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ABSTRACT
Fuzzy graph models take on the presence beingitdniglin environmental and fabricated
structures by humans, specifically the vibrant psses in physical, biological, and social
systems. Owing to the unpredictable and indiscrétgirata which are intrinsic in real life,
problems are often ambiguous, so it is very chgllanfor an expert to exemplify those
problems by applying a fuzzy graph. Bipolar fuzzgmhs, belonging to the fuzzy graphs
family have good capabilities when facing probleimst cannot be expressed by fuzzy
graphs. Therefore, in this paper, we have introdtice degree and total degree of an edge
in the cartesian product of two bipolar fuzzy gmphikewise, u —complement, self
u —complement, and self weak—complement on bipolar fuzzy graphs have been
presented. Finally, an application of bipolar fuziigraphs in social relations has been
given.

Keyword: Bipolar fuzzy graph, cartesian product, total edggree,u —complement, self
weak u —complement.
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1. Introduction

The origin of graph theory started with the problefrKonigsberg bridge, in 1735. This

problem leads to the concept of the Eulerian grénher studied the problem of the

Knigsberg bridge and constructed a structure thlaes the problem called the Eulerian
graph. In 1840, Mobius gave the idea of the comeplgtaph and bipartite graph and
Kuratowski proved that they are planar by meanseofeational problems. At present,

graph theoretical concepts are highly utilized bmputer science applications. Especially
in research areas of computer science including daining, image segmentation,

clustering, image capturing, and networking.

In 1965, Zadeh [24] introduced the notion dfizzy subset of a set. Since then, the
theory of fuzzy sets has become a vigorous areeesd#arch in different disciplines
including medical and life sciences, managemernses, social sciences, engineering,
statistic, signal processing, decision making, antbmata theory. In 1994, Zhang [25]
initiated the concept of bipolar fuzzy sets asregalization of fuzzy sets. A bipolar fuzzy
set in an extension of Zadeh's fuzzy set theorysghmembership degree rangg-sl,1].

In a bipolar fuzzy set, the membership degree &oélement means that the element is
irrelevant to the corresponding property, the mastip degree(0,1] of an element
indicates that the element somewhat satisfies tbpepty, and the membership degree
[-1,0) of an element indicates that the element somesdizfies the implicit counter-
property. The fuzzy graph concept serves as ortheofnost dominant and extensively
employed tools for multiple real-word problem regmetations, modeling, and analysis. To
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specify the objects and the relations between thieengraph vertices or nodes and edges
or arcs are applied, respectively. Graphs have b@®n used to describe objects and the
relationships between them. In 1975, Rosenfeldliglussed the concept of fuzzy graphs
whose basic idea was introduced by Kauffman [4]19@3. Bhattacharya [2] gave some
remarks on fuzzy graphs. Mordeson and Peng [5ddinited some operations on fuzzy
graphs. The complement of a fuzzy graph was defimedordeson [6]. Jun in [3]
introduced intuitionistic fuzzy graphs. Gani anddRa investigated the degree of a vertex
in some fuzzy graphs [7]. Akram et al. [1] introédahe concepts of bipolar fuzzy graphs.
Rashmanlou and Jun defined complete interval-valuer, graphs [9]. Rashmanlou et al.
[10, 11,12,13,14,15] introduced several propeuifelsipolar fuzzy graphs, vague graphs,
and interval-valued fuzzy graphs. Samanta and riRastigated fuzzy tolerance graphs
[18], bipolar fuzzy hypergraphs [19], fuzzy k-cortiien graphs, and p-competition fuzzy
graphs [20]. Radha and Kumaravel [17] defined thgrele of an edge in cartesian product
and composition of two fuzzy graphs. Talebi ef2l.,22,23] investigated new results in
interval-valued intuitionistic fuzzy graphs. Inshpaper, we defined the degree of an edge
in the cartesian product of two bipolar fuzzy greygh and G, in some particular cases.
Furthermore,u —complement, selft —complement, and self wegk—complement on
bipolar fuzzy graphs have been described. Finafiyapplication of bipolar fuzzy digraphs
in social relations has given Throughout this pager= (4;,B;) and G, = (4,,B,) are
two bipolar fuzzy graphs with underlying crisp dgnagg:; = (V1, E;) andG; = (V,, E3)

with |Vl| = Pl (l = 1,2)

2. Preliminaries

A fuzzy subset of a sét is a mappings from V to [0,1]. A fuzzy graphG is a pair of
functions G = (o,u) where o is a fuzzy subset of a non-empty détand u is a
symmetric fuzzy relation orv, i.e. u(u,v) <o(w)Aoc(), whereg(u)Ao(w) =
min{c(u),o(v)}. The underlying crisp graph @ = (o, ) is denoted by¢* = (V,E)
whereE € V x V. The degree of a vertax is d; (1) = Y2, u(uv). Sinceu(uv) >0
for uv € E, thenu(uv) = 0 for uv € E. This is equivalent tai; (u) = X, yey u(uv).
The minimum degree of is 6(G) =A {d;(v),V v €V} and the maximum degree 6f
is A(G) =V {d;(v), Vv € V}. The total degree of a vertexe V is defined bytd;(u) =
Yuzv H(uv) + o(u). Sinceu(u,v) > 0 for uv € E, thenu(u,v) > 0 for uv € E. This
is equivalent totd;(u) = dg(u) + o(u). The order and size of a fuzzy graghare
defined byO(G) = Yyey o(w) and S(G) = Y wer u(uv). Let e = uv be an edge in
G*. Then the degree of an edge= uv € E is defined byd;-(uv) = dg-(w) + dg+(v) —
2.

Definition 2.1. [5] The cartesian product of two fuzzy graphs G, = (o4,144) and G, =
(04, 1) is defined as a fuzzy graph G = Gy X G, = (07 X 02,44 X i) on G* = (V,E)
where V =V; xV, and

E={(uy,u)(w,vp)|luy =vy and u,v, €E, or u,=v, and u v, €
E}
Wlth (0-1 X 0'2)(u1,u2) = 0’1(”1) /\0’2(”2), fOI‘ a” (ul,uZ) € Vl X V2 and

(U1 X p2) ((ug, ux) (v4,v2)) =
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{01(111) ANup(uzvz) if  wy=v;  and upv; € Ey,
o (U2) A (ugv1)  if  up =y and u,v; € Ej.

Definition 2.2. [25] Let X be a non-empty set. A bipolar fuzzy set B in X is an object
having the form

B = {(x, u(x), 4 (X)) |x € X}
where pf: X > [0,1] and p§: X - [-1,0]. We sayA4 = (uyp, un): X X X - [0,1] X
[-1,0] is a bipolar fuzzy relation oX, where u,r(x,y) € [0,1] and u,n(x,y) €
[—1,0].

Definition 2.3.[10] Let A = (u p,u n) and B = (ugp, ugn) be bipolar fuzzy sets on set
X.If A= (uyp,p ) isabipolar fuzzy relationonset X, then A = (u,p, u,n) iscaleda
bipolar fuzzy relation on B = (ugr,ugn) if p,up(x,y) < min(uge(x), ugr(y)) and
uun (x,y) = max(ugn (x), ugn (), for all x,y € X. A bipolar fuzzy relation A on X is
called symmetric if p,r(x,y) = pyp(y,x) and uun(x,y) = uun (v, x), for all x,y € X.
By abipolar fuzzy graph G = (4, B) ofagraph ¢* = (V,E) wemeanapair G = (4, B),
where A = (u,p, 1, n) isabipolar fuzzy seton V and B = (uge, pgn) isabipolar fuzzy
relation on E suchthat for all xy € E

ugp(xy) < minuyp (), pap(y)) and ppn(xy) = max(pyn (x), pan ()

Definition 2.4.[1] Given a bipolar fuzzy graph G = (4, B) with the underlying set V.
Then the order of G is defined by 0(G) = (X ey My (X), 2xev Hyn(x)). Moreover, the
size of a  bipolar fuzzy graph G is defined by S(G)=
c pgp(xy), 2 ugn (xy)). The open degree of a vertex u is defined as
X* X+y
x,yEV X, yEV

deg(uw) = (dP(w),d"(w)) , where d°(w) =% pgr(uv) and dV¥(u) =

Uu#v

uev
Zu# ugn (uv). If all the vertices have the same open neighborhood degree n, then G
uev

iscalled an n-regular bipolar fuzzy graph.

Definition 2.5. [17] Let G = (o,u) be a fuzzy graph on G* = (V,E). The degree of an
edge uv is dg(uv) = dg(w) + dg(v) — 2u(uv). The minimum degree and maximum
degreeof G are 6;(G) =A{dg;(uv),V uv € E} and 4 (G) =V {d;(uv),V uv € E}.

Definition 2.6.[17] Let G = (o, u) beafuzzy graph. Thetotal degree of anedge uv € E
isdefined by tdg; (uv) = dg(w) + dg (v) — u(uv).

Definition 2.7. [1] The cartesian product G = G; X G, of two bipolar fuzzy graphs G; =
(A4, By) and G, = (4,,B,) of the graphs G; = (V4,E;) and G, = (V,, E;) is defined
as a pair (A; X Ay, By X By) such that:

. {(HA{’ X HAQ)(UPUZ) = min(ﬁu,qf (ul)' .uAé’ (uz))

or all (uq,uy) €V,
gy X )y, 43) = Max(pyn () g () 7 (t2,112)
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{(uBf X ) (W Uu2) (4, v5)) = min(pzp (w), tpp (Uzv2))
for all wu

(g X ) (0 22) (1, v2)) = max(iyn (W), iy (Uz12))
€V, and u,v, €E,,
(i {(uBf X ugp)((u1,2)(vy, 2)) = min(ugp (Ug 1), fye (2))
(gn X ) (11, 2) (01, 2)) = max(ppy (urv1), 1y (2))
€V, and uwv, €EE;.
Theorem 2.8.1f G; = (44,B,) and G, = (A,, B,) aretwo bipolar fuzzy graphs such that
Hyp < pgp @ndpu,n = ppn. Thenp,e = ppe, uyy < ppv and vice versa.

for all z

3. Degree of an edgein the cartesian product

In this section, we define the total degree of @exe degree and total degree of an edge in
bipolar fuzzy graphs and prove two basic theordrashelp us for deriving the degree of
an edge in the cartesian product.

Definition 3.1. Let G = (4, B) beabipolar fuzzy graph. Then thetotal degree of a vertex
uev |sdef|ned by td;(w) = (tdE(w), td¥ (w)) where

df (1) = Ty gr(W0) + ip(@)  and  tdf (W) = Tywy v (uv) +
Han ().

Definition 3.2. Let G = (4, B) be a bipolar fuzzy graph on G* = (V,E). The degree of
an edge wv is dg(uv) = (dE(uv),d¥ (w)) where df(uv) =diw)+d2w) -
2ugr (uv) and df (uv) = dY¥ () + dY¥ (v) — 2ugn(uv). Thisisequivalent to

) =3, Hprw)+3 ppp(wo),  df(uv) =
) g (uw) + 3,

UWEE

WUVEE
W#v W#*U
€EE

gy (W).
WEZY) w*u

The minimum degree and maximum degre& ohre
6p(G) =A{dg(uv),VY uw € E} and Ag(G)=V{ds(uv),V uv € E}.

Definition 3.3. Let G = (4, B) be a bipolar fuzzy graph on ¢G* = (V, E). Then the total
degree of an edge uv isdefined by tdg(uv) = (tdZ (uv), td¥ (uv)) where

di(uv) =df(w) + dE(v) — ppr(uv) and  td (uv) = d¥ (W) + d¥ (v) —
HpN (uv)
This is equivalent to

tdf (uww) = Z ugp(wu) + Z g (WV) + ugr(uv) = df (uv) + uge (uv),

UWEE WVEE
W#*V

Y (uv) = Z pgn (uw) + Z U (W) + gy (uv) = dY (uv) + pgw (uv).
UWEE WUVEE
W#V WU
Examples 3.4. Consider bipolar fuzzy graph G defined as follow.
dg(uw) = (0.6,-0.8), td;(u) = (0.9,—-1.2), §(G) = (0.6,—0.8) = d;(u) and A(G) =
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(14,-1.7) =dg(w) , dg(uv) =(0.7,—-09) , tdg(uv)=(1,-13) , 6g(G)=
(0.7,—-0.9) = dg(uv) = dg(wz), Ag(G) = (1.4,—-1.7) = d; (uw).

/ \ 03,04 [ O\

| 3, -0.4) : HOL.—Dﬁﬂ

-

(07,-08) ({05, -0.9))

\/

Figure 1. Bipolar fuzzy grapm

Note: By the definition of cartesian product, for angu,,u,) €V, xV, and
((ul,uz)(vl, Uz)) eEFE W|th u1 = Ul, uz * Uz or ul * vl, uz = Uz
dglez((ulluz)(vltvz)) =2

#Bg’)((ul:uz)(zl:zz))

(21,22) (v1,v2)EE

(.u)g;'iE> X

(ul'uZ)(zl'ZZ)EE(Z1'22)¢(V1'V2)

(#Bf X :uBf)((Zl' 73)(v1,12)).
(21,22)#(uq,uz)

Also, we have
A, xg, (U, uz)(v1,v2)) = % (upy X

(ul'uZ)(zl'ZZ)EE(Zl,ZZ)¢(U1,172)
HBQ’)((UL U,)(21,22))

(21,22)(v1,v2)€EE

If u1 = Ul, uz * Uz, then
dglez((ul'uz)(ulvvz)) =X

#Bg’)((ul:uz)(zl:zz))
(e X 152) (21, 22) (13, 7).

(21’22)(uI’VZ)EE(ZLZz);t(uLuz)

=) (#Bf X #Bg)((ubuz)(ubzz))

(uy,uz)(u1,22)€E,uq =Z1Z2 #v,

(g % 1) (21, 22) V1, 72)).

(21,22)#(uq,u2)

(:ugf X

(ulruZ)(21’22)EE(Z1'22)¢(711'172)

(.UBf X ﬂBP)((ul' U)(21,u2))

(ul’uz)(zl’uz)EEuzzzz
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(.UB{’ X Hgg)((ub Z3) (U1, V7))

1=Uq,Z2F Uy

(HB{’ X Hgg’)((zl: V) (Uq,v2))

V2

= Hap (Ug) A pgp (UzZp) +

UyZ2€Eu =2
2Z2€L7,Uq 122¢v2

ZulzleE,u2=zz HB{’ (u121) A HA‘;’ (uz)

(ul’Zz)(ul’Uz)EEz

(21’172)(111’”2)552 _
.=

ﬂAfl’ (ul) A ﬂgf (ZZUZ) +
Zp Uy
Zzlu1€E1,22=v2 ,Lle (z1ug) A ,LlAg (v2)-
So,

ZyV€E7,Zz1=U,q

dgleZ ((uq, u2) (W, v2)) = Xgyevy zp %0, KaP (u1) A UgP (u222) + Xzjev, UgP (u1z1) A Hgp (uz)
+ Xz,evy 2%, Hap (u1) A UpP (Z2v2) + Xzev, HpP (z1ug) A [ (v2).

(3.1)
In the same way we can show that

dglxaz ((ug, u2) (Ug, v2)) = Xzyev, 2, %0, Hal (u) v Uph (U222) + Xz ev, Upn (u1z1) v Byl (uz)
+ Zzzevz,zz#:uz /1,411" (u) v :uBQ’ (z2v2) + Zzlevl ﬂB{V (z1u) vV /1,412" (v2).

(3.2)
If u; # vy, u, = vy, by routine computations it is easy to see that

dglxcz ((up, ux) (v, up)) = ZZZEVZ ﬂAfl’ (u) A ﬂgf (uzzy) + ZzleVl,zl#:vl ,Lle (u1z1) A /1,45 (uz)

+Xzen, tap (V1) A pgp(2auz) + Yz, €Vy, 7y %1y Hgp(21v1) A pyp (Uz).
3.3)

dlcleaz ((ul,uz)(vl,vz)) = Z Hal (up) v Hpy (upzy) + Z HB{V(u1Z1) Vi (uz)
Z2€V, Z1€V,Z1 %V,
£ @OV @)+ D gy @) V iy ().
Zy €V, Z1€V,Z1#FUq
(3.4)
In the following theorems, we find the degree ©Ofu;,u,)(u;,v,)) and
((uq,uz)(vq,uy)) in G; X G, interms of those i, and G, in some particular cases.

Theorem 3.5. Let G; = (44,B,) and G, = (A,, B;) betwo bipolar fuzzy graphs. If
HaP 2 HgPy UuN S UpN, Hap 2 UpP andquzv < UgN, then
° dglez ((ug, uz)(ug,v2)) = ngl (ug) + dgl (uzv2),
if ((u1,uz)(ug,v2)) EE,
leleGZ((ulruZ)(ulrvz)) = de}’l (ug) + dgl (uav2),
if  ((u,uz)(wy,v2)) €E.
* dglxcz((upuz)(vbuz)) = dgl(uﬂﬁ) + ngz(uz): if  ((up,uz)(v,u)) €E,
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dGleZ((ulluZ)(vltuz)) = dé;vl (ugvq) + Zd (uz) if  ((up,uz)(vy,uz)) EE.

Proof: We haveu,r = ugp, uav < ppn, piye = pigp andpu,y < ppn. From(3.1) and
(3.2), for any (uq,uy)(uq,v,) €E,
dglez((ulvuz)(ul: V3)) = Xzevy z,#v, Hap (U1) A pgp (Uz22) +
Yz ev UgP (u121) A Kok (uz)
+ Xz,evy 2y, HaP (u1) A UpP (z2v2) + Xzyev, KpP (z1ug) A Kok (v2)
= Y, ey 220, KpP (U223) + Xz ev, KgP (u12z9) +
ZZZEVZ,ZzatuZ ﬂgf(zzvz)
+2zen, HgP (z1wq)
= 2d¢, (uy) + dg, (U ).
By the similar way, we havdGlXGZ((ul,uz)(ul,vz)) = (u1) +ad¥ , (Uz12).
From (3.3) and (3.4), for any (u, u,)(vy,uy) € E
g, xe, (U1, U2) (V1,U2)) = Tgyev, Har (W) A pigr (UaZ,) +
Dz, €V, 2, %0, UgP (u1z1) A Hgp (uz)
+ ZZZEVZ AP (v A ﬂBP (z2v7) + ZZIEVl Z1#FUq BP (z1v) A :uAP (uz)
=Ysev, tgp(uzzz) + Dz, €V, 2, %0, tgp(u1zy) + Yz, tgp (22Uz)
+ Zzlevl 2, FUq :uBP(Zlvl) =d 1(ulvl) + 2d62 (uz).
Similarly, we can show thatf g, ((u1,u;)(v1,u)) = dg, (ugvy) + 2dg, (uy).

Examples 3.6. Consider the bipolar fuzzy graphs G,, G,, G, X G, shownin Figure 2.

251 L fag, L‘.g (24 QJ

/"_""‘\_ Ve {2\ 77N VAR

((0.4,-0.6), ((0.3,-0.6)) fU%—OM“——————ﬂO4 ~0.6))
N NI AN N
(03,0.4) (0.3,-0.5) | (0.3,-0.4) (0.3,-0.4)

N N SN N

(0.5, -0.7)) :w4—ﬂdh noa—OML_?_Tﬁgmg,mJ”
! — JI‘ J
\\1 / N4 N4 N
0 o2 (w1, ) 2 7, (vive)
G1 ?2 C‘l x Cz

Figure 2: Cartesian producfG; x G,) of G; andG,
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Since, e = ppp, piyn < pipy and pup = pipe, Py < ppn. Then by Theorem 3.5 we
have
dg, x6, (U1, uz) (U, 1)) = 2d§, (uy) + dg, (upv;) = 2(0.3) + 0 = 0.6,
dg xe, (U, uz) (U, v2)) = 2dg, (uy) + dg, (upv;) = 2(=0.4) + 0 = —0.8,
dg, xc, (V1 u2) (V1,v2)) = 2d¢, (v1) + dg, (upv;) = 2(0.3) + 0 = 0.6,
g, xe, (v, ux) (V1,v2)) = 2df, (v1) + df, (u,v,) = 2(=0.4) + 0 = —0.8,
dg, xa, (U1, u2) (1, u2)) = dg, (ugvy) + 2dg, (up) = 0+ 2(0.3) = 0.6,
dg x6, (U1, u2) (v1,u2)) = dff, (ugvy) + 2dg, (up) = 0+ 2(=0.5) = 1.
Similarly, we can find the degrees of all the edgeG, x G,. This can be verified in
Figure 2.

Theorem 3.7. Let G; = (41,B;) and G, = (4,,B,) be two bipolar fuzzy graphs. If
Hap < pgp o pian = gy and pup, p,v be constant function with pyp(u) = cq

,qulv(u) = ¢y, for al u € V;, then
(@) For any (u,ux)(up,vy) €E dgleZ ((ug,uz), (ug, v2)) = ngl(uﬂ +
c1(dg; (uz) + dg; (v;) — 2) and
dg we,(ur, u), (ug,v2)) = 2d§, (ug) + C1(dlcvz* (uz) + dg; (v2) — 2).

(@) For any (uyuz)(vyuz) €E dglxcz((ul:uz): (vpup)) = dgl(ulvl) +
2¢,dg; (uz) and

A8, xg, (U1, U2), (V1,u2)) = df, (g v1) + 2¢1dg; ().
Proof: Since u,p < upr and u,v = pgy, then Theorem 2.8 showg,r = ugp and
Haly < UgN. From (3.1) and (3.2), for any (uy,u;), (uq,v,) € E,

dgleZ((ulruZ)r (U1, 12)) = Xz ev,2, 20, tap (Ug) A pgp (Uzzz) +
Yzev, Hpp(U121) A pgp(uz)
+ Xz,evy 2y #u, tap (Ur) A pgp (2202) + Yz ev, tgp(Z1ug) A pryp (V7).
SinceuAf(u) =q andqulv(u) =cy, forallu ev;.

dglez ((ug, uz), (ug, v2))

ZZZ eV usz, EEZZZ #v,

+ Z ¢+ Z KgP (z1uq)
Zy€V,),Z,V,€E, Z1EV;

Z, Uy 1

= Z 1+ Z KgP (u1z9) + Z ¢+ Z HgP (z1uy)
uZZZGEZ’ZZ;:vZ Z,1EVy ZyV,€E; Z, EVy

Zy# Uy
=G (d% (u) — 1) +dg, (uy) + C1(d§; () — 1)
+dg, (uy) = 2dg, (uy) + ¢1(dg; (uz) + dgs (v2) — 2). By the similar way we have
dg, xe, (U1, uz), (ug,v2)) = 2dg, (ug) + C1(dg; (uz) + dIsz* (v2) — 2). The prove
of (ii) is similar to above argument.
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4. u —complement and self u —complement bipolar fuzzy graphs
In this section we defined*: (4, B*), u —complement of a bipolar fuzzy gragh

Definition 4.1. Let G = (4,B) be a bipolar fuzzy graph. The u —complement of G is
defined as G*: (4, B*), where B* = (u!,, uty) and we have:

ph) Aph ) —ug(xy)  if  ug(xy) >0
Hgr(xy) =140 if  pp(xy)=0
YO VY O) —uy(xy)  if  pp(xy) <0
ppn (xy) =10 if  up(xy) =0

Definition 4.2. A bipolar fuzzy graph ¢ issaid to be a self u —complement bipolar fuzzy
graphif G = G*.

Theorem 4.3. Let G = (4, B) be a self u —complement bipolar fuzzy graph of a graph
G* = (V,E). Then,
up(ey) =% Hh () Ak ),

FEY B (xy)>0 ¥ B (x)>0

Ty B () = 5 By 1Y () V ) ().
Proof: Let G = (4,B) be a selfu —complement bipolar fuzzy graph of a graph=
(V,E). Then, there exists an isomorphismV — V such thatu}(x) =y;fp(g(x)),
Pl =wn(g(x) , for all xeV and pf(xy) = pulp(g()g(®)) , ugCxy) =
uin(g()g (), forall x,y € V.

Now by definition of G#, for all x,y € V which u£(xy) > 0 we have
e (9()gO) = 1 (g()) A i (9(0)) — 1pp (9(X) g (1))

ie., up(xy) = Wp(g(0)) A (9() — 1hr(g(0)g())-
Hence,
pg(xy) + X TACIEILICDED) 14 (X) A g ().
XY UB (xy)>0 ¥ B (xy)>0 IV B (xy)>0
It follows that

2202 >0 HEOY) = Zppeyy=0 HE(G(DIB)) = By )50 Ha () A i ().
In other hand, ifub(xy)=0 and ub(g(x)g(y)) #0 for some x,y €V, then
1e(g()g() = 1ar(g()) A s () = pup(x) A (y). Thus
2 Yy HE(XY) = Ty 14 (X) AL ()

. 1
L. e-;2x¢y ﬂg(xy) = EZx#:y :uﬁ (x) A uﬁ(y).
Similarly we can show that

ey MY () = 3wy 1) (0 V i ().
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Definition 4.4. Abipolar fuzzy graph G = (4, B) issaidtobeasdfweak yu —complement
bipolar fuzzy graph if G isweak isomorphic with G*.

Theorem 4.5. Let G = (4, B) be a self weak u —complement bipolar fuzzy graph of a
graph G* = (V,E). Then,

Try HE(Y) < 3 Tny () ARG (),

Sy MY () 2 5 By 1} () V i ().
Proof: Let G = (4,B) be a self wealu —complement bipolar fuzzy graph of a graph

G* = (V,E). Then there exists a weak isomorphignt — G* such that for alk,y € V
we have

ph () = o (h(x)) = ph(h(x)), Y () = by (h(x)) = pf (h(x)), for all x €
V.
1E(xy) < pbp (RGO, 1 (xy) = oy (h()h()), forall x,y € V.
If uE(x) >0, then ugp(x)(h(x)h(y)) >0 and using the definition of
complement in the above inequality, we have
uE(xy) < ppp (h(ORM)) = wh (h()) A pf (R()) — g (h()R ()
HE (xy) + ug (hEOR)) < pf(h()) A pg (h()

up(xy) + % ug (h(x)h(y)) <
XEY b (xy)#0 XY U (x)>0
1h (h(xX)) A e ((Y)).
XY uP (xy)>0
So,
Yazy UB(XY) + Yxey up(R(O)R(Y)) — X g (h(x)h()) <
Y uBxy)=0

BB >0 Ha (h(0)) A g (h().
Now i (h(0)h(¥)) < b (h(x)) A i (h(¥)), implies that
2wy HE(XY) < Yrwy i (h()) Al (R(¥))
= Yawy My (X) AUl ().
Hence,
sy H(Y) < 5 8xay HE(O) A ph ().
Similarly, we can show that

ey B () 2 5 By 1) (O V i ().
Theorem 4.6. Let G = (4, B) beabipolar fuzzy graph of a graph G* = (V, E), if

uh(y) < (b Apb () and uf () 2 S (Ui () v (») . then G =
(4, B) is a self wealu —complement bipolar fuzzy graph.

Proof: Consider the identity mapV — V, uh(x) = ph (I (x)), u¥ (x) = u (I1(x)), for
all xeV.
By definition of u&, for all x,y € V such thatuf (xy) > 0, we have

56



New Results in Bipolar Fuzzy Graphs with an Apiica
pp(xy) = iy (x¥) A pf(v) — g (xy). Hence,

fpp (xy) 2 uh () Apjg () — % (ua () A g (1) = %(ui () A g () = up (xy).
Also, if up(xy) = 0, it is clear thatu}» (xy) = ug(xy). Hence,ul» (xy) = up(xy), for
al x,y eV.
Similarly, we can prove thalg,\,(xy) > uN (xy), forall x,y € V.

Notation 4.7. We denote by Aut(G), the automor phism group of a bipolar fuzzy graph G.

Theorem 4.8. Let G = (A, B) beabipolar fuzzy graph. Then, the automor phism group of
G and G* areidentical.

Proof: We show that for any injective mapV — V, h € Aut(G) if and only if h €
Aut(G"). We have

U (h(2)) = e (h(X)) = iy (x) = plo (), for all x €V,
Hy (h(0)) = u (h(x)) = u () = Wy (o), for all x€V.

Also, for all x,y € V, upp (h(X)R()) = e (xy)

& uy (h()) A py (h() — pgr (REORD)) = i () A i () — up(xy)
& ug(h(ORM)) = up(xy), and  pby (h()h(©)) = iy (xy)
& ) (h() A ) (h(0) — ppn (RORD)) = w)f (x) A () — ug (xy)
& ug (h()h®)) = ug ().

This completes the proof.

5. Application of bipolar fuzzy digraphsin social relations

Today, social relations in associations and sere@gers are very important issues that
can play a significant role in the development lattcommunity. As we know, if the
employees of a service center have a higher ldvedbmmunication and eloquence, then
they can be more accountable and solve peoplddepns more quickly. These days, we
see that graph model have many applications irerdifft sciences such as computer
science, topology, operations research, biologindlsocial sciences. If we consider group
behavior, it is observed that in a social group sqreople can influence the thinking of
others. Now with help of a directed graph whichrnsnfluence graph, we can use to model
this behavior. We consider each person of a greup\ertex.

Now let us consider a fuzzy influence grapla sbcial group. In Figure 3, the nodes
are depicting the degree of power of a person vehongs to a set of a social groups. The
degree of power of a person is defined in termmaerhbership. The degree of membership
can be interpreted as how much power a person ggEsee.g., Mehdi hd&0% power
within the social group. The edges of a graph stiminfluence of one person on another
person. The degree of membership of edges candrplieted as the percentage of positive,
e.g., Hassan follow80% of Mehdi's suggestions.
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0.3 0.3 0.4
Hadi Hassan
o2
0.2
0.5
Mehdi
0.5

Figure 3: Fuzzy influence graph

It is clear that the person’s speech in a group nmye impressive. For example, may be
two persons in a group have some conflicts. Hamweepresent a bipolar fuzzy influence
graph for such case. In Figure 4, the nodes arieti@pthe degree of power of a person
belongs to a set of social group. The degree ofpaiva person is defined in terms of its
positive membership and negative membership. Degfgmsitive membership can be
interpreted as how much power a person possessnegative membership can be
interpreted as how much power a person losses, Melsd0% power within the social
group but he losse30% power in the same group. The edges of a graph ghew
influence of one person onto another person. Thyegeof positive membership and
negative membership of edges can be interpretéabgeercentage of positive and negative
influence, e.g., Hassan follovd0% Mehdi's suggestions but he does not follo2@%o

his suggestions.

Hadi
(0.3,-0.5)

(0.3,—0.4)

Hassan
(0.4,—0.4)

(0.2,-0.2) 2 (0.4,—0.3)

Mehdi
(0.5,-0.3)

Figure4: Bipolar fuzzy influence graph
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6. Conclusion

The fuzzy graph has various uses in modern scismdéechnology, especially in the fields
of neural networks, computer science, operatiorane$, and decision making. Bipolar
fuzzy graphs have more precision, flexibility anshmpatibility, as compared to fuzzy
graphs. Today, bipolar fuzzy graphs play an impurtale in social networks and allow
users to find the most effective person in a gmugrganization. So, in this paper, we have
given the degree and total degree of an edge indttesian product of two bipolar fuzzy
graphs. Also,u —complement, selft —complement, and self weak—complement on
bipolar fuzzy graphs have been presented. Firatlypplication of bipolar fuzzy digraphs
in social relations has been introduced. In owrkitvork, we will define different kinds
of Energy in bipolar fuzzy graph structure with sbaxamples.
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