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ABSTRACT

In this article, we study and establish the theooéithe exponential Diophantine equation
27 -11" = z?, which has exactly two solutions wherey and z are non-negative

integers using Catalan’s conjecture, modular ariticnfactorial method and elementary
mathematical concepts.
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1. Introduction

A polynomial equation that takes only integer valkiaown as a Diophantine equation. A
large number of mathematicians have studied vaffimunss of Diophantine equations in
the last couple of decades and it is considereshasof the significant problems in the
elementary number theory and the algebraic nunhieery. The most general form of the

Diophantine equatioa® +bY = z*, have been studied by many mathematicians [5H1.2].
1844, the famous mathematician Eugne Charles @altalee studied and suggested that

the only one solution in natural numberaf —b¥ =1 withis (a,b, X, y) = (3,2, 2,3) .
Interestingly, in 2004, the Catalan conjecture wmaeved by Mihailescu [3]. The

Diophantine equation [9-12] of the forai* —b” = Z* play an important role for the study
of no-negative integer solutions and this work imagivated me to investigate for the non-

negative integer solutions of the exponential Datine equatior27* —11Y = z*. Just
a while ago, Chikkavarapu [13] have generalizedekgonential Diophantine equation

23 -19" =7°. Buosi et al. [10] also have investigated the ewmial Diophantine
equationp* —2¥ = Z°with p=k®+2 a prime number of the integer solutions. | refer
the reader to [9, 11, 12] for the non-negativegatesolutions.

In 2007, Acu [5] have studied about the exponeriaphantine2* +5¥ = 7
with two non-negative integer solutions such{asy, z) = (30:3)and (x, y,z) = (213).

In this article, the work of Chikkavarapu [13] play important role to proof the individual
result of exponential Diophantine equation.
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2. Primary results
It is very difficult to decide whether a Diophargirquation has any solutions, no solutions
or how many solutions due to no general methodsxis

In this paper, we have studied the egptial Diophantine equation with the favor
of the following Lemma 2.1 which is Catalan’s Canjee [2] and is already proved by
Mihailescu [3].

Lemma 2.1. (Catalan’s Conjecture [2] or Mihailescus Theorem [3])
The quadruple(a, X, b, y):(3,2,2,3) is the only integer solution for the Diophantine

equatiora* —b¥ =1, where a, x, b, y are integers wittin{a, x, b, y} >1.

Lemma 2.2.The exponential Diophantine equatibr 11’ = z° has non-negative integer
solution(y, z) = (0,0).

Proof: Let y and z be non-negative integers. Now let us consider tkgorential
Diophantine equatiort—11" = z° (1)

To prove the given Lemma, we take two cases:

Case-1:Wheny =0, we get from equation (13 = 0and this implieqy, z) = (0,0) is a
solution of equation (1).

Case-2: Wheny >0, then z°=1-11" is obviously a negative integer which is a

contradiction to the fact that’ is a non-negative integer.
Hence it is clear that, there is only possible negative integer solution ig =0 and

z=0.

Lemma 2.3. The exponential Diophantine equati@®y* —1=z* has only one non-
negative integer solutiqx, z) = (0,0).

Proof: Let xand z be non-negative integers and consider the expaidbibphantine
equation27* -1= 7 2)
Case-1:Forx=0

In the case ok =0, from the equation (2), it is clear that=0and in such a way that
(%, 2) = (0,0) is a solution of (2).

Forz =1, the equation (2) implie7 =2

Case-2:Forx >0
If we takex =1, we havez® = 26, this having no solution.

3. Main result
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Theorem 3.1.Let X, y, z be non-negative integers. The exponential Diophanti

equation27* —11' = z*has two non-negative integer solution
(x, v, z)=(000)and (114).

Proof: Let us consider that, y and zbe non-negative integers such that
27 -1 =7 ©)

To prove the above equation we consider the fosexand two subcases:

Case 1:If we putx=0in (3), we havd-11" = z>. Then by lemma 2.1, it is clear that
(y, z) = (0,0) . Thus (x, Y, z) = (0,0,0) is a solution of (3).

Case 2:If we substitutey = 0in (3), we hav@®7* —1= z°. Then by lemma 2.2 a solution
(x, z) = (0,0) is obtained. Thus we get a squt(txrn Y, z) = (0,0,0).

Case 3:Puttingx =1and y =1in (3), it gives a squtior(x, Y, z) = (1,],4) of the equation
3)

Case 4: If we take x>1 and y>1 . Now from the equation (3) we get

1mod4,if xiseven 1mod4,if yiseven
27 =3"= o and1l =3’ = L
3mod4,if xisodd 3mod4,if yisodd
Now
0 mod4if bothx and y are even (‘51)
5 . . 0 mod4if bothx and y are odd ®)
z2°=27"-17 =3"-3' = . :
-2 mod4if xisevenand vy is odd (6)
2mod4if xisoddandyiseven 7)

Neglecting equation (6) and (7). Hence battand y are even or bottx and y are odd.
Now we can explain two possible subcases whictasifellows:

Subcase 1let both x and y are even non-negative integers. Supposextkamand
y=2n. Here m andn are non-negative integers. Then the equation (prbes
277" -17" =7 (8)
(8) becomed 2" = 272" - 72 = (27" - 2) (27" + 2) 9)
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(9) becomes 112" = 272" — 72 = 11" (27" + 2 (10)
where (27m - Z) =11" and u is a non-negative integers.
(10) becomes(27m + z) =17 (11)

Adding (9) and (10), we get
227m)=12"Y + 11 =1L+ 127).
Itis clear that 11 =1and 2(27") = (L+12"%).
From the above relation we must have the solufiarm, n)=(0,0,0).

Subcase 2:
Let both x and y are odd non-negative integers. bet 2m+1 andy =2n+1, for

some non-negative integersn.
Then from equation (3), we have

272MHL _q 2+l = 52 (12)
This implies,
112 = 27%™ — 22 = 272" 27 - 72 = 277" (25+ 2) - 2 (13)
From equation (13), we get
127 - 277(2) = 2727(25) - 22 = (27 (5)f - 22 = 27"(5) - 227"(5) + 2) (19

Let (27”‘(5) - z) =11", uis a non-negative integer (15)
Then from (14), we have
(27"(5)+ 2) = L2™* - 272" (2)) 11 (16)

Adding (15) and (16) we have
27"(10) =11 + (112" - 272"(2)) 11" This implies
27"(10) =12 [1+ (L 2™ - 272"(2)) 11%] (17)

From the equation (17), we have the following lielz:

11 =1and [1+ 12" - 272"(2)) 112 | = 27(10)

From the above relations, it is obvious thit Oonly and so that:

1+ 127 - 272(2)) = 277(10) (18)
This implies1=0mod4is a contradiction.

Hence27* —11’ = zZ*has exactly two non-negative integer solutions

(% y.2)=(0,0,0),(114).

3. Conclusion
In this s5tudy, we have presented the basic cos@eptumber theory with the help of the
factoring method and modular method, to solve thgorential Diophantine equation
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27 =12 = Z%and finally, we have proved that the exponentiaddbantine equation
27°—1Y1 = 7° in which x, y and z are non-negative integers which has exactly two
solutions(x, y, ) =(0,0,0) and(x, y, z) = (1,1, 4).
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