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ABSTRACT
In the current article we present amodified version of the DETGTRI agorithm
in[1]. Based on the modified agorithm , an efficient and reliable M aple procedure
iswritten to compute any nth order tri-diagona determinant. As an application,
we show that al orthogonal polynomials can be computed efficiently using this
procedure.
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1. Introduction

We begin this section by considering the general tri-diagonal determinant T of order n of the
form:

by dy ap
0 by dy 0
T= RIS 0 (1.1)
0 -1
0 0 b, d,

These types of determinants and their corresponding matrices play afundamental role
in many areas of science and engineering. In [1] the author developed an agorithm caled
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DETGTRI to compute nth order tri-diagonal determinants in linear time. Based on the
DETGTRI agorithm we obtain

dy bya; 0 e 0
1 d, bga, ' :

e 0 1 dy .0 : 12
I S 0 .
: 0 . . bua, 4
0o .. .. 0 1 dy,

From (1.2), we see that any nth order general tri-diagonal determinant of the form
(1.1) can be stored in a most 2n memory locations by using only two vectors. These vectors
area= (4),a,-a,) and d=(dg,dy,--.dy) . Thisisawaysagood habit in computation

in order to save memory space.
Theform (1.2) isvery useful in many situations. For example, thisform enablesusto
represent the Fibonacci numbers F  in the forms :

1510 « - 0 [T 1 0 « 0
11 -1 3 I T R :
01 1 . 0 i |0 -11 " 0
T L PP (13)
: (I I E 0 . 1
0 0 1 1 |0 0 -1

1 2 o --- -« 0
1oy 3
2
0 1 i . 0 :
Fol 3 n=12,.. w4
)
0 “.oon
0 0o -1 1
n

whichisgivenin [2].
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Theform (1.2) can also be used to prove some facts directly. For example, we can
useit to prove that the following nth order determinant

Kk x O 0
1 kK x
X
o 1 & 0
X
acll 0 w5
. 0 . . x
0 -« . 0 = &
X

does not depend on x (see dso [3] , p.105) .
Perhaps, more interesting is the fact the form (1.2) helps us to reformulate the DETGTRI
algorithm in amore economica form asfollows:

The Modified DETGTRI Algorithm

To compute the nth order tri-diagonal determinant of the form (1.1) , we may proceed as
follows:

Step 1: Use the recurrence relation

dl ifi =1

C. =

a.
i~lg - -1 ifi =23 ..n (1.6)

|
-1

—_—— ——— —

to compute the simplest rational forms of the n components of the vector ¢ = (c ,02,---,0;1).
If ¢ =0 forany j£n,set ¢; =M (uisjust asymbolic name) and continue to compute
¢i41 G- intermsof by using (1.6).

Py

Step 2 : The smplest rational form of the product rglcr (thisproduct isapolynomial in u)

evaluated at u = 0 isequa to the determinant of the matrix T in (1.1).
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It is well known that [4, 5] for all n, any set of orthogonal polynomials
{f o), f,(X),...., T ,(X)} satisfies athree-term recurrence relation of the form :

PO =Ax+B) Ty 100-Cp g Ty 2(X) (1.7)

where f 1(x) =0,f O(x) =land A, , B, and Ck arereal constants and does not depend

k* "k

on X.
The Chebyshev polynomials of the first kind T, (x) arises as a solution to the differential
equation

@- x*)y® xyC+n®y =0 (1.8)

and those of the second kind as a solution to

(- x*)y® 3yCrn(n+2)y =0 (1.9
The Chebyshev polynomials of the first kind , are defined by the recurrence relation
T,(x)=1, T,(X)=x, T,(X)=2XT, ,(X)- T,.,(X),n=23,... (1.10)

The Chebyshev polynomials of the second kind, U, (x) are defined by the recurrence
relation
U,x)=1, U,(x)=2x, U ,(x)=2xU__,(x)- U _,(X),n=23,... (1.11)

It is known that [6,7] , the Chebyshev polynomials T, (x) and U, (x) are characterized by
tri-diagonal determinants asfollow :

1 0 0
2x 1
To®)=1T () =|. .1 ?X .1 .0 | k=12,...n (1.12)
0 |
0 0 1 2x
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For the Chebyshev polynomials of the second kind Up(X) , we have

2x 1 0 0
1 2x 1
1 2x 1 0 :
Upl=L. U 00= . ... . jlk=L2..n (1.13)
0 o1
0 0 1 2x

Thereforeit isan interesting question to ask whether any classical orthogonal polynomial can
be represented by a determinant. One of the main objectives of the current paper is to
answer this question. The main result is presented in section 2.

2. Main Results

By using therecurrence relation (1.7) together with the modified DETGTRI algorithm, which
is mainly based on a two-term recurrence, we get

Ax+By Cy 0 0
1 A2X+B2 C2
fx)=1f, (x) = 0 1 A3X+83 C3 0 : 21)
0 k . . . .
0 U Ch1
0 0 1 Apx+Bp
(k=1,2,....n )

showing directly that any orthogonal polynomia can be characterized by a tri-diagonal
determinant as long as its recurrence relation of the form (1.7) is available. This is the
answer to the question raised in this paper.

As examples, consider the Legendre polynomials Pn(X) which satisfy the three-term
recurrence
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PO(X) =1,P, (x) :Lk_l)x Pk- 1(X)- (k;kl)Pk_ 2(X) k=12,...,n (2.2

Consequently from (2.1) we get

x L 0 0
2
1 §x Z
2" 3
0 1 Ex § 0
F®=1R 0=~ 3 4 ,k=12,....,n 2.3
0 _'1
k
0 0 1 &k'l)x

For the Laguerre and Hermite polynomialswe have respectively the recurrencerelations

Lo(X) =1 L,(X)=1- x, L (X)=(2n-1- X)L _,(X)- (n- D°L, ,(X),n=23,.. (2.4)
and
Ho(x)=1 H,(x) =1- x, H,(x)=2xH,_,(X)- 2(n- )H,_,(X) (2.5)
Hence using (2.1) gives the characterization
1-x 12 o ... ... 0
1 3x 22 - :
0O 1 5x & 0
L) =1,L, (%)= 0 k=12, (2.6)
0 (k-9
0 0O 1 2k-1-x
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and
2x 2 0 0
1 2x 4
Hy()=1,H (x)= N k=12,....,n 2.7
: 0 . . 2k-2
0 0 1 2 X

For the sake of completeness, we implemented the modified DETGTRI agorithm of this
paper in order to compute any orthogona polynomial by using tri-diagona determinants.

A Maple Procedure to Compute Orthogonal Polynomias and Tri-diagona Determinants

> # A Maple procedure to compute orthogonal polynomials.
> # Written by : Prof. Dr. Moawwad E.A.El-Mikkawy.
> # Date: 01/ 09/ 2006.
> # Here 2 vectors b and d only are used.
> # Note that the procedure reuses d to store c.
> # The procedure may be used to compute any tridiagonal determinant
> #inwhich all b[i] = 1. Thisform is actually easy to obtain.
> # All you need to do to obtain this form is to replace each &i] by b[i+1]*&[i],i=1(1)n-1in
the original determinant.
> restart:
>with(linalg,vector):
> tridet := proc(n::posint,d::vector,a::vector)
locad i,r; global V;
# Components of ¢ by using d.
if d[1] = 0thend[1] := mu; fi:
forifrom2tondo
d[i] := smplify(d[i] - i-1]/d[i-1]);
if d[i] =0thend[i] :=mu; fi:
od:
# To compute T = det (A) which is the required polynomial.
V :=subs (mu = 0,simplify(product(d[r],r=1..n))):
eval (expand(V)):
end:
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> # Cdl no.1 . To compute the Legendre polynomia P(7,x)
>mu:='mu" n:=7: d:=array(1..n): a=array(1..n):

>if n=1thend1] :=0esed1]:= V2 ;fi:d[1]:=x:
>forifrom2tondo
d[i]:= (2*i-1)*x/i;
ai]:=i/(i+1);
od:

> P|In|[x := tridet(n,d,a);

Pix:= 4—29x7 -

693 315 ; 35
—Xx t—x" - X
16 16 16 16

> # Check
> amplify(L/(2°n* (n!))* diff((x*2-1)"n,x$n));

X
16 16 16 16

> # Another way to check via the orthopoly package.
> orthopoly[P](n,x);

429 ; 693 5 315 ;3 35
—X - ——Xx t—Xx" - —X
16 16 16 16

> # Excellent agreement. OK.

> # Call no.2 . To compute the Chebyshev polynomial T(8,x)

>mu:="mu’n:=8: d:=array(1..n): a=array(1..n):

>if n=1then g 1] := 0eseq1]:=1;fi:d[1]:=x:
>forifrom2tondod[i] :=2*x;4dli]:=1; od:
T8x:=128x% - 256x° +160x* - 32x% +1
> T|In|[x :=tridet(n,d,a);
128x® - 256x° +160x* - 32x% +1

> # Check using the orthopoly package.
> orthopoly [T](n,X);

> # Excellent agreement. OK.
> # Call no.3 . To compute the Chebyshev polynomia U(8,x)
>mu:='mu’n:=8: d:= array(1..n):a=array(1..n):

25
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>if n=1theng[1] :=0dsed1]:=1;fi: d[1]:=2*x:
>forifrom2tondod[i] :=2*x;dli]:=1; od:

> U|In|lx := tridet(n,d,a);

U8x = 256x® - 448x° +240x" - 40x% +1
> # Check using the orthopoly package.
> orthopoly [U](n,X);

256x° - 448x° +240x* - 40x% +1
> # Excellent agreement. OK.

> # Call no.4 . To compute the Laguerre polynomial L(9,x)
>mu:="mu’: n:=9: d:= array(1..n) : a=array(1..n):

>if n=1then g1] :=0dsed1]:= 1;fi: d[1]:=1-x:
>fori from 2tondod[i] :=-x+2*i-1, g[i] :=i"2 ;0d:

> L[In|ix := tridet(n,d,a);

L9x:=81x® - x° - 2592x" + 42336x° - 381024x° +381024x" - 5080320x> + 6531840x>
- 3265920x + 362880

> # Check

> simplify(exp(x)* diff (x"*n* exp(-x),x$n));

81x® - x° - 2592x" +42336x° - 381024x° +1905120x° + 6531840

- 3265920x + 362880

> # Another way to check via the orthopoly package.

> #L(n,x) in orthopoly package should be multiplied by n!.

> nl*(orthopoly [L] (n,X));

81x®- x°- 2592x7 + 42336x° - 381024x° +1905120x* - 5080320x°> + 6531840x°

- 3265920x + 362880

> # Excellent agreement. OK.

> # Call no.5 . To compute the Hermite polynomial H(10,x)using arrays.
>mu:='mu’ n:=10: d:=array(1..n): a=array(1..n):

>if n=1then g[1] :=0esedg[1]:=2;fi: d[1]:= 2*x:
>for i from 2to ndo d[i]:= 2*x; &i]:= 2*i; od:

> H|[n|}x := tridet(n,d,a);
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H10x:=1024x'° - 23040x® +161280x° - 403200x* +302499x? - 30240
> # Check using the orthopoly package.

> orthopoly [H](n,Xx);
1024x™° - 23040x® +161280x° - 4032400x? - 30240

> # Excellent agreement. OK.

> # Sylevester determinant.

> # Call no.6 . To compute Sylevester determinant of order 10.
>mu:='mu’ n:=10: d:=array(1..n): a=array(1..n):

>if n=1theng1] := 0edsed1l]:= m-1;fi: d[1]:=x:
> for i from 2tondo d[i]:= x; g[i]:= (m-i)*i; od:
> factor(tridet(n,d,a));
893025 + 53550x*m? - 100800x%m> + 23625m* - 7560x°m +897750m? + x*°
- 2255040x%m - 217350m> +630x°m? - 284130x*m - 3150x*m> + 4725x%m*
- 45x%m - 945m> + 749070x%m? + 2250621x” - 159610m + 463490x"
+21378x° + 285x®

> collect(%,x);

310+ (- 45m +285) x° + (630m” - 7560m +21378)x°
+(- 284130m +53550m2 + 4634490 - 3150m° ) X

+(- 100800m:° - 2255040m + 749070m? + 4725m* + 2250621) x?

+893025- 945m° +23625m™* - 1596105m +897750m? - 217350m>
> Sylvdet:= factor(eval (%,m=n));
Sylvdet := (x— 1) (x +9) (x - 3)(x +7)(x - 5) (x +5)(x - 7)(x +3)(x - 9)(x +1)
> # Check
> product(x-2*j+n-1,j=0..n-1);
(x-])(x+9)(x- 3)(x +7)(x- 5)(x +5)(x- 7)(x +3)(x- 9)(x +1)
> # Excellent agreement. OK.
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> # Cal no.7 . To compute atri-daiagonal determinant of order 10.
> # tri-daiagona determinant in Ref.[8].
>mu:='mu’ n:=10: d:=array(1..n): a=array(1..n):

>if n=1thend1] := 0esed1]:=-1/((a pha* beta)"2) ;fi: d[1]:= -(al phat+beta)/((a pha* beta)*2):
> for i from 2 to n do d[i]:= (alpha+beta)/(a pha* beta); a[i]:=1/(al pha* beta); od:

> detval:= simplify(tridet(n,d,d);

a10+a8b2+a6b4+a4b6+a2b8+a9b+a7b3+a5b5+a3b7 +ab9+b10

detval = - il

> # Check
> print(sum(a pha*(n-j)* betaj j=0..n)/((a pha* beta)(n+1)));
a.lO +a8b2 +a6b4 +a4b6 +a2b8 +a9b +a7b3 +a5b5 +a3b7 +ab9 +blO
allbll

> # Excellent agreement. OK.
>

> # Call no.8 . To compute atri-daiagonal determinant of order 10.
> # tri-daiagona determinant in Ref.[8].
>mu:='mu’ n:=10: d:=array(1..n): a=array(1..n):

>if n=1then g1] :=0else g 1]:= 2/ (apha* beta) ;fi: d[1]:= (alphat+beta)/(alpha* beta):
> for i from 2 to n do d[i]:= (alpha+beta)/(a pha* beta); a[i]:=1/(al pha* beta); od:

> detval:= simplify(tridet(n,d,d));

10 | .10
_a +b
del‘val — W
> # Check
> print((al pha™n + beta*n)/((alpha* beta)n));
a.lO + blO
alOblO

> # Excellent agreement. OK.

>

> # Call no.9. To compute Fibonacci numbers F15.

>mu:='mu’ n:=15: d:=array(1..n): a=array(1..n):
F15:=987
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>if n=1thengl] :=0esedl]:=-1;fi: d[1]:=1:
>forifrom2tondod[i]:=1; di]:=-1; od:

987
> F||n := simplify(tridet(n,d,a));
> # Check
> combinat[fibonacci](n+1);
> # Excellent agreement. OK.
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