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ABSTRACT
Recently, many researchers have proposed diffes¢anhsions of gamma, beta, confluent
hypergeometric, and Gauss hypergeometric functi@s. aim is to study another
extension of gamma and beta functions relatede@émeralized Mittag-Leffler function.
We also study some functional relations, integepkesentations and Mellin transforms.
Some special cases of obtained results are coadidad shown to further reduce to some
known results.
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1. Introduction

In recent years, several extensions of many offdhgliar special functions have been
considered by several authors [1-7]. In 1994, Chandand Zubair [1] introduced the
following extension of the gamma function

T,(A4) = [ th~texp(—t — pt~1)dt, (Re(p) > 0,Re(1;) > 0). (1.1)

In 1997, Chaudhary et al. [2] presented the foltmpéxtension of Euler’s beta function

1 — —
By(s, dp) = f 4171 (L= )%+ exp (— 5 ) dt, (1.2)

(Re(p) > 0,Re(1,) > 0,Re(1,) > 0),
and they demonstrated that this extension has ctione to the Macdonald, Error and
Whittakers functions. Apparently it seems thgfA,) = I'(1) and By (14, 1,).
In 2011, Ozergin [8] (see also Ozergin et al. @laduced and studied a further potentially
useful extension of the gamma and beta functiorisliasvs:

@) = [ 70y kg —t — pt=h) dt, (1.3)
(Re(ky) > 0,Re(k;) > 0,Re(A1) > 0,Re(A;) > 0 and Re(p) > 0),
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and

1 — -
Bgl'kz(h:lz) = fo thTt (1 - o)t Ry (k1; ko; _t(1p;—t)) dt, (1.4)
(Re(ky) > 0,Re(k;) > 0,Re(A1) > 0,Re(1,) > 0 and Re(p) > 0),
correspondingly, where F,represents the confluent hypergeometric functioremgiin
[10].
We clearly have

[ () = T,(4), (1.5 a)
L (1) = T(Ay), (1.5 b)
and
B (44, A2) = By(A1,4,), (1.5¢c)
Bgl'kz()l1,/12) = B(41,42). 1.5d)

Another extension of the beta and gamma functinrterims of integrals with the kernel
containing the Mittage-Leffler function has beernraduced by Pucheta [11] in the
following forms:

k(1) = [ th LEg, (—t)dt (ky € RY, Re(4;) > 0), (1.6)
and
B (M4, 45) = [}t~ (1 — )%71E, (—pt(1 - 1))dt, (1.7)
(Re(11) > 0,Re(1;) > 0,k; ERY,p = 0),
where the Mittage -Leffler functioB, (z)is defined by [12]

Ey, (2) = zg;;om, (z € C;Re(k;) > 0). (1.8)
Other properties and applications of this type ethlfunction were also discussed in [13,
14]
Abubakar et al., [15] presented the following exiethforms of the extended beta function

rkke(dy) = [ 7 tM71E , (—t)dt (ky € RY,Re(1;) > 0), (1.9)
and
B2 (2y,2) = [) th1 (1 — 0% E,, (—tp(1 — ©))dt, (1.10)
(Re(A1) > 0,Re(A,) > 0,k; € RY,p = 0),
where the Mittage -Leffler functioBy, x,(2) is defined by [16-18]

ZTL

By, (2) = Enco ooy (2 € G Re(ky) > 0, Re(k;) > 0). (1.12)
Obviously,
rkel(y,) = k1), (1.12 a)
(1) = T(Ay), (1.12 b)
and
By (A4, 42) = By (A1, Ap), (1.12¢)
By (A4, A2) = B(A4, 1y). (1.12 d)

The Caputo fractional integral, Riemann-Liouvilladtional derivative and integral have
also been introduced in [19, 20] by looking at aiqums (1.9) and (1.10).

Also, Shadab et al. [21] have introduced anothenfof the extended beta function as
follows:
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BY (M, ;) = f, th™H (1 — % E,, (— t(l’;_t)) dt, (1.13)
(Re(Ay) > 0,Re(1;) > 0,k; € RF,Re(p) > 0).

Goyal et al., [22] provided the following extensiohthe beta function by treating the

Wiman function as the kernel:

BY e, (A d2) = f) 71 (1= 0% By, (= 5 ) . (1.14)
(Re(,) > 0,Re(A;) > 0,kq k, € R, Re(p) > 0),
they also study some important properties such vatve formulas, integral
representations, functional relation and ., () is as defined in (1.11).

Al-Gonal and Mohammed, [23] used the Prabhakartfancto present the following
extended gamma and beta functions:

L () = [, th 1 ES  (—t — pt~V)dt, (1.15)
(Re(ll) > 0,ky ks, ks € RE,,Re(p) > 0),
and

B (4, g) = [ eht (1 — )L, (_m t)) dt, (1.16)
(Re(ll) > 0,Re(A;) > 0,ky ko, k3 € RS, Re(p) > 0)
WhereE,':f_k2 () isthe Prabhakar function defined as [24, 25]

© (k3) n n
k1 k; (2) = Xn=o n! T(kyn+ky) Z% (1.17)

(ki ky ks € CRe(ky) > 0,Re(k,) > 0,Re(ks) > 0).

Other properties of the extended gamma and betdiduns in equations (1.16) and (1.17)
such as extended hypergeometric functions, integaalsforms, multi-index beta and
hypergeometric functions were discussed in Al-GaarathMohammed [26, 27], Abubakar
and Kabara [28] and Alli et al., [29].

Abubakar and Kabara [30] study and stuthiedollowing extended gamma and beta
function by using the four-parameter Mittag Lafffanction:

Ll () = [t VES L (—t— pt~ D, (1.18)
(Re(Ay) > 0,ky ko, ks, ky € RE,,Re(p) > 0),

and

Bk p
kf;fz ks A1, 42) = f tM=1 (1 — )%~ lEk1 Ky ks ( t(1——t)) dt, (1.19)
(Re(ll) > 0,Re(A;) > 0,ky ko, ks, k4 € RS,,Re(p) > 0).

HereE,’ff_kZ,k3 (;) is the Salim function defined as [32]
k3 — [oe] (k3)n n
Exlk, i, (2) = Zn:O—(k4)nF(k1n+k2)Z ) (1.20)
(kl' kz, k3 € C, Re(kl) > 0, Re(kz) > 0, Re(kg) >0 ,Re(k4) >0 ).
Mainly driven by some interesting recertensions of gamma and beta functions.
In particular, by learning from the of work of Sladdet al. [21], Goyal et al., [22], Al-

Gonal and Mohammed, [23] and Abubakar and Kaba&g [8 this work, we will introduce
and study a new extension of extended gamma ardfbettions in terms of integral
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whose kernel contains the generalized Mittage-kefilinction. To do this, we recall that
the generalized Mittage-Leffler function is intrashd by Salim et al., [32] is as follows:

k3 k4.q (k3)gn n
k1 kyp (Z) Zn O(k4)pn F(k1n+k2)z ’ (121)

(kqi,ky, ks, ky € C;min{Re(k,),Re(k,),Re(ks),Re(ky)} > 0,p,q >0 and q <

Re_(kl) + p)l
It is obvious that we have

k k k k k3,k k k. k
kj,;*f(z) @, B (@) = B (@), Bl (@) = B2y (),
1k2 1( ) = F(k ) lFl(kZ: ng) E;:klzrl(z) = Ekl_kz (Z): E;;ﬁl(z) = Ekl(z):

EVL (2) = exp(2).

2. Main result
In this section, we have introduced a new furtlxéemsion of the gamma and beta functions

with their properties such as functional relations.

Definition 2.1. The further extended gamma function is given by:

;ff,f;,?p(/h) = t’ll‘lE,’?,f‘*g( t—pt1)dt (2.1)
(Re(1,) > 0,min{Re(k,), Re(k;,), Re(ks),Re(ks)} > 0,p,q > 0 and q < Re(k,) +p).
Clearly, we have

Tt () = ,i‘f,i‘;,? (A1), 2.2 a)
Moo, () = T 3k2 (), (2.2 b)
T, () = k1 . p(/h) 2.2 ¢)
v, () = me k2 (1), (2.2 d)
Lol 1, () = TE . (), 2.2 e)
131111 o) = Fpl' (A1), (2.21)
s, () = T,(4), 2.2 g)
Miato(h) =T(Ay). (2.2 h)

Definition 2.2. The new further extended beta function is given by'

1 - —
B (O 2) = [y th7 (1 - RS (L) ae (23)

(Re(4,) > 0,min{Re(k,), Re(k;),Re(k3),Re(ky)} > 0,p,q >0 and q
< Re(kl) + p )I
which can be reduces to

B:ff;fp(ll'AZ) = Bff"’}f;ﬁ (A1,22), (2.4 a)
Bie (A1, 22) = ,’:3',64.,,<Al.zz), (2.4 b)
Il?kll oA, 42) = k Ky p(ll'lz) (2.4 ¢)
BYL (44, 2y) = T B (A, 22), (2.4 d)
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Bili1p (1 22) = BY 4 (A1, 42), (2.4 ¢€)
By 1111 p(A1,A2) = Bp (/11:/12) (2.41)
111111,0(/11:/12) =B (11,/12) (2.4 9)
Bii10(A1A2) = B(A1, 4p). (2.4 h)

Theorem 2.2. (Functional relation) The new further extendedcfional relation for the
beta function is given by

Bl (A, A+ D)+ B (4 +1,4;) = Bkl (A4,4;). (2.5)

ku ez pip k1 k2.pip ket o, D3P
Proof:
k3 ka,q k3,k4.q
By kypip (41,42 +1) + Bkl,kz.p;p()% +1,1;)

_ (.1 A, pk3kaq y) A,—1 k3kaq p
—f e (- )ZElkzp( t(1- t))dt+f S Elkzp( t(l—t))dt

~ 11 ks k p
= f [t’11 -t +th1 -0 l]E 3k;g (_t(l—t)) dt

=J‘ -1 (1_t)12—1Ek3 k4‘1(_ P )dt

k1,ka,p t(1-t)
k3 ky.q
k1 k2,0;p (Al’ AZ)

3. Integral representations
In this section, we derive integral representationshe new further extended gamma and
beta functions in the form of the following theorem

Theorem 3.1. The following integral representations are truetifie new further extended
gamma function

k3 k4,q Zsin1710 ks kaq (sin%0+p cos?0)

et () = [z Byt (- S22 2)) g, (3.1)
k3 ks.q [ uti~t kg kaq (—ui-pu+1)?

k1 k2.p; p(/ll) f 1 (ur)h+t Ekl ) ( w(u+1) ) du, (3.2

rkakaa _ uMt kg g (—uf—p(u-1)?

k13k24'p p(ll) fo (u 1)11+1 Ekfk:p ( u(u—l) )du- (3.3)

Proof: In definition (2.1), by setting = tané,t = m andt = u:'
results (3.1),(3.2) and (3.3) respectively.

t—-a 1+t

Remark 3.1. In equation (3.3) putt = e U= andu = - we get the following

integral representations:

Coroallary 3.1. The following integral representations are true:

k Kaq _ o (t—a)"1™ M1 ko kaq (t—a)%—p(t—P)?

Mo () = (@ = B Jo gy L G L)
rkakaa 1ttt gkakaa (t+1)%2-p(t-1)2

k13k24'pp(/11) _2_[ 1 -1+t k13k24p (_—(t+1)(t—1) )dt, (3.5)
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kkq - _ = kkq_z___z
k13k24p p(ﬂ'l) 0 (t— y))‘1+1 Ekfk:p < %) dt. (36)

Theorem 3.2. The following integral representations holds troethe new extended beta
function:

B,l:f',fz‘*;’p()ll, A2)=2[2 6052’11_19 sin?42"19 E,’:f,f;‘g (—psec?Bcsc?6)do, (3.7)
pkakaa -t k3,k4,q 1
kfk:p p()q,/lz) fO —(1+u)11+/12 Ekf_k:,p (—p (2 +u+ Z)) du, (3.8)
k3,k4, _ B _ _ k3,k — ( — )2

By, 1)=(8 — )M [Plu — i (B — wyt Bt (2L gy

(3.9)

k3, Ka, A=A, (Vo Aq— —1 kakeaq [ —PV?

Berd (Mg, Ag) =y % [T u=i(y — )Pt B (u(;’fu)) du, (3.10)

Proof: In definition (2.3), putting = u = —— and t = 7;%‘; andt = % , we obtained the
results (3.7),(3.8) , (3.9) and (3.10) respectively

Remark 3.2. Substituting « = —1 and § = 1 in equation (3.9), we get the following
integral representation:

Coroallary 3.2. The following integral representations holds true:

ks.ka, —ol-di—1, 1 _ —1 pkakaq [ —4
Byt (g, A2)=2 "M% [T (u+ 1)1 (1 — )t Bt (22 du, (3.12)

Theorem 3.4. The following integral formula for the new exteddgamma functions:

k3 ka.q (Al)l—‘]i% Kaq (A,) = 41'0% f0°°52(11+/12)—1605211—1951-712/12—19

kl ka2, p;p k2,0;p
fez.ke -p k,ks, .
X Eilern (_5 cos6 — Szmze) Elinn (—stmzé’ o 9) dsdf. (3.12)
Proof: Puttingt = n? in definition (2.1), we get
k k k3,k
Lk (A) = 2 [y pPh gt (—p? _7%) dn. (3.13)
Such that
Terienmo )T (32)
® - -1 k3 ks, P\ gkak
= 4f0 fo 224 1%’212 1Ek13’k24,g( n —77—) kfk;;]l( 5'2 )dT]df (314)

Puttingn = s cos @ and & = s sinf in (3.14), we get the result in (3.12).

4. Connection with the other special functions

Theorem 4.1.
k Ka,q T'(k4) A= Ar—1 (k31 Q): (111)
ks (22 = fes [y €97 (1= 08 gy [ 00—
(4.1)

Proof: Applying the result from Salim et al., [32]
k3 Ky, Q( ) F(k4) w [(kSI q)l (1 1) ]
kl k2 P F(k3) 2re (k4l Q); (kZJkl)
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On settingz —» — t(lp_t) 4171(1 — t)*2~1 and integrating with
respect ta limit from 0 to 1, gives the desired result in equation (4.1).

Theorem 4.2.

k k4,q
niz‘; p(/’{llAZ)

_ _ 1, A(q, k3).
—__ - A—-1 _ A\ A,—1 p
= F(kz) fO t"1 (1 t) 2 q+1Fp+n [A(Tl, kz)’ (p’ k4) t (1-¢) ppnn
wherek; = n € N.
Proof: Using the formula from Salim et al., [32]
k3 k4, Q( ) _ A(ql k3)_ qu t
”"2 P F(k T a+1pen A(n kz) (D, ky) " pPn"
On settingz — t(l—t)' multiplying both sides by*1=1(1 — t)*2~! and integrating with

respect ta limit from 0 to 1, gives the desired result in equation (4.2).

dt, (4.2)

Theorem 4.3.
Byt o (A1, 22)
T'(k4) -1  A\A—1 (0,1) (1_k3;Q)]
= s fo et -0 ] o o Kk, (—kopyl % 43

Proof: Applying the result from Salim et al., [32]

Elekat () = T gzl 0,1 (1- kg,q)]

kl k2 p F(k ) (0,1), (1 - kZl kl)l (1 - k4' p) '

t(l_t) 41=1(1 — t)*2~1 and integrating with

respect ta limit from 0 to 1, gives the desired result in equation (4.3).

On settin

5. Mdlin transform
Mellin transform representation of the new extenbiet function in the form of following
theorem:

Theorem 5.1. Mellin transform representation of the new extendeth function is given
by

Iy Pt 1B:f,f;gp(/11,/12)dp B(Ay + 1,2, + l)r,f3 el (), (5.1)

(Re(l) > 0,Re(A; +1) > 0,Re(1, + 1) > 0,Re(p)
> 0,min{Re(k,), Re(k,), Re(k3),Re(k,4)} > 0,p,q > 0 and q
< Re(ky) +p).
Proof: Multiplying equation (2.3) by!~! and integrating the equation with respecp to
limit from p = 0 top = o, we get
o P By G Aaddp = [t [ (= 0% B (- ) dedp.
(5.2)

Interchanging the order of integration in the rigland side of equation (5.2), we have

oo 1 — — oo
Iy PR (n d)dp = [ e (L= 0% {7 p T Bt (- L) dp) dt.

(5.3)
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Now using the one-to-one transformation (excepsipbgat the boundaries and maps the

region onto itselfp = vt(1 — t) in equatiof5.3), we get

Jy P B (A, o )dp = [ €D (1 = @D lde {[ PV B (—v)dv),
(5.4)

which on using definition (2.1) (fgr = 0)in the right-hand side yields the desired result

in (5.1).

Theorem 5.2. The inverseMeIIin transform is given as

Byt (A, 49) = — fyyﬁj By + 1A, + DT (1) p~tl, (5.5)

Proof. Equation (5.5) follows as a consequence of (5.1).

6. Special cases
In this section, we derive some results for sonnmoof the new further extended gamma
and beta functions in as special cases of thetsedaitived in the previous sections.

() Settingp = g = 1 in equations (2.1) and (2.3) reduces extended gaanmd beta
functions in (2.2 b) and (2.4 b) presented by Alkalband Kabara [23], ifo =
q =1 andk, =1, equations (2.2 c) and (2.4 c) can be obtained At€&onah
and Mohammed [23], letting = ¢ = 1 andk; = k, = 1 Ozarslan and Orzergin
[8] extended gamma and beta functions in equaf{@risd) and (2.4 d) can be
established putting =q =1 andk; = k, = 1 one can obtained equation (2.4
e) introduced by Goyal et al., [22], substituting= ¢ =1 andk, = ks =k, =
1, the new introduced by Shadab et al., [21], Chaudind Zubair [1] and
Chaudhry et al., [2] in equations (2.2 g) and @.4moreover, classical gamma
and beta functions in equations (2.2 h) and (2.4d) be obtained by settipg=
q=1,k, =k, =k; =k, =1andp =0, see [34].

(D)) Settingp = 1 in equations (2.1) and (2.3) and using (2.2 b)@mid) reduced to

the following (presumably)ew extended gamma and beta functions
k k L8 —1 k3,kg, -
kfk;g('h) =/, th lEkik;q(_t - pt™H)dt,

(Re(A,) > 0,min{Re(k,),Re(k,),Re(ks),Re(ks)} > 0and q € (0,1) UN),
and

Bk, 2) = [y t47 (1 — 9% e (- L),
(Re(/'ll) > 0,min{Re(k;),Re(k;), Re(k3),Re(k,)} >0, g € (0,1)UN ),
hereE k‘* q(z) is the generalized Mittag-Leffler function intramkd by Khan and Ahmad

[35, 36] (k)
k3 ka,q _ (ks3dgn n
kl k> @) = Zn =0 (ky) nI(kyn+ky)

(ky, ko, k3, € C;min{Re(k,),Re(k;),Re(ks),} > 0, and q € (0,1) UN).

68



A further Extension of Gamma and Beta Functionslving Generalized Mittag-Leffler
Function and its Applications

(1 Settingp = 1 andk, = 1 in equations (2.1) and (2.3) and using (2.2 b)(@mwid)
reduced to the following (presumabhgw extended gamma and beta functions

[kakad A —1kskeq -1
k13k24p p(ﬂ'l) - f t Ekfk;'p (_t - pt )dt,

(Re(A,) > 0,min{Re(k,),Re(k,), Re(ks),Re(ks)} > 0and q € (0,1) UN),
and

pkakad 1.2,- Ay—1K3kaq
kfk;p(/lb/lz)—f ™ 1(1_t) 2 1Ekfk24 ( t(1- t))dt

(Re(4,) > 0,min{Re(k,), Re(k,), Re(ks3),Re(k,)} > 0,and q € (0,1) UN ),
here E,’ff',’:;’q(z) is the generalized Mittag-Leffler function introskd by Shukla and
Prajapati [33]

k3 k4,q o) (k3)qn n
k1 k2 (2) = Zn=0 n!T'(kyn+ky)

(ky, ko, k3, € Cmin{Re(k,),Re(k;),Re(ks),} >0, and q € (0,1) UN).
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