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M.Sc. 4th Semester Examination, 2024
APPLIED MATHEMATICS
( Functional Analysis )
PAPER — MTM-401
Full Marks : 50
Time : 2 hours
Answer all questions
The figures in the right hand margin indicate marks
Candidates are required o give their answers in their

own words as far as practicable

GROUP — A

1. Answerany fou? questions : 2 x4

(a) Show that the norm function is continuous.

(b) What do you mean by best approximation
in an inner product space ?
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(2)

(c) Ifin an inner product space, {x,u) = (x,v)
for all x, show that u = v.

(d) Give anexample of an unbounded linear
operator.

(¢) Let T € BL(H) and T > 0 where His a
Hilbert space. Show that
|17 < |7 < Tx, x > for all H.

() LetX, ¥, Z be Banach spaces and F,
F,e BI(X, Y)and G, G,eBL(Z, X). Let
F(x)— F(x),xeXand G,(2)>G(2),z €Z,
as n —» o, Show that (F,G,)(z)>(FG){(z),
when n — «.

GROUP — B

2. Answer any four questions : 4 x4

(a) Show that every finite dimensional sub-
space of a normed space is closed.

(b) Let V'be aninfinite dimensional normed
space and }¥ be a non-zero normed space.
Then show that there exists alinear
operator which is not continuous.
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(3)

(¢) If TeBL(H,Y) where H and Y are simply
inner product spaces, then show that T
may not have an adjoint.

(d) Let Hbe aHilbert space and Ec H. Prove
that span(E)= E*+-. '

(e) State and prove Riesz-Fischer theorem.

() LetSeBL(H), where H is a Hilbert space.
Prove that for all x,ye H,

<Sx,y>= %z;}i“ <Sx+i"y),(x+i"y)>.

GROUP - C

3. Answer any two questions ; 8x2

(a) (/) Let Xbe anormed space and Mbe a
subspace of X, If ¢cM* then show
that there exists y € X* such that

Wls = ¢ and |lyj = J}¢)} 6
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(4)

(77) Define positive and strictly positive
operators. 2

(b) (i) Let HbeaHilbert spaceand AeBL(H).
If 4 is self-adjoint, then prove that

| 4ll=sup{l< 4x,x>:xe H,||x|I=1}. 5

(if) Let X and Y be normed spaces and
y: X —> Y be linear. Show that y is
continuous if and only if for every
Cauchy sequence {x,} in X, the
sequence {y(x,)} is Cauchy in Y. 3

(c) (i) Let X and Y be Banach spaces and
F: X—>Y be linear. Let {g,}cY* be
such that for every nonzero y in ¥,
there is some s with g(y) = 0. Prove
that £ is continuous if and only if
g:« F 1s continuous for every s. 4

(if) Let PeBL(-#) be a nonzero projection
on a Hilbert space /# and ||P|| = 1.
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gl

Then show that P is an orthogonal
projection. 4

(d) (i) LetT: P — I be given by

T(x) X350 esXiyeen ) = (xl,% xz,...,-’-lq— X, 5een)-

Is T bounded ? ' 2

(if) State and prove the Uniform Bounded-
ness Principle. 6
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