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The figures in the rght-hanc inargin ndicate marks.

The symbols used heave thelr usual meanings.

Answer all questions.

1. Answer any four questions {rom the following :
2x4=8
() State with justitication, whether the
following statement is truce ol lalse :
LLet Y be a proper dense subspace of a
Banach space Y. Then Y is not a Banach
space with respect o the induced norm.
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{2)
Let A, B« BLIT) be seli-adjoint where 1 1s
a Hilbert space and o, [ ®. Show that
T =uA+ B is self-adjoint.
Let H be a Hilbert space and y be a lixed
element of H. Define f:H-—=CT by

fix)={x, y} tor all xe H. Find j f .
Let X be a noimed space and Y be a closed

" LW,
subset of X, I x,,-» x in X, then show that

i

x, Y oax-F i X/Y

I
Show thar an inner nraduct funciion is
continuous.
(ive an exampie of an operator on a Hilbert
sp2ce which is normal but not self-adjoint,

Answer any four cuestions from the following :

4x4=16

When is an operaror said to be self-adjoint
on a lbert space? Ler I be a Hilbert space
ancd let T:H —- H be a bounded linear
operator. Prove that T is self-adjoint if and.
only if ('[‘_\“‘Xj\, s real lor all xe H. 1+43=4
Let (7 he a closed convex subset of a Hilbert
space {1, Prove that € contains an unique
element of smallest norm. u

Let S be a subscet of a normed space X
Show that [(S) is bounded for all fe X' if
and only il sup{l x| x e S} <o, 4
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(d) Let X =2 For x=(x (1}, x(2), (3)) e X, let
ol X012 1 x2)13 1 x3) % . Show
that 1] is a norm on X 4

fe) Examine if C0.1]. vhe space of all real
valued continuous functions over the closed
interval [0,1] is a Banach space with respect

to the norm cdefined by \fiI:J‘|f(T)|dr',

where f cC[0.11 and the integral is taken
in Riemann sense. <
(/) Let X and Y be inner product spaces. Then
show that a linear map F: X oY sausﬁe%‘
(Flx), Fly)) = (x4} for all x,ye X il and only
PE(x) - jix] for all xcX

where the norms on X and Y are induced

if it satisfics

by the respective inner products. 4

Answer any two questions from the following : 8+2=16
3. {a) Let ¥ and Y be Banach spaces and
Ae BLIX,Y). S3how that there 18 a constant

c> 0 such thar Ax zcjx| forall xeX if

and only if Keri4)=(0) and Ran(A) is closed

in X 3

(b} Ler X, ¥ be Banach spaces and Z be a
normed space. Consider Ge B(X,Z) and

H e B(Y,Z). Suppose that for every xe X,

there is a unique ye¥¥ such that

G(x) = H{y) and define F{x)=y. Show that

At

F e B(X,Y]). : o
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4. (a) Let M be a closed subspace of a Hilbert
space H and x = H. Then show that there
exist unigue y =M and z< Mt such that

-

X=y+2z. )

(bj Show that a normed space X is a Banach
space 1l and only if every absolutely
summable series of elements of X Is

summable in X 5
5. (a} Let Fand G be subspaces of a [lilbert space
H. Show that (F +G)t = r+ ~G*t. 3

(b} Let T ¢ BL{H)} where H i1s a Hilbert spate.
Then show that
| T2 =T ] T T 5

6. () Let X be an inner produci space arnd

A, Bc X. Then show that

() AcC B= B-c At
i) Ac A

(HI) A 4 = A dn "

b Tt {[x+ayi=l x-ayl is truc for all scalas

#, then show that x Ly. 2

* kK

S-4 /M. Sc. /MTM(P-401)/23 BL23(016)—150



