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ABSTRACT
We obtain a fixed point theorem involving n different fuzzy spaces and n
mappings. Next we get a fixed point result in a non-empty fuzzy space with n
mappings which satisfy some conditons. Lastly we obtain another fixed point
result in a non-empty fuzzy space with n mappings which are pair-wise
commuting. Theseresults can generalize some existing known fixed point results
in metric speces.

Keywords : Fixed point, Commutative, Supremum, Non-negative functions, Contractive
conditions.

1. Introduction

Nung [4], Jain et . [1] and Rao et d. [5] proved some fixed point results satifying
some contractive conditions. Nung [4] and jain et d. [1] proved their resultsin three complete
metric spaces and involving three mappings. Rao et a. [5] partially extended the results of
[1] and [4]. We prove the results in more general way and prove in fuzzy spaces. We also
generdize the results from three dimension to n-dimension.

2. Main Result

Theorem 3.1. Let X; be n non-empty spaces and M, be n non-negative functions from X;x
X;x(0, a) ® [0,1] such that M,(x.",x."",t) = 1if and only if x" = x”", and M, are symmetric
with first two component for 1£ i £ n. Further weassumethat T, : X,® X.,, (1£i £n) and
T, X, ® X, are mapping satisfying the following conditions::

My (ToT g TaT X, T Ty ToT X )

>Min{M, (%, T, Ty oo TaTXod) MyOG T Ty o ToT X 0, Mo(X, Tox 0} (3.1)
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M (TiTin o Tl T T v TiXinr T T o Tl T Ty o Ty T D)
>min{Mi(X_, ... T,T, T T TioTi X b,

MO T T ToT T T o Tig TXt), My (g, TiXi} (<i<n) (3.2)
M (T T o TT X T T, T T XD
>min{Mx, T T . T,TxH),MX, T T ..TTTX.),

M, (x, T.X 1)} A3.3)

where x, I X (AEiE£nwithx, ' Tx (I£i<nandTx *, x.Nowif x®M (x, T T ,

LT, x @M(X, T T, T,TTT ... T, TX,t) (1£1 £ n) attains its supremum in

the respective spacesthen T T ... T,T,, T T .. T,TTT ... T . T.(L£i<n)hasa

uniquefixed pointin Xi for 1£i £n. o
Proof : Suppose the functionx, ® M. (x,, T T ... T,T.x,,t) attains its supremum on X,
i.e thereexistsaul , X, suchthat M (u,T.T, .. T,T,ut) =sup{ M,(x,T.T ... T,TX}):
X1, X} =f(u) (say).
We now supposethat T T_....T,T, has no fixed point. If wetake P=T T __
... T,T, then from (3.1) we have
f(P™tu)
=M, (P*'u, Pu, 1)
=M/((T.T .. ,TP2,TT, ... T,TP"u,t)
>min{M,(P"u , T T ... T,T P, t), M(P*u, TT ... T,T Py, t),
M(T,P™2u, T P, t)}
= min{M_ (P'u, P™u, t), M (P*'u, P'u, t), M(T P2, T Py, t)}
M,(T,P™2u, T,P™u, t)
M(T,TT .. T,TP3u, TTT ..T,TP u,t)
min {M(T, P2, T TT ... T,T.PYu, t), M(T,P"u,TTT ...
M,(T,T,P*u, T,T,P™2u, t)}
M,(T,T,P*3u, T,T P*2u, t)

\Y

T,T,P2, 1),

MT T ,..T,Tu T T ..T,7TPurl
=MT . T.,.T,Tu T T .. TTTT ..T,T.urt)
>min{M (T T ... T,Tu T T ..T.TuHt),
M. T ,..T,Tu T T ..T,TTT ..T,T.ut)
M (uTT ,..T,T.u, t)}
=M,(u,TT_ ,..T,T.u,t)
=f(u)

Hence f(P**u) > f(u) which is a contradiction.
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Therefore T T_....T,T, has afixed point.

Now we want to prove the uniqueness.

Suppose T, T_....T,T, hastwo fixed point , say v and v'.

Now M (v, V', t)

=M,(TT ,..T,TVv, TT ..T,TV, 1

>min{M1(v', T.T .. T,Tv),M (V,TT .. T, TV 1), M(TVv,TV 1)}

=min{ML(V', v, t), M (V', V', 1), M(T v,T V' 1)}

=M (T VTV 1)

=M(T,TT ..T,TVTTT ..T,TV, 1)

Smi{M(TV, TTT .T,TVvt),M(TV, TTT .. T,TV, 1),
M,(T,T,v, T,T.V', 1)}

=min{ M(T,v, T.v,t), M(T,V', T,V', 1), My(T,T,v, T,T V', )}

=M, (T, Ty, T,T V1)

=MT T ,..T,TVvT T .. TTV, 1

n1"n2""

=M@ T.,.T,TvT T . . TTTT ..T.TV, 1)

> MM T o TN T T T T 1)
MT T, .T,TV, T T,  .TTTT .T,TV, 1),
M, TT T ,.T,TV, t)}
=min{M (T T .. T,TV, T T ..T,TV1),
MT T ,..T,TV, T T ..T,TV, 1),
M, TT T ,.T,TV, t)}
=M, (v,V,1)
\' M, (v,V',t)>M,(v, V', t) which isacontradiction.
Hence T T .T ....T,T, hasaunique fixed point. Smilarly for other cases we can prove the

n nl n2°
result.

Theorem 3.2. Let X be anonempty set and M be amapping from Xx Xx(0,a) ® [0,1]such
that M(x,,x,,t) = 1if and only if x, = X, and M is symmetric with first two component. If T,
X® X (1 £i £ n) ben mappings which satisfies the following conditions :

M (T.T T, TxTT . T,Tx.H

322" 'n n1"° 2 171

>min{M (x, T T _,...T,Tx,), M (x, T T ... T,T.x,,t), M (x,, T x,)} 3.4)

322 2 17
MT. T, . T,TTT ..T X, T T, .T,TTT ..T Tx]1)
> min {M (xi, Ti_lTi_z...TZTlTnTn_l...Ti+2Ti+lxi+1,t),
M, T, T,.T,TTT ..T. Txt), M, Tx,bD} (1<i<n) 3.5)

M(T, T, T,T X T T, .T,T.T X0

2171 "p-17 n2° 21 n'n?
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>min{ M (xn, Tn-1Tn-2...T2T1x1,t), M (xn, Tn-1Tn-2...T2T1Tnxn,t),
M (x, T X 0} 3.6)

wherex T X withx 2, T_x_ (I<i £n)and T x ! X,.
Now if x ® M(x,T T ... T,Tx,)orx ® M(x, T T .. T,T.TT ..T Tx, t)(£i
£ n) attainsits supremum in X then TT_,.. T, T, T T .. T,TTT .. T T (1<i£n)
has a unique common fixed point.
Proof : Supposethefunctionx, ® M (x,, T T ,...T,T X, t) atainsitssupremumon X , i.e.,
thereexistsaul X suchthatM (u,T.T, ...T,T,ut)y=sup{ M,(x,T, T, ... T,T xt) : (x1
X) = f(u) (say). We claim that u is the common fixed point of T T ... T,T,, T T,
LT TT T T.(L<i £n) . If otherwise let uisnot afixed pointof T T . ... T, T,
P (say) , then from (3.4) we have

f(P™tu)

=M(P"tu, P, t)

N

=M(T.T ,..T,T,P2u, T T T,T Py, )

>min {M(Pu,T T ... T,T.P*u, t), M(P*u, T T ...T,T Py, t),
M(T,P™2u, T,P™u, )}

=min {M(P*'u, P*'u, t), M(P"*u, Py, t), M(T P2, T P*u, t)}

= M(T,P2u, TPy, 1)

=MTTT ..T,TP3, TTT ..T, TP, t)

n'nl1" 1°n n1°

> min {M(T,P2u, T T.T_..T,T.Pu, t), M(T,P2uT TT .

M(T,T,P*3u, T, T P*2u, t)}
= M(T,T,P™3u, T,T Py, t)

WT,T P2, 1),

>
=M(T T ,..T,Tu T T ... T,T.Pu, t)
=MT_T.,.T,T,0,T T ..T,TTT .. T.Tut)
>min{M(T_,T ... T,Tu T T ..T.TuHt),

M . T.,..T,Tu T T .TTTT ..T,Tut

M(uTT ,..T,T.ut)}
=M@u,TT_ ,..T,T,ut)
=f(u)
Hence f(P**u) > f(u) which is a contradiction.

Therefore T T_,...T,T, has a fixed point. Similarly we can prove that u is a fixed

2'1

pointof T T, .. T,TTT ... T T (1<i£n).

21 n nl1"
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Now we want to prove the uniqueness.
Suppose T, T_....T,T, hastwo fixed point , say v and v'.

Now M(v, V', t)
= M(TnTn_l...Tlev, TnTn_l...Tlev', 1)
>min{MV', TT .. T,Tv,t), MV, T T ..T,TV 1), M(Tv,T V' 1)}
=min{ M(V', v, t), M(v", V', t), M(T v, T V' ,1)}
=M(T,v,TV',b)
= M(TlTnTn_l...TZTlV, TlTnTn_l...TZTlV', t)
>min{M(TW, TTT ..T,TVv,t), MTV, TTT .. T,TV,1),
M(T,T,v, T,T.V', t)}
=min{M(TV, T v, t), M(T,V, TV, 1), M(T,T,v, T,T V', 1)}
=M(T, Ty, T,TV,1)
=M(T T . T,TV T T .T,TV,1

n-l n2°
= M(Tn_lTn_Z...TZTlV, Tn_lTn_Z...TZTlTnTn_l...TZTlV', 1)
>min{M(T_ T ... T,TV,T T .. .T,Tv1),
M(Tn_lTn_Z...TZTlV', Tn_lTn_z...TZTlTnTn_l...TZTlV', t),
M(v, TT T - .TZTlV', 1)}
=min{M(T_,T .. T,TV, T Tn2..T,TV1t),
M (Tn_lTn_Z. . .TZTlV', T . T - .TZTlV', t),

M(v, TT T ... T,T.V, 1)}

=M(v, V', 1)
\' M(v, V', t) >M(v, v', t) which isacontradiction.

Hence T T .T ....T,T, hasaunique fixed point. Smilarly for other cases we can prove the
result. Therefore u is the common fixed point. This proves the result.

Theorem 3.3. Let X be anonempty set and M be amapping from Xx Xx(0,a) ® [0,1]with
M(x,y,t)=1ifand only if x =y and M is symmetric with first two component. Let T, : X
® X (1£i £ n) be n mappings which satisfies the following conditions:

M(T,T,T,.T TXT,T,T.,...TTy)>mn{M(TT,T..T TxTT,..TTy1),

2'3'ar 3'4's5" 3'4's5
M(T2T3T4...Tn_lTnX,T3T4T5...TnX, t), M(T3T4...Tn_lTnle, T4T5...Tnle, 1),
M(T3T4"'Tn-1TnX’ T3T4T5...Tnle, 1)} 3.7

MT T, Ty T T T T, T T X Ty T T, T T T, Ty 1)

nl' n 1 2° i-37 -2 i+1 " i+2° nl n 1" 2° i-
> min {M(Ti+lTi+2...Tn_lTnTsz...Ti_3Ti_2X, T Thg o - T T T T, TLT LY, 1),
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MTT, T, T T 1T, T, TXT,T,.T . TTT,..T,T.X1),
M(T, T, T T T T, T Ty T, T, ... T TTT,. T T y1),
M(T,. T T 0T, T T.X T, T,..T TTT,.T,T.y O} 3.8)
for (3£i £n)
M(T,T,T,..T T X, T,T,T,..T_ Ty t)>min{M(T,T,T,..T xTT,T..T Ty,
M(T,T,T,..T XT,T.T,..T T X t), M(T,T,T,..T Ty T.TT..T Ty,
M(T,T,T,..T T X T,T,T,..T TV 0} 3.9

foral x,yT X and 71,7 Tx* 7,771y T, T,..T TTT,.T,T.Xx?*
T T, TTT.. T, TY@EIEN),TTT,. T T x* T,TT,.. T Ty respectively.
If the functions x® M(T,T,T,...T T x,T,T,T...T . Tx,t)orx ® M(TT,T.,..T.,

TTT,.. T T X T, T .. T TTT,. . T.T.X1)@E£i£norx®MTT,T,..T_T

n'1° 2" i-3 " -2 i+l i+2"" n-1"n i-3 " i-2 12 3" n-2 n-l

X, T,T,T,.... T_,T X 1) atains its supremum on X then T,T,...T T or T T T

2°3° 4" i+1 " i+2°""" T n1

T.T,7,.T.,T ,(1£i £n-1) hasafixed point .

Proof : Assumethat x ® M(T,T,T,..T T X T,T,T...T T x, 1) atainsits supremum on

n-l'n

X. Then there exists z 1 X such that M(,T1,T,..T T2 T,T,T.... T T z1) = sup
{M(T,T,T,.. T TXT,T,T,...T TXx1:X T X} =1(2) (say). Also we suppose that
T7,.7, T oT,T,..T TTT,.T.T,(1£i £ n-1) have no fixed point.

Now f(TlT2T3. . .Tn_lTnz)

=M(T,T,T,..T T TTT. 7T Tz TTT7..T TT,T..T Tz1

n-l'n n-1l'n
>min{M(T,T,T...T, TTT,T,..T T 2z TT. .. TTTT..T.T 21,
M, 1.1, 7 717,717,707, T2, TTT. . TTTT,..T.T 2,1,

M(T,T,. T T1T17,7,..7.T2TT..TTT,T,.T_.T 21),
M(T,T,. T T117,7,..7.,T 2 TTT..TTTT..T Tz t)}by (3.7)

n-l'n nl'n
= M(T,T,.. T TTT,7..7 T 2 TT. .. TTTT..T Tz1
>min{M(T,T,..T,  T.T,T,T,..T. T,z T.T,..T.T,T,T,..T T z1),

M(T,T,.T TT1T17,7,..T7 Tz TT. . TTTT,..T.T 21,

M(,T,.. T T TT7,7,..T T, 2 TT..TTT,T,.T, T 1),

M(T,T,.. T T T,7,7,..7 T 2z TT,. . TTTT,..T.Tz )}
=M(T,T,..T TTT,7,..T., T2z TT. . TTTT,..T.T 21

=M(T,T,T,.T T,z T,T,..T, T 21

n-l'n

>min{M(T,T,...T, T2 T,T,..T T 28, MT,T,T,..T T.2T,T,..T Tz,
M(T,T,..T. T,z T,T,..T, T 2 t) M(T,T,..T, Tz T,T,..T_ Tz t)
=M(T,T,..T T2 T,T,..T. T 21

=1(2)
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\ f(T,T,T,..T,T 2) > f(2) which contradicts the fact that f(z) is supremum. Hence
T7,.7T , ToT,T,.T TTT,.T.T,(l£i £nl) has afixed point.

Corollary 3.4. Let X be anonempty set and M be a mapping from Xx Xx(0,a) ® [0,1] with
M(x,y,t)=1if and only if x =y and M is symmetric with first two component. Let T, T,
, T, X ® X be 3 mappings which satisfies the following conditions::

M(T,TX, T, Ty, ) >min{M(Tx, T,y, t), M(T,T X, T X, t), M(T,T,y, Ty, 1),
M(Tx, T,T.y, 1)} (3.10)

M(T, T X, T,T,y, )>min{ M(Tx, Ty, t), M(T, T.x, T ,x, t), M(T,T,y, Ty, 1),
M(T X, T,T,y, )} (3.11)

M(T3Tlx, T, Ty, ) >min{M(T x, Ty, 1), M(T3Tlx,T2x, 1), M(T3le, TV, 1),
M(Tx, T,T,y, )} (3.12)

foralx,yl X and Txt Ty, Txt Ty T,Ax* T,y respectively. If the functions

X® M(T,TX,Tx,t)orx® M(T, T, Tx,t)orx® M(T,T x, Tx,1) attainsits supremum
onX thenT,T,or T,T,, T,T, has afixed point.

Theorem 3.5. Let X be anonempty set and M be amapping from Xx Xx(0,a) ® [0,1] with
M(x,y,t)=1lifandonlyif x=y.Let T : X ® X (1 £i £ n) be pair wise commuting
mappings which satisfies the following conditions::

M(TszTa- W T T X T T T Ty, t) > M(X, TV, t) 3.13)

for x t TV T1T2T3...Tn_2Tn_l x1 T1T2T3...Tn_lTn y

M(TiTi+lTi+2...Tn_lTnTsz...Ti_sTi_2 X, TT T ..T TTT, . T,T.,YVY, t)

>M(x, T,y 1) (3.14)
for x 1 T,y T, T,..T TTT,. T T, x! TiTi+lTi+2...Tn_lTnTsz...Ti_zTi_1 y(A<i
<n)

M(TlTZ"'Tn-3Tn-2 X, TTT,..T ;T .V t) > M( X, T,V t) 3.15)
forx* Ty, TTT,..T T  x* TTT,..T.,T. VY

then T, (1£i £ n) hasafixed point if thefunctionx® M(x, T x, t) attainsits supremumon X.
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Proof : Assume that the function x ® M(x, T x, t) attainsits supremum at z ® X. Hence
M(z, T,z,t) =sup{ M(x, T x,1): x1 X} =1(2) (say) . LetP= T,T,T,..T, T SupposeT,
has no fixed point .

Now f(P_,z) = M(P_,z, TP .z 1)
=M(P*'z, P*'T z,t) (since Ti ‘s are pair wise commuting)
=M(TT,T,.T T P?% TT,T,.T T P?Tz1)
> M(T, P2z, P2T z, 1) (by (3.13))
=M, TT,T,..T T P TTT,T,..T T P°TzH1)
>M(T T P73z, T T P™T.zt)

>M(T,T,..T T,z T,T,..T T, T.z, 1)
>M(z, T z,1)

= f(2), which contradicts the fact that f(z) is supremum.
Hence T, has a fixed point.
Similarly , we can prove for other T.'s.
This completes the proof of the theorem.
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