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ABSTRACT
This article attempts to solve the exponential Dagine equatior23* — 197 = z2
where X, y and z are non-negative integers usintal@ds conjecture, factorisation
methods, modular arithmetic, and elementary mattieahaconcepts. This equation has
exactly two solutiongx, v, z) = (0,0,0), (1,1,2).
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1. Introduction

Search for non-negative integer solutions of thepbantine equations [4] is of greater
interest to mathematicians all over the world fecabes. Of them, the exponential
Diophantine equations of the for + b¥ = z2 are studied by so many mathematicians
[5-12]. While solving these Diophantine equatiomsyell-known conjecture proposed in
the year 1844 by Catald8] plays a key role. Later in the year 2004, it wesved by
Mihailescu[3]. A new kind of Diophantine equation [9-12] of them a* — bY = z2
together with non-negative integer solutions arespecial interest in this paper.
Thongnak et al. [9, 11, 12] solved it fayb) = (2,3),(7,5), (15,13).The non-negative
integer solution sets for these equations{&¥®,0),(1,0,1),(2,1,1)}, {(0,0,0)} and
{(0,0,0)} respectively. Buosi et al. [10] investigated thepanential Diophantine
equationp® — 2¥ = z2 with p = k% + 2 a prime number for the integer solutions. In this
paper, the exponential Diophantine equa#di — 19¥ = z2 is investigated for the non-
negative integer solutions. As there are no gemaahods, Catalan’s lemma, factoring
method, modular arithmetic, and some basic matheata&oncepts [1] are used to solve
it for non-negative integer solutions.

2. Primary results

Lemma 2.1. (Catalan’s Conjecture [2] or Mihailescus Theorem B])

The quadrupléa, x, b, y) = (3,2,2,3) is the only integer solution for the Diophantine
equationa® — bY = 1, where a, x, b, y are integers wittin{a, x, b, y} > 1.
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Lemma 2.2.The exponential Diophantine equatiba- 19¥ = z2 hasnon-negative
integer solutiofy, z) = (0, 0).
Proof: let y and z be non-negative integers.

Consider the exponential Diophantine equatien19Y = z2 )
Case-1;y = 0. If y =0 then we get = 0 from (1) so thaty, z) = (0, 0) is a solution
of (1)

Case-2:y > 0. Thenz? =1 — 197 is a negative integer for > 0 which is a
contradiction to the fact thaf is a non-negative integer. Hence the only possibte
negative integer solution is= 0 and y = 0.

Lemma 2.3.The exponential Diophantine equati23® — 1 = z2 has only on@on-
negative integer solutidm, z) = (0, 0).

Proof: let x and z be non-negative integers.

Consider the exponential Diophantine equafidh — 1 = z2 2)
Case-1:x = 0.

If x =0 then we get = 0 from (2) so thafx, z) = (0,0) is a solution of (2)
Case-2:x > 0. If x = 1, then z2 = 22 this has no integer solution.

Forz = 1, 23* = 2 this is impossible.

Thusx > 1and z > 1, so thatnin{23,x,2,2} > 1.

Then by Lemma 2.1 the exponential Diophantine égoa3* — z2 = 1 has no
solutions. Therefore there is only one non-negatiteger solutiotw, z) = (0, 0).

3. Main result

Theorem 3.1.Let X, y and z be non-negative integers.

The exponential Diophantine equatizd3® — 19Y = z? has two non-negative integer
solutions(x, y, z) = (0,0,0)and (1,1,2).

Proof: let x, y andz be non-negative integers such b3t — 19Y = z2.  (3)
Case-1:x = 0 in (3), we getl — 19Y = z2.

Then by lemma 2.1 a solutidm, z) = (0, 0) is obtained. Thuéx,y,z) = (0,0,0) is a
solution of (3).

Case-2:y = 0in (3), we geR3* — 1 = z2. Then by lemma 2.2 a soluti¢m, z) = (0, 0)
is obtained. Thus we get a solutiony, z) = (0,0,0).

Case-3:x = 1 andy = 1 in (3), it gives a solutiofx, y, z) = (1,1,2) of (3)

Case-4:x > 1andy > 1

1mod4 ,if x is even
3mod 4, if xis odd

1mod4 ,if yis even

X — 92X —
We have23* = 3 —{ 3mod 4, if y is odd

and19Y = 3Y E{
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0 mod4 if bothx and y are even  (4)
0mod4 if bothx and y are odd  (5)
—2mod4 if xisevenand yis odd (6)
2mod4 if x is odd and y is even (7)
Neglect (6) and (7) as alway$ = 0mod4 or z? = 1mod4 .

Hence bothx andy are even or botk andy are odd.

Thusz? = 23* —19Y =3* - 3Y =

Subcase-1suppose that both andy are even non-negative integers.
Letx = 2m andy = 2n. Here m,n are non-negative integers.

Then (3) becomeg3?™ — 192" = z2 (8)
1927 = 232M _ 22 — (23™ — 2)(23™ + z). (9)
Let (23™ — z) = 19%, u is a non-negative integer. (20)
From (9) and (10), we géR23™ + z) = 192"7%, (11)

Adding (10) and (11), we ge( 23™) = 19% + 192" #=19%(1 + 192"-2%),
It follows that19* = 1 and2( 23™) = (1 + 192"~2¥),
From this we must hawe = 0,m = 0,n = 0 only. Thus again we get the zero solution.

Subcase-2Suppose that andy are odd non-negative integers.
Letx = 2m + 1 andy = 2n + 1, for some non-negative integensn.

Then from (3),232M*1 — 192n+1 = 72 (12)

1921+l = 232m+l _ ;2 — 232Mm (16 4 7) — 72 (13)

From (13),192™*1 — 232™m (7) = 23%2™ (16) — z% = (23™(4) — 2)(23™(4) + 2) (14)
Let (23™(4) — z) = 19", u is a non-negative integer. (15)
Then(23™(4) + z) = (192"*1 — 232™ (7))197% (16)

Adding (15) and (16) we g@8™(8) = 19% + (192™*1 — 232™m (7))197

23™(8) = 19%[1 + (192™+1 — 232™ (7))19724] (17)

From this19* = 1 and1 + (192™+! — 232™ (7))1972% = 23™(8)

Henceu = 0 only, so thatl + (192" — 232™ (7)) = 23™(8) (18)

As[1+ (19?271 —232™ (7))] = 1 mod4 and23™(8) = 0 mod4.

From (18) we get = O0mod4 this is a contradiction.

Hence there is no solution in this case.

Therefore (3) has exactly two non-negative integdutions(x, y, z) = (0,0,0), (1,1,2)
only.

4. Open problem
Search for the non-negative integer solutions efBliophantine equations of the form
p* —q” = z? where p and g are prime numbers witlt g.
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5. Conclusion
In this paper it is proved that the exponentialgiantine equatiod3* — 19Y = z2 has
exactly two non-negative integer solutiqnsy, z) = (0,0,0), (1,1,2).
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