Chapter 3

Effects on prey-predator with
different functional responses™

In this chapter, the effects on prey of two predators which are also related
in terms of prey-predator relationship has been investigated. Different type
of functional responses are considered to formulate the mathematical model
for predator and generalist predator of the proposed model. Harvesting effort
for the generalist predator is considered and the density dependent mortality
rate for predator and generalist predator are incorporated. Local stability as
well as global stability for the system are discussed. The different bifurcation
parameters have been analyzed to evaluate Hopf bifurcation in the neighbor-
hood of interior equilibrium point. Finally, some numerical simulations and
graphical figures are provided to verify our analytical results with the help of

different sets of parameters.

3.1 Introduction

The interaction between prey and predator is one of basic interspecies relation-
ship in the biology and ecology. It is also the basic problem of the complicated
food chain, food web and biochemical network structure. In the study of inter-
acting population dynamics, a functional response of predator to prey density

refers to the change in the density of prey per unit time per predator as a

*A part of this chapter has been appeared in International Journal of Biomathe-
matics, World Scientific, IF: 1.05, 10(8), 1750113 (22 pages), (2017).
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Chapter 3: Effects on prey-predator with different functional responses

function of the prey density. There are mainly three types of functional re-
sponses namely Holling types I, IT and III. Type I occurs, when there is a linear
situation to a maximum in the number of prey eaten per predator as prey den-
sity decreases. Again type II occurs, when the response arises at a decreasing
rate towards a maximum value. Finally, type III occurs, when the response
is sigmoid, again approaching an upper asymptote. The subject of harvesting
in prey-predator systems is described as a multi-disciplinary area of research
which considered by economists and ecologists. In many earlier studies, it is
shown that harvesting has a strong impact on population dynamics, ranging
from rapid depletion to complete preservation of biological populations.

They considered only a simple food chain (the number of prey and predator
is only one in this food chain) in their model, but normally in an ecological
system, there are so many species which are interacted to each other. For ex-
ample, in an aquatic ecosystem, so many micro-organisms and fishes are lived.
Fishes live on phytoplankton and zooplankton. Also phytoplankton is eaten
by zooplankton. So, there are more than one prey and their food resources are
different. Again micro-organisms and fishes are belonged in different classes
and functional responses of predator to the prey population are different.
The main motivations of the this chapter are as follows: It is considered that
one species consumes more than one species which are also related in prey-
predator relationship. Also different functional responses are considered as
per class of the different species. In addition to these in the chapter, harvest-
ing effort has been introduced on generalist predator which is more realistic to

analyze the whole system.

3.2 Notation

Table-3.2.1: Description of the parameters.

Parameter | Description of the parameters

x Population of prey at time ¢

Y Population of predator at time ¢

z Population of generalist predator at time ¢
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3.3. Mathematical model

r Intrinsic growth rate of prey
K Environmental carrying capacity of the prey

« Capture rate of the predator to prey

m Capture rate of the generalist predator to prey

n Capture rate of the generalist predator to predator
a, by, by | Half saturation constants

dy Natural death rate of predator

ds Natural death rate of generalist predator

16 Predator’s consumption rate on prey

ny Generalist predator’s consumption rate on predator
my Generalist predator’s consumption rate on prey

3.3 Mathematical model

Assume that z(t),y(t) and z(t) denote the population of prey, predator and
generalist predator respectively at time ¢. Fishes live on phytoplankton and
zooplankton. Also, phytoplankton is eaten by zooplankton. Again, fishes are
the member of vertebrata and planktons are member of invertebrates. So the
predator and the generalist predator give different responses on the prey. For
this reason, it has been consider that, the predator population consumes the
prey population with Holling type-II functional response or Michaelis-Menten
functional response which is denoted by —+>: and the generalist-predator pop-
ulation consumes the predator and prey population with Holling type-III func-

tional response, denoted by # and M—ZQ respectively. Then the system of

equations in reserve region becomes as follows:

dx <1 x ) axy 222 )
—=rz(l——=)— -—m

dt K a —i—2x by + x2

d Bx ny°z

- (3.1)
dt a+x by +y

dz Y2z n %z J

— =N - z

dt 1b2+y2 161—1-:62 2 Y,

with initial conditions z(0) > 0,y(0) > 0,2(0) > 0. Here, we consider b; and
b, as saturation constants in functional response of generalist predator in prey

and predator respectively. For the simplification of calculation, we consider
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by = by = b. Then the system of differential equations (3.1) reduces as follows:

dx (1 x) axy 2%z )
—=rz(l-=)— —m

Cclit 5 K atx b+ 22

Y Ty ny-z

A —dyy — 2= 3.2
it ataz W b+ y? (32)
dz vz N %z q

— =+ my—— — dyz

dt b+yr b+ C )

with initial conditions z(0) > 0,y(0) > 0,2(0) > 0. The growing of human
needs for more food and more energy have led to increase the exploitation of
these resources. Since fishes are harvested for human needs, for this reason
harvesting of fisheries have been drawing more attention in this model. The
harvest rate is denoted as h(t) and it is considered as h(t) = ¢qFEz where ¢
denotes as catchability co-efficient; E' denotes the fishing effort used to harvest

of predator population. Thus the system (3.2) rewrites as follows:

dx (1 :B) azy 2%z )
—=rzx(l—-=)— —-m

élit 8 K a+ b+ x2

Y Ty ny*z

oy —dy - .
dt a+z 7 b+y? (3:3)
dz Y2z ?z g

— =N — z — z

dt oy pyaz IR

with initial conditions z(0) > 0,y(0) > 0, 2(0) > 0.

3.4 Local stability

In this section, we analyze the stability of the system (3.3) at an interior equi-
librium point B(z, 7, 2).
Now the characteristic equation of the system (3.3) around its interior equilib-

rium B(z, 3, Z) is calculated as follows:

A hA? 4 hod 4 hs = 0, (3.4)
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3.4. Local stability

where
hy = %f + m:vz(: _22)2 + nw(;;gjy B (aofy:;:)y
hy = mﬁ&:;;{mfﬁv+”mﬁ§%¥%_£j}+“wﬁé%ﬁ
+2mmlb(b ig;)ga
s P
hs = %mwaw+@@izgw+ﬂy+meM5®+ﬂX;fj%huﬂ”
372202 _
_2nmmlb(bi?§2)gb n ;2)2.

Now we consider hz (2 = 1,2,3) as hl = k?l - ]{?2(%, hg = k’3 — k40é7 h3 =

ks — kga with respect to the parameter a;, where

r___b—7? __ b=
ki = gx + mxzm + nyzm,
b= o
@::nﬁéé%%{mﬁé%%%—éj}+%mwg§%F

b— g o
ki = nagze +(:z)2<g+) 22 iyz)w
%::2Mmm£@+ﬂxj?2%huﬂ2_%mmwwiixiEZP’
Lo

ks = 2nmib e

Now using Routh-Hurwitz criteria around the interior equilibrium point, we
state and prove the following theorem for the local asymptotic stability of the

system (3.3).

Theorem 3.4.1. The system (3.3) will be locally asymptotically stable around

ki ks ks
kot kg’ kg

largest root of the equation () = koksa? 4 (ke —koks—kiks)a+ (ki1ks—ks) = 0.

its interior equilibrium point, if min{ } > a > af, where o* is the

Proof: The system will be locally asymptotically stable at the interior equilib-

rium point B(Z, 7, z), if Routh-Hurwitz criteria around the interior equilibrium
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point holds.

Using Routh-Hurwitz criteria, we conclude that all the eigen values of the sys-
tem (3.3) contain the negative real part at B. i.e., all the roots of the equation
(3.4) have negative real part, i.e., hy, hg > 0 and hihy > hg.

Again hy, hs > 0 and hihy > hz when min{%, Z—j, Z—z} >a > o

Hence, the system is locally asymptotically stable at the interior equilibrium
point.

This completes the proof of the theorem.

For more analysis from Theorem 3.4.1, we state the following lemma.

Lemma 1. From the above theorem, we can conclude that the system (3.3)

will be locally asymptotically stable for @ > o* and unstable for a < o*.

Theorem 3.4.2. The system (3.3) undergoes through a Hopf bifurcation at its

interior equilibrium for a = o,

Proof: For a = a*, we have h1hy — hs = 0 and then the eigenvalues of the
system at B can be represented as A\; = —h; and Ay 3 = +i\/hy. Considering
A = ¢1() and Ay 3 = ¢Po(a) £igs(a). Now it is clearly to show that Z—a =
at the point a = a*. Again we have ¢(a) = 0. Therefore, it is obvious to show
that our system (3.3) follows a Hopf bifurcation at its interior equilibrium
for the critical value of «, i.e., for &« = a*, with the help of given conditions
(Venkatsubramanian et al. (103)).

So, this suggests the proof of the theorem.

The constant parameters involving in the prey-predator model are generally
described for approaching the steady state where the species coexists in equi-
librium. The dynamical behavior of the model may vary if the parameters
involved in the system are changed and then the values of the critical param-
eters at which such effects happened are known as bifurcation points. The
main aim of this study is to determine the stability behavior of the model due
to presence of various density-dependent factors to the prey-predator interac-

tions. To study the transition of the system with respect to the small changes
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in the density dependent factors, we consider o, m and n as bifurcation pa-
rameters and o, m* and n* denote the critical values or the bifurcating values
of the concerned bifurcation parameters.

Now we can also choose hy, hy and hs with respect to the parameter n, in the
form as

hl = ll + lgn, hg = 13 + l4’l’L and hg = l5 - lﬁn, where

W= Laemas =2 oW
'TOK (b+722)? (a+2)?
l, = ‘z—b_y_Q
* T e

- 737

Ty I°z
Iy = 4 dmmgb——
3 aaﬁ(a+f)3+ mmy (b—l—j2)3’
l = 9z g2_b afg mi‘iﬂ—if
¢+ =Y (b+2)? | (a+ 7)2 (b+z22 K f’

72%z
ls = 2ab
5 abmmna 3 b+ 22)(at 220+ 2)2
72y%z yz2(y* — b)

le = 2mqb 2 b .
N R o T DM (R I (FR )

Theorem 3.4.3. The system (3.3) undergoes through a bifurcation at its inte-

rior equilibrium for n = n* where n* = = provided that n* > max{0, — &, —5},
lg ) lo? In

Proof: For n = n*, we have hy = 0 (where hy = l5 — lgn). Then the charac-
teristic equation is A> + hi A2 + hoXd = 0. It can be concluded that from the
equation (3.1), both hy and hy are positive since n* > max{0, —ly /Iy, —l3/l4}.
Consequently, the characteristic equation has a simple zero eigen value around
its interior equilibrium for n = n*. Hence, the system (3.3) passes through a

bifurcation at n = n* around its interior equilibrium point 5.

Theorem 3.4.4. The system (3.3) also undergoes through a bifurcation at its
interior equilibrium for m = m* where m* can be obtained by solving hy = 0

provided m* is positive; hy and ho are also positive.

Proof: Straight forward.
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3.5 Global stability

Here we consider the general method (Li and Muldowney (58)) to show an
n-dimensional autonomous dynamical system f : D — R"™ D C R", an open
and simply connected set and f € C'(D), where the dynamical system is as

follows:

— = f(z) (3.5)

which is globally stable under certain parametric conditions. We refer to the
works of Haque et al. (39), Bunomo et al. (10), Kar and Mondal (50) for
detailed discussion.

Now we consider the conditions as stated in below:

(1) The autonomous dynamical system (3.5) has a unique interior equilibrium
point Z in D.

(2) The domain D is simply connected.

(3) There is a compact absorbing set 2 C D.

The unique interior equilibrium point Z in D of the system (3.5) is globally
asymptotically stable if the system is locally asymptotically stable and all the

trajectories in D converges to its interior equilibrium point.

Theorem 3.5.1. The system (3.3) is globally asymptotically stable around its
interior equilibm’um poz’nt if do + qF < pso, where py = n1% + mlbjf% +

y2 oy r z2 b—z2 azy
7 T nyz (b+y )2 (a-l—ac)2 + KT — Mypz, Mz (b+22)2  (atx)2 +

min{mrz =% (b+x2)

_ _Bay  2bniyz  ax 2bniyz
Sl e el s A L vyl

Proof: Let J? be the second additive compound matrix with order 3Cy x 3C,.

Hence, we have,

of12 Jin + Jao Jo3 —Ji3
J[2] — W = J32 J11 -+ J33 J12
—J31 :]21 J22 + J33

Now we introduce the above expression in our system to show that our system

(3.3) will be globally stable around its interior equilibrium point 5. The system
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of equation (3.3) can be described as below:

dX
o = (X)
T azx 12z
x re(1—£) - . - mi
where X = Y and f(X) = . %_dy_ﬁyz
& ny b+y2 + mis—= b—‘riEQ dQZ — qEZ
Then
R TR BT PR I
of (b+2?)? 5 (a+2)? K atz , bia?
V = X (a+f) nyz(bﬂT)Q Nyt (3.6)
2m1b b+12)2 2bn1 b+y ) 0

where V(z,y,2) = (J;;)s be the Jacobian matrix of the system (3.3) at its
interior equilibrium point.

maz(x?—b) + nyz(y>—b) 4wy T, _ ny? ma?
(b+x2)2 (b+y2)2 (a+x)? K b+y2 b+x2
J[Q] _ 2bnyyz maz(z?—b) 4Ty T azx
(b+y2)2 (b+$2)2 (a+z)2 K atx
_ 2mabxz Bay nyz(y27b)
G ta)? (b+47)?

We consider M(X) € C'(D) in such a way that M = diag{x/z,xz/z,x/z}.
Then MM~ = diag{i/x —2/2,3/v —3)z, /v — )z} and MJEIM—L = JB
where matrix Mj is obtained by replacing each entity M;; of M by its derivative

in the direction of solution (3.3). In addition, we have

By, B
B=M M—l + MJ[2]M_1 — 11 12 7
d By Ba

where M is represented by

OM;;\ '
(Mi(X))s =\ —5 | fl@) =V My f(a), (3.7)
. : — 2— ax r
and Byy = &/x — 2/z + mxz(bijb)Q + nyz(b"iy;’)2 + (a+$) — %,
2bn
—( _p ¥ 2 = L o+2)? b+y )?
B < Nz My ), Bay ( oM b2 b+ 2)2 )7
By — t/x—2/z+ mxz(bxj;b)Q + (a‘;fj)g — =T - 2
(,ﬁfgp T/ —2/z + nyz—(bﬂ;’)Q

Let (uy,us,u3) denote the vector in R3, choose a norm in R? as |uy, ug, us| =
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max{|uy|, |ug| + |us|} and let I be the Lozinskii measure (68) of B with respect
to with a vector norm in RV, N =" (,, then we get

. |l+hB|—1

I'B) = lim ——. .
B) =l = (38)
If the conditions (1), (2) and (3) hold then we can write the following inequality

(Li and Muldowney (58)) as:

limsupsup%/0 [(B(xz(s,xg)))ds < 0. (3.9)

The condition (3.9) ensures that there are no orbits (i.e., homoclinic orbits,
heteroclinic cycles and periodic orbits) which give rise to a simple closed recti-
fiable curve in D, invariant for the system (3.5). It is also a robust Bendixson
criterion. Now, based on the above discussion, we are to show that our sys-
tem (3.3) is globally stable around its interior equilibrium. Then, we have the

following estimate (Li and Muldowney (58)):
['(B) < sup{by, by}, (3.10)

where by = I'1(B11) + | Biz|, ba = |Ba1| + T'1(Ba2) and T'; denotes the Lozinskii
measure with respect to l; vector norm, |Bjs| and | By;| are matrix norms with

respect to [; norm. Then we get

) ) 2?2 —b y? —b axy r
Fl(Bll) = .]Z'/I'—Z/Z+m$2m+nyz<b+y2)2+(a+x)2_Kx’
72
B = -
| 12’ mb+x27
2bn1yz
B = ’
Pl (b +y»)?
Tz z? —b azy r Bay
[y(By) = ——= { A i
1(Ba2) o~ tmaz mmz(b+x2)2+(a+x)2 K:ﬂ+(a+$>2
y?—b o }
nyz -
Y (b+y%)? a+x
Hence
z? —b y? —b azy r x?
by = 1 — 3 - -
| =1/x z/z—irmycz<b_i_x2)2—irnyz(b+ 5% T (ot 1) K:L'—l— s



3.5. Global stability

and
by = z'—E—l— 2bmyz +max{m:1:z - T bay
or oz b+ b+222 " (at+2)? K ' (at)?
y?—b ax }
" (b 2?2 a+tux

Now, using £ = n1%+m1% —dy—qF from the system (3.3), the expression

becomes,
- 2 2 2 2
T Y T xr*—b y - —b
by = —— - dy +qFE —_— -
LT T My My T T TG ey
azy A x?
——x+m :
(a+x)? K b+ z2
and
. 2 2 2
x Y x 2bmqyz x*—b
by = L dy + gE + Y% { o
2 - bt m1b+x2+ 2tq +(b+y2)2+maw mxz(b+x2)2
n axy r N Bay y? —b ax }
— - =+ —, nyz -
(a+2)? K (a+x)? Y b+y2)? a+ux
. 2 2 2
x Y x 2bnqyz , b—ux
z_ = by + B + 0 — min{maz
. n1b+y2 mlb—l—x2+ 2+ ¢ +(b+y2)2 min mxz(b+x2)2
azy T Bay az_ b—1? }
-+ = — nYz———= ¢
(a+x)? K (a+x)?" a+z Y (b+ y?)?
Now, from (3.10) we get
& 2 22 b— x?
rB) < &—n—Y dy + g — min{mzz——
(B) = o =my s —mym gt aB —minymaz e
n b—y? axy +7’ x? b— x?
nyz — —r—Mm—s, MIZ——
Y b+y2)? (a+2)? K b+ a?’ (b+ 22)?
axy n r Bay 2bniyz  ax n b — >
——t+ —x— - nyz————
@rap K (ata)? Gty atz (b
2bnyyz }
(b+y)?
. T
”L.&,F(B) < E + d2 + qE - M2,
where, o = ni-2 b+y2 +my bHQ + mm{mxz(bﬂz)2 + nyz(bw 7~ (a"fxy)Q + T
22 b—ax2 azx r Ba 2myz  ax 2bn1yz
Mpe mxzm (a+:f:/)2 + KV ﬁ o ﬁ’ a+w +nyz (b+y )2 (b+;g)2
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x(t)

1/t 1
?/o I'(B)ds < ;logm — (g2 — da).

Therefore,

1 t
tlim sup sup ;/ [(B(s,z0))ds < —(g — dy — qE) < 0,i.e,ds + qE < ps.
—00 0

This shows the proof of the theorem.

3.6 Optimal Control

Here, a harvesting effort is applied to the generalist predator population. Now,
the aim is to calculate the optimal profit in bionomic equilibrium state. The
bionomic equilibrium is a concept of economic equilibrium as well as bio-
logical equilibrium. The net economic revenue obtained from the fishery is
p(z,y,z, E,t) = The total revenue obtained by selling the harvested biomass
— the total cost for the effort devoted to harvesting = pgFz — cE, where p is
the constant price per unit biomass of the generalist predator and c is the con-
stant cost per unit effort, then we consider the present value J of a continuous

time-stream of revenues as

J:/ e p(z,y, z, B, t)dt, (3.11)
0

where ¢ denotes the instantaneous annual rate of discount (82). Our problem is
to maximize J subject to the state equations (3.3) using Pontryagin’s mazimum
principle (80). The control variable E(t) is subject to the constraint set 0 <

E < E,,... At first, we construct the corresponding Hamiltonian function as

follows:
H= % )E + A (1 x) ary LA G (ﬁxy
= € qu C 1 Tr K a—’—x mb+x2 2 a—i—x
2 2 2
ny-z my‘z etz
—dyy — —) —dyz — gE 3.12
S 3(b+y2 b+a2 1 Z) (3:12)

52



3.6. Optimal Control

where \; (i =1,2,3) are called the adjoint variables.

By Pontryagin’s maximum principle, the adjoint equations are as follows:

v _OH T 00y . TE
a oz ! K~ (a+x)? (b + 22)2
Yy T
— 2\ b——— 3.13
¢ (a+ z)? 31 (b+ 22)%’ (3:13)
dg oH aT x
dt Jy 1a+x+ 2{n(b +y?2)? Ba—kx—i_ 1}
Yz
—2X3mb—"—= 14
d)\s3 OH st y? z?
dt EP pa=e N\ Mhrr T My 2T
x2 2
A Aon . 3.15
+ 1mb—|— + A2n bt 12 (3.15)

Now we derive an optimal equilibrium solution of the problem at the interior
equilibrium E*(z*,y*, z*). Then from equations (3.13), (3.14) and (3.15), we

get
d\

d_tl = MA1 = AAy — N34, (3.16)

d\

d_t2 = M Ay + A A5 — A3 4, (3.17)

dAs st

= PaEeT" + Mdr 4 dods — As Ay, (3.18)
where A; = 25w +(Cff*)z+2mb(b+ SIER g A2 = aﬂﬁ, Az = 2mib-2 0 b+ *222,

*2 *

A4 = aa+$*7 A5 = n(b(b?iva A6 2n1b (b+y *2 29 A7 = mb+$*2a AS - b_%'j_y*27

Ag = 0. Solving these three equations (3.16), (3.17) and (3.18), we get a third

order differential equation in A;. i.e.,

(D? + H,D? + HyD + Hs)\, = HypqFe™® (3.19)
where
_4
T odt
= Ay — A — As

Hy = A3A7 + A1 As + As Ay — (A1 Ag + A5 Ag + AgAs)
H3 = AjA5Ag + A1 AgAg + As Ay Ag — (AgAgAr + A3As Az + A3 A4 Ag)
Hy = —(AyAs + AsAs + A3d)
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Using Laplace transform and denoting L()\;) = A;, we solve the equation (3.19)

and obtain the following result as:

5o HypqE L Ci(s* + Hys + H,)
YT (54 0)(P+ HiS2 + Hos+ Hs) | s+ His? + Hos + Hs
(S"—Hl)CQ Cg

83+H1$2+H23+H3 83+H1$2+H28+H3
Where C; = A\((0), Cy = X{(0) and C5 = A](0).
Now we consider s* + Hys? + Hos + Hy = (s + ) (s + 3)(s +7) where Y. a =
Hy, > af = Hy and affy = Hz. Then by inverse Laplace transform we get,

e—at e—,Bt

(@a—B)a—@—10  (a-B)B-{F-0)
et et }

e Y ey B o T ey T gy

—at

M = HypgE{—

e O ™ M = Co )
e Pt

e pE—y GO GI-Gh)
et

as=y (@~ G- G r Q) + 6

In similar way we can derive the values of Ay and As.
Using the values of A\j, A2 and A3, we get Hamiltonian function from (3.12) by
which we can determine the optimality using Pontryagin’s maximum principle.

The numerical illustrations of this system are discussed in the next section.

3.7 Numerical simulation

Some arbitrary data are assumed for describing the analytical results. Using
the MATLAB 7.10 software, we analyze the sensitivity analysis of the experi-
ments. Again, we observe that the parameters involved in the system are not
taken into consideration from real-life problems, so the prime characteristics
are analyzed by the simulations described here should be treated from a qual-
itative rather than a quantitative point of view. However, numerous scenarios

covering the breadth of the biological feasible parameter space are conducted
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and the results shown above display the gamut of dynamical results collected
from all the scenarios tested. Assume that parameter set is taken as

P ={r=113K = 18a = 6;8 = 1.2;b = T;n; = 0.9;d; = 0.3;dy =
0.12;m; = 0.2;m = 0.4;9 = 0.2; E = 0.76;n = 1.3; } and initial point taken as
B(13,10,7). According to our theoretical result, the system is locally asymp-
totically stable for a > o* and unstable for a < a*. For the set of parametric
value Py, from Figures 3.1 and 3.2, we see that for the value of a(= 4.2) > o*
the system will be stable. Again from Figures 3.3 and 3.4, we observe that for
the value of a(= 3.9) < a* the system will be unstable.

It is well known that fish (generalist predator) has an economical demand in
marketing management. Due to this fact, we include the harvesting for general-
ist predator population in the dynamical system. From Figures 3.1 and 3.2 with
the parameter set P, = {r =1.1; K = 18;a =6;5 =1.2;0=T;n; = 0.9;d; =
0.3;dy = 0.12;my = 0.2;m = 04;9 = 0.2; E = 0.76; = 4.2;n = 1.3}, here
we observe that system with harvesting is stable after certain time. But when
we consider same parameter set P, in absence of harvesting i.e., ¢ = 0; £ = 0,
then we note that the system is unstable from Figures 3.5 and 3.6. Therefore
from Figures 3.1 and 3.2, we conclude that the system is stable with harvesting
whereas the system is unstable at the same time without harvesting with the
help of Figures 3.5 and 3.6.

For the existence of the system, the intrinsic growth rate of prey population
has an important role. From Figure 3.7, we see that the density of the prey
population is directly proportional to the intrinsic growth rate of prey popu-
lation. The sensitivity of environmental carrying capacity of prey population
is described in Figure 3.8. From Figure 3.8, it is seen that the change of K is
directly proportional to the density of the population. Functional response is
most important concept to describe the prey-predator interaction. Figures 3.9
and 3.10 illustrate the sensitivity of prey-predator interaction. From Figures
3.9 and 3.10, it is seen that o and m are inversely proportional to the density
of three populations. Figure 3.11 shows that the change of 3 is directly propor-

tional to the density of predator population and same result for the generalist
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predator whereas the change of § is inversely proportional to the density of
prey population. Again from Figures 3.12 and 3.13, it is observed that the
change of n and n, are directly proportional to the density of prey population
whereas the change of n and n; are inversely proportional to the density of
predator population and same result for the generalist predator.

Figure 3.14 shows that, the natural death rate of predator population d; is
inversely proportional to the density of the predator and generalist predator
population and directly proportional to the change of the density of prey pop-

ulation.

3.8 Chapter Summary

Prey-predator model with three species has been described. Here the effects on
a prey of two predators which are also related in a prey-predator relationship
have been considered. Also, different types of functional responses have been
considered for predator and generalist predator. The harvesting effort has
been applied only for the generalist predator. The density-dependent mortality
rates for the predator and generalist predator have been considered. The local
stability as well as global stability for the system at the interior equilibrium
point have been discussed. Different parameters have been considered as a
bifurcation parameter to evaluate Hopf bifurcation in the neighborhood of
interior equilibrium point. With different set of parameters, the model has

been verified through numerical simulations and graphical Figures.
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Figure 3.1: Phase space diagram of the system (3.3) with the parameter set
{r=11K =18;a =6;58 = 1.2;b = T;n; = 0.9;d; = 0.3;dy = 0.12;m; =
0.2;m =0.4;9 =02; F =0.76;n = 1.3} and o = 4.2 with respect to z,y and
2.

i Prey
Predator
— — — - Generalist predator

population

Pl

Figure 3.2: Graphical representation of the system (3.3) with parameter set
{r=11LK =18;a =6;5 =12;b = 7;n; = 0.9;d; = 0.3;dy = 0.12;m; =
0.2;m=0.4;g=0.2; E=0.76;n = 1.3} and o = 4.2.
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Figure 3.3: Phase space diagram of the system (3.3) with the parameter set
{r=11LK =18;a =6;58 = 1.2;b = 7;n; = 0.9;d; = 0.3;dy = 0.12;m; =
0.2;m =0.4;9g=0.2; E =0.76;n = 1.3} and o = 3.9 with respect to z,y,z.
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Figure 3.4: Graphical representation of the system (3.3) with parameter set
{r=11LK =18;a =6;5 = 1.2;b = 7;n; = 0.9;d; = 0.3;dy = 0.12;m; =
0.2;m=0.4;9g=0.2; E=0.76;n = 1.3} and o = 3.9.
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Figure 3.7: Change of x,y and z of the system (3.3) with respect to change
of intrinsic growth rate of prey population with parameter set {K = 9.8;a =
6;6=12b=T;n=1;n=0.9;dy =0.3;dy = 0.12;m; = 0.2;m = 0.4;q =
0.2; E =0.76;« = 1.3; }. Here (—) line corresponds to r = 0.8, (- - -) line to
r=1.1and (---) line tor = 1.4.

59



Chapter 3: Effects on prey-predator with different functional responses

W & 0@ s @ @ 0

5]

O = N W & 0008 = O @ 0
i

5]

100 a 50 Ta0

Q
ig

Figure 3.8: Change of x,y and z of the system (3.3) with respect to change of
carrying capacity of prey population K with parameter set {r = 1.1;a = 6; 5 =
1.2,6=T;n=1;n,=09;dy =0.3;d2 =0.12;m; = 02;m =04;¢ =0.2; F =
0.76;« = 1.3; }. Here (—) line corresponds to K = 9.8, (- - -) line to K = 12
and (--+ ) line to K = 14.
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Figure 3.9: Change of x,y and z of the system (3.3) with respect to change
of a with parameter set {r = 1.1; K = 9.8,a =6;8 =12;b=T,n = 1;n; =
0.9;dy =0.3;dy = 0.12;m; = 0.2;m = 04;9 = 0.2; E = 0.76; }. Here (—) line
corresponds to « = 1, (- - -) line to « = 1.3 and (--- ) line to a = 1.6,
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Figure 3.10: Change of x,y and z of the system (3.3) with respect to change
of m with parameter set {r = 1.1; K =98,a =6;=12,b=T;n = 1;n; =
0.9;dy = 0.3;dy = 0.12;m7 = 0.2;¢g = 0.2, E = 0.76;« = 1.3; }. Here (—) line
corresponds to m = 0.1, (- - -) line to m = 0.4 and (--- ) line to m = 0.7.
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Figure 3.11: Change of x,y and z of the system (3.3) with respect to change
of B with parameter set {r = 1.1; K = 9.8;a = 6;b = T;n = 1;n; = 0.9;d; =
0.3;dy = 0.12;m1 = 0.2;m = 0.4;9g = 0.2; E = 0.76;« = 1.3; }. Here (—) line
corresponds to = 0.8, (- - -) line to f =12 and (--- ) line to = 1.6.
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Figure 3.12: Change of x,y and z of the system (3.3) with respect to change
of n with parameter set {r = 1.1; K =9.8;a =6;5=1.2;b="T,ny = 0.9;dy =
0.3;dy = 0.12;m; = 0.2;m = 04;¢ = 0.2; E = 0.76;« = 1.3; }. Here (—) line
corresponds ton = 0.8, (- - -) line ton =1 and (--- ) line ton = 1.2.
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Figure 3.13: Change of x,y and z of the system (3.3) with respect to change
of ny with parameter set {r = 1.1; K = 9.8;a =6;5 =12;b=T;n = 1;n; =
0.9;dy =0.3;dy = 0.12;m; = 0.2;m = 0.4;9 = 0.2, E = 0.76;« = 1.3; }. Here
(—) line corresponds to ny = 0.7, (- - -) line to ny = 0.9 and (---) line to
n, = 1.1.
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Figure 3.14: Change of x,y and z of the system (3.3) with respect to change
of dy with parameter set {r = 1.1; K =9.8;a =6, =12;b=T;n = 1;n; =
0.9;dy = 0.12;m; = 0.2;m = 04;¢ = 0.2; E = 0.76;« = 1.3; }. Here (—) line
corresponds to d; = 0.2, (- - -) line to d; = 0.3 and (--- ) line to d; = 0.4.
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