = AB —B for each B — ∈ 

B{1} 

⇒  R(A) ⊆  R(B). 

Similarly, 
A = BB —A for each B —∈ B{1}  
⇒  C(A) ⊆  C(B) and also A = AB —A. 
(ii) ⇒  (i) 
Let X = B —AB—. 

AX A = A(B —AB —)A = (AB— A)B — A  
= AB—A = A.  
⇒X ∈ A{l}. 

Now, 
AX = A(B —AB —) = BB —A(B —AB —)  
= BB — (AB —A)B — = BX. 
Similarly, XA = XB. 
Hence, A ≤  B for X ∈ A{1}. 

Property 5. In IFMs, the minus ordering ≤ is a partial ordering. 

Proof. (i) A ≤  A is obvious. 
Hence ≤ is reflexive. 
(ii) A ≤ B 
⇒  A = BA —B. 

B ≤ A.  
⇒  B = B—A. 

A = BA—B = (BB—A)A(AB—B) = BB — (AB —B)  
= BB —B = B. 
Thus, A ≤ B and B ≤ A. 
⇒A = B. 

Hence ≤  is anti symmetric,  
(iii) A ≤ B ⇒  A = AB —A and A = AB —B = BB —A. 

Also, B ≤ C ⇒  B = BB —C = CB —B. 
Let X = B —AB — 

Then AX A = A (B —AB —) A = (AB —A) B —A = AB —A = A. 
}1{AX ∈⇒ . 

Since, A ≤ B and B ≤ C, by using above result repeatedly, we have  
AX = A(B —AB —) = BB—A(B—AB —) = BB — (AB —A)B — 
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= BB — AB— = (CB —B) B —AB — 
= CB —(BB —A)B—= C(B —AB —) = CX. 
Similarly, XA = XC. Since X ∈ A{1} with AX = CX and XA = XC, it follows that A ≤ C. 
Hence ≤ is a partial ordering. 
 
3. Properties of Minus Partial Ordering 

In the following, we present some results regarding minus partial order. These 
results are also valid for FMs. Here we shown that the results are also valid for IFMs. 

Property 6. If A and B are two IFMs, then A ≤ B ⇒  AT ≤ BT. 

Proof. A ≤  B ⇒  AA — = BA — and A —A = A —B. 
Here 

AA —= BA — ⇔  (AA —)T = (BA —)T  

⇔  (A —)TAT = (A —)TBT  
⇔  (AT) —AT = (AT) —BT. 

Hence,   AA — = BA — ⇔  (AT) —AT = (AT) —BT. 
Similarly,  A —A = A —B 

⇔  AT (AT) — = BT. (AT) — 

Hence  A ≤ B⇒AT ≤ BT.  

Property 7. Let A and B be two IFMs. If A≤  B and B is idempotent then A is idempotent. 

Proof. 
A2 = A.A = (AA—B) (BA —A) = AA —B2A —A  
= (AA —B)A —A (since B is idempotent)  
= AA—A = A. 

Remark: It can be shown by example that if A ≤ B and A is idempotent then B is not 
necessarily idempotent. 
Property 8.  Let A and B be two IFMs. 
If A ≤ B then B2 = 0 ⇒  A2 = 0. 
Proof. 
A2 = A.A = (AA —B)(BA —A) 
= AA — (B2)A —A = AA — (0)A —A = 0. 

By using the above results one can prove the following result. 

Property 9. Let A and B be two IFMs. If A ≤  B, then A + B is regular and (A — + B —) is 
a g-inverse of A + B. 
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