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ABSTRACT

In this paper, an almost pseudo-Ricci symmetricaahigeneralized quasi-Einstein space-
time has been revealed where the nature of asedaiattor fields is observed.
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1. Introduction

Let (M™, g) be anmn dimensional Riemannian manifold with the megriand letvV be the
Levi-Civita connection ofM™,g). According to Cartan an dimensional Riemannian
manifold M is called locally symmetric FR = 0, where,R is the Reimannian curvature
tensor of (M™, g). The class of Riemannian symmetric manifolds iseay natural
generalization of the class of manifolds of constamvature.

During the last five decades, the notion of localjynmetric manifolds has been
weakened by many authors [10, 11, 12, 13] in séwveaigs to a different extent such as
recurrent manifolds introduced by Walker [2], psesgmmetric manifolds by Chaki [3],
generalized pseudo symmetric manifold by Chaki [Hle notion of a pseudo-Ricci
symmetric manifold was introduced by Chaki [4] ©88.

Definition 1. A Riemannian manifoldM™, g) (n > 2) is called pseudo-Ricci symmetric
if the Ricci tensosS of type (0, 2) of the manifold is not identically zero and saésfthe
condition
(VxS) (Y,Z) = 2AX)S(Y,Z) + A(Y)S(X,Z) + A(Z)S(Y,X),

Where V denotes the Levi-Civita connection addis a non-zero 1-form such that
g(X,U) = AX) for all vector fieldsX, U being the vector field corresponding to the
associated 1-ford. Ann dimensional manifold of this kind is denoted(®RS),,.

As an extended class of pseudo-Ricci symmetramifolds introduced by Chaki,
recently Chaki and Kawaguchi [6] introduced thaambdf almost pseudo-Ricci symmetric
manifolds.
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Definition 2. A Riemannian manifold M™,g) is said to be an almost pseudo-Ricci
symmetric manifold if its Ricci tensdt of type (0,2) is not identically zero and satisfies
the condition

(VxS)(Y,Z) = [AKX) + BX)IS(Y,Z) + A(Y)S(X, Z) + AZ)S(Y,X), (1.1)

whereV denotes the operator of covariant differentiatigtin respect to the metric tensor
g and A,B are nowhere vanishing 1-forms such tgéX,U) = AX) andg(X,V) =
B(X) for all X andU, V are called the basic vector fields of the maniftidsuch a casel
and B are called the associated 1-forms andchatimensional manifold of this kind is
denoted byi(PRS),.

If B=A then it reduces to a pseudo Ricci symmetric mé&hifdhus pseudo Ricci
symmetric manifold is a particular case4AgiPRS),,.

In general relativity, the matter content of theaptime is described by the energy-
momentum tensdF which is to be determined from the physical coasations dealing
with the distribution of matter and energy.

Definition 3. It is well known that a Riemannian manifold or ané&iemannian manifold
(M™, g) (n > 2) is an Einstein manifold (Besse [1], 1987) if itsnrzero Ricci tensa$

of type(0,2) is proportional to the metric tensor, iSeis of the formS = kg, where k is

a constant, which reduces fo= %g, r being the scalar curvature (constant) of the

manifold. Einstein's manifolds play an importarlerm Riemannian geometry as well as
in the general theory of relativity.

A quasi-Einstein manifold was introduced by Glraid Maity [7] as a generalization of
Einstein manifolds.

Definition 4. A non-flat Riemannian manifol@¥™ , g) (n > 2) is defined to be a quasi-
Einstein manifold if its Ricci tensdt of type(0,2) is not identically zero and satisfies the
following condition

SX,Y) = ag(X,Y) + Ba(X)A(Y), (1.2)
Where for all vector field¥,
gx,u) = AX),g(U,U) =1.

We shall calld the associated 1-form and the unit vector fiéli called the generator of
the manifold. Such an-dimensional quasi Einstein manifold is denoted ®¥%),,. The
scalarsy, B are known as the associated scalars of the mdnFobm the above definition,
it follows that every Einstein manifold is quasikEiein because if = 0, clear the
manifold reduces to an Einstein manifold. Quasiskgim Lorentzian manifolds are called
perfect fluid space-times whenevdris time-like. Moreover, it was shown that the
Robertson-Walker space-time is quasi-Einstein noédsf

In 2001, Chaki [8] introduced the notion of getieead quasi Einstein manifolds.
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Definition 5. A non-flat Riemannian manifold™, g) (n > 2) is called a generalized
qguasi-Einstein manifold if its Ricci tensér of type (0,2) is not identically zero and
satisfies the following condition

S(X,Y) = ag(X,Y) + BADAY) + ¥y BXX)B(Y), (1.3)

wherea, B,y are certain scalar functions W™, g) andp # 0,y # 0. A, B are two non-
zero 1-forms such that

gX,U) = AX), g(X,V) = B(X), g(U,V) =0,g(U,U) =1,9(V,V) =1

U and V are two united vector fields which are ogbnal to each other.

A and B are said to be associated 1-forms and scald¥sy are called associated scalars.
The vector fields U and V are called the generaibtse manifold. Such an n-dimensional
manifold is denoted b¥f(QE),. Clearly, fory = 0, the manifold reduces to a quasi-
Einstein manifold and fof = y = 0, the manifold reduces to an Einstein manifold.
Generalized quasi-Einstein manifolds portray a gdimtion of Einstein manifolds and
an extension of quasi-Einstein manifolds.

In 2007, Bhattacharya and De [9] introduced thonoof a mixed generalized
guasi-Einstein manifold.

Definition 6. A non-flat Riemannian manifold is a mixed generizquasi-Einstein
manifold if its Ricci tensor S of type (0,2) is ndéntically zero and satisfies the following
condition

SX,Y)=agX,Y) + BAX)A(Y) + yB(X)B(Y) + §[A(X)B(Y) + AX)B(Y)],
(1.4)
whereaq, B, y andd are non-zero scalars aAgB are two non-zero 1-forms such that
gX,U)=AX), gX,V) =BX)and g(U,V) = 0,where U,V are unit vector
fields. The scalar functions B, y, ands are called associated scaldrand B are called
associated 1-formdJ,V are called the generators of the manifold. Suahinrension
manifold is denoted by G(QE),. If § = 0, the manifold reduces to a generalized quasi-
Einstein manifold.
In cosmology and general relativity, mixed generasi-Einstein manifolds have
a significant role. After studying these papetm inspired to study almost pseudo-Ricci
symmetry mixed with generalized quasi-Einstein sp@me.
If we se =Y = e; in the Ricci tensor of G (QE),, and take the summation over
i,1<i<n,we obtain
r=na+p+y, (1.5)
wherer is the scalar curvature of the manifold is expedsas a linear combination of the
associated scalar functionsf andy. Aside from the fact that the scalar curvature of
manifold generalises its sectional curvature, imifioéds like MG(QE),,, it is expressed in
terms of its associated scalar functions, it i®adgrelationship between scalar curvature
and associated scalars that motivated the invéistigaf MG(QE),, admitting some
curvature tensor.
A Lorentzian four-dimensional manifold is saidiie a mixed generalized quasi-
Einstein space-time with the generatbras the unit timelike vector field if its nonzero
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Ricci tensor of typ€0,2) satisfies the equatigil.4). Here,A andB are non-zero 1-forms
such thatV is the heat flux vector field perpendicular to thedocity vector fieldU.
Therefore, for any vector field, we have

gX,U) =AX), gX,V) =B(X), glU,U) = A(U) =-1, g(V,V)=B(V) =1,
g(Uu, V) = 0.

2. Almost pseudo-Ricci symmetric mixed generalized Quasi-Einstein space-time

Here in this section, we consider an almost pseridor symmetric mixed generalized

guasi-Einstein space-time.

From(1.4), we have

SXY) = agX,Y) + BAX)A(Y) + YB(X)B(Y) + S[AX)B(Y) + A(Y)B(X)].
From the above equation, we gain
(Vz)X,Y) = da(Z)g(X,Y) + dB(Z)AXDAY) + BI(A)OAY) +

AX)(VzA)(V)] + dy (Z)BOB(Y) +y[(VzB)(X)B(Y) +
B(X)(VzB)(Y)] + d6(Z)[AX)B(Y) + A(Y)B(X)] +
8[(VZA)(X)B(Y) + A(X)(VZB)(Y) + (VzA)(Y)B(X) +
AY)(VzB)(X)] (2.1)

Since this spacetime is almost pseudo Ricci symonterefore from equation (1.1), we

get

(V29 (X,Y) = [A(Z) + B(D)IS(X,Y) + A(X)S(Y, Z) + A(Y)S(X, Z). (2.2)

The space-time is mixed generalized quasi-Einsi#ierefore, from equatio(i.4) we
obtain,
() SX,Y)=ag(X,Y) + BA(X)A(Y) + yB(X)B(Y) + S[A(X)B(Y) + A(Y)B(X).
({i)SY,2) =ag(Y,Z2) + BA(Y)A(Z) + yB(X)B(Y) + 6[A(Y)B(Z) + A(Z)B(Y)].
(i) SX,Z) = ag(X,Z) + BAX)A(Z) + yB(X)B(Z) + §[A(X)B(Z) + A(Z)B(X).
There by using(i), (ii), (iii) in equation(2.3), we get
V)X, Y) =[AZ) + BD)][ag(X,Y) + BAX)S(Y,Z) + yA(Y)S(X,Z) +
S[AX)B(Y) + AMBX)] + AX)[ag(Y,Z) + BA(Y)A(Z) +
yB(X)B(Y) + S[A(Y)B(Z) + A(Z)B(Y)]+ A(V)[ag(X,Z) +
BAX)A(Z) + yB(X)B(Z) + 6[AX)B(Z) + A(Z)B(X)]. (2.3)

Putting (2.3) in (2.1), we obtain
[A(Z) + B(Z)][ag(X,Y) + BA(X)A(Y) + yB(X)B(Y) + 5{A(X)B(Y) + A(Y)B(X)}] +
AX)[ag(Y,Z) + BAW)A(Z) + yB(Y)B(Z) + §{A(Y)B(Z) + A(Z)B(Y)}] +
AN [ag(X,Z) + BAX)A(Z) + yB(X)B(Z) + §{A(X)B(Z) + A(Z)B(X)}] =
da(Z)g(X,Y) + dB(Z)AX)AY) + (VA XAFY) + AX) (VA (V)] +
dy(Z)B(X)B(Y) +y[(VzB)(X)A(Y) + B(X)(V;B)(Y)] + d§(Z)[A(X)B(Y) +
AY)BX)] + 8[(V;A)X)B(Y) + AX)(V;B)(Y) + (VZA)(Y)B(X) + A(Y)(VZB)(X( )2] "
Contracting the equation (2.4) ov&randY, we get
[A(Z) + B(Z)](4a — B +7) + [aA(Z) — BA(Z) — 6B(2)] + [aA(Z) — BA(Z) —
6B(Z)] =4da(Z) — dB(Z) + dy(2)

= (6a—-38+VAZ)+ (Aa—-B+y—26)B(Z) =d(4a—-B+y)(2) (2.5)

20



Almost Pseudo-Ricci Symmetric Mixed Generalized §iENstein Space-time

If we taked4a — f + v = constant = c(say), (2.6)
Thend(4a - +y) =0. (2.7)
Then by using (2.6) and (2.7) in (2.5), we get
(c+2a—-2B)AZ) + (c—286)B(Z) =0,

. _ (c=26)
LeA2) = S Z5B(2).

Therefore, we can conclude the following theorem:

Theorem 2.1. On almost pseudo Ricci symmetric mixed generalqeabi Einstein space-
time the associated 1-forrdsandB are related in the way such that

_ (c-26) . . _ _
A(Z) = —(c+2a—2B)B(Z) if we consideda — 8 + y = constant.

From the above theorem we have
(c-26)

A(Z) = _mT—sz(Z)’
ie.g(z,U)=—-—29_4zv)
1.e.g(z, - (c+2a—2[)’)g e

Therefore, we can assert the following corollary:

Corollary 2.2. On almost pseudo Ricci symmetric mixed generalipeasi Einstein space-
time the generatog andV are in opposite directions.

ReplacingX =Y = U in (2.4), we obtain
[A(Z) + B(Z)](—a + B) — [aA(Z) — BA(Z) — 6B(Z)] — [@A(Z) — BA(Z) — 6B(Z)]
=—da(Z) +dB(Z) —26(V,B)(U),
i.e.(=3a+3B)AZ) + (—a+28)B(Z) = —da(Z) + dB(Z) — 26(V,B)(U). (2.8)

Replacingk =Y =V in (2.4), we obtain
[AZ) + BD)|(a+y) =da(Z) +dy(Z) + 26(V,B)(U). (2.9)

As two generator§ andV are mutually perpendiculag(U, V) = 0. Therefore,
Z2(gW,V)) = g(V,U,V) + g(U,VzV) = 0.

Then it becomes
(VzB)(WU) = =(VzA) (V). (2.10)
Subtracting (2.8) from (2.9) and using (2.10), e
(4a—-38+VAZ)+ Ra—-B+y—28)B(Z) =dQRa—-B+v)(Z). (2.11)
If we take2a — B + y = constant = m(say), (2.12)
Thend(2a — p +y) =0. (2.13)

Then by using (2.12) and (2.13) in (2.11), we get
(m+2a—-2B)AZ) + (m —28)B(Z) =0,
(m—26)

|6A(Z) = —mB(Z),
. -268
ie.g(Z,U) = —M‘g(l V).
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Therefore, we can conclude the following theorem:

Theorem 2.3. On an almost pseudo-Ricci symmetric mixed generdliquasi Einstein
manifold if the vector fields are the associatedt@efields then the generataisandV
are in opposite directions.
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