
Appendix A

Some derivations

A.1 Iterative formula:

Here, we describe the iteration formula used at the solution methodology section in Chapter
2. Now, we refer to

Z(x,y) =
m

∑
i=1

p

∑
j=1

αiwB
i jφ(ci,di;x j,y j),

where φ(ci,di;x j,y j) = [(ci − x j)
2 +(di − y j)

2]1/2 and the terms wB
i j are constants. Differ-

entiating Z with respect to (x j,y j) and equating with 0, we get
m

∑
i=1

αiwB
i j(ci − x j)

φ(ci,di;x j,y j)
= 0 ( j = 1,2, . . . , p), (A.1)

m

∑
i=1

αiwB
i j(di − y j)

φ(ci,di;x j,y j)
= 0 ( j = 1,2, . . . , p). (A.2)

Now, from Eqs. (A.1)-(A.2) we obtain
m

∑
i=1

αiwB
i jci

φ(ci,di;x j,y j)
− x j

m

∑
i=1

αiwB
i j

φ(ci,di;x j,y j)
= 0 ( j = 1,2, . . . , p),

m

∑
i=1

αiwB
i jdi

φ(ci,di;x j,y j)
− y j

m

∑
i=1

αiwB
i j

φ(ci,di;x j,y j)
= 0 ( j = 1,2, . . . , p).

Then,

x j =
∑

m
i=1

αiwB
i jci

φ(ci,di;x j,y j)

∑
m
i=1

αiwB
i j

φ(ci,di;x j,y j)

( j = 1,2, . . . , p),

y j =
∑

m
i=1

αiwB
i jdi

φ(ci,di;x j,y j)

∑
m
i=1

αiwB
i j

φ(ci,di;x j,y j)

( j = 1,2, . . . , p).
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These equations are solved iteratively
(
motivated by the concept of Cooper [30]

)
. The

iteration equations for (x j,y j) are as follows:

xk+1
j =

∑
m
i=1

αiwB
i jci

φ(ci,di;xk
j ,y

k
j)

∑
m
i=1

αiwB
i j

φ(ci,di;xk
j ,y

k
j)

( j = 1,2, . . . , p; k ∈ N), (A.3)

yk+1
j =

∑
m
i=1

αiwB
i jdi

φ(ci,di;xk
j ,y

k
j)

∑
m
i=1

αiwB
i j

φ(ci,di;xk
j ,y

k
j)

( j = 1,2, . . . , p; k ∈ N), (A.4)

where φ(ci,di;xk
j,y

k
j) = [(ci − xk

j)
2 +(di − yk

j)
2]1/2. The initial estimates of (x j,y j) are sim-

ply chosen by the weighted mean coordinates:

x0
j =

∑
m
i=1 αiwB

i jci

∑
m
i=1 αiwB

i j
( j = 1,2, . . . , p), (A.5)

y0
j =

∑
m
i=1 αiwB

i jdi

∑
m
i=1 αiwB

i j
( j = 1,2, . . . , p). (A.6)

A.2 Optimality condition:

Here, the criterion of local minimum used at the ‘methodology’ Section in Chapter 3 is
displayed.
Now,

Z =
m

∑
i=1

p

∑
j=1

[
αiwi jφ(ai,bi;x j,y j)+ fi jui j

]
, (A.7)

where φ(ai,bi;x j,y j) =
√

(ai − x j)2 +(bi − y j)2.

Differentiating Z with respect to (x j,y j) to find the minimum yields. Then, we get
m

∑
i=1

−
αiwi j(ai − x j)

φ(ai,bi;x j,y j)
= 0 ( j = 1,2, . . . , p), (A.8)

and
m

∑
i=1

−
αiwi j(bi − y j)

φ(ai,bi;x j,y j)
= 0 ( j = 1,2, . . . , p). (A.9)

It must be shown that the solution of equations (A.8) to (A.9) yield a minimum. The
conditions for a minimum are as follows:

∂ 2Z
∂x2

j
> 0,

and
∂ 2Z
∂x2

j

∂ 2Z
∂y2

j
−
(

∂ 2Z
∂x j∂y j

)2

> 0.

Substituting the expressions we have,
m

∑
i=1

αiwi j[(ai − x j)
2 +1]

[(ai − x j)2 +(bi − y j)2]1/2 > 0 ( j = 1,2, . . . , p), and (A.10)

m

∑
i=1

αiwi j[(ai − x j)
2 +1]

[(ai − x j)2 +(bi − y j)2]1/2

m

∑
i=1

αiwi j[(bi − y j)
2 +1]

[(ai − x j)2 +(bi − y j)2]1/2

−
( m

∑
i=1

αiwi j(ai − x j)(bi − y j)

[(ai − x j)2 +(bi − y j)2]1/2

)2

> 0. (A.11)
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It is easily shown that equations (A.10) to (A.11) are true for all values of x j and y j. This
establishes that the solution of equation (A.7) leads to a minimum.

A.3 Find (x j,y j):

Here, the equations are derived iteratively in similar way of A.1, which are used at the
‘Methodology’ Section 5.3 in Chapter 5.

(i) Here, the iterative formula of Z1(x,y) = ∑
m
i=1 ∑

p
j=1 eiwB

i jφ(ui,vi;x j,y j) are presented as
below:

x0
j =

∑
m
i=1 eiwB

i jui

∑
m
i=1 eiwB

i j
( j = 1,2, . . . , p),

y0
j =

∑
m
i=1 eiwB

i jvi

∑
m
i=1 eiwB

i j
( j = 1,2, . . . , p),

xr+1
j =

∑
m
i=1

eiwB
i jui

φ(ui,ui;xr
j,y

r
j)

∑
m
i=1

eiwB
i j

φ(ui,vi;xr
j,y

r
j)

( j = 1,2, . . . , p; r ∈ N),

yr+1
j =

∑
m
i=1

eiwB
i jvi

φ(ui,vi;xr
j,y

r
j)

∑
m
i=1

eiwB
i j

φ(ui,vi;xr
j,y

r
j)

( j = 1,2, . . . , p; r ∈ N),

where φ(ui,vi;xr
j,y

r
j) = [(ui − xr

j)
2 +(vi − yr

j)
2 +δi j]

1/2.

(ii) As similar the iterations for Z2(x,y) = ∑
m
i=1 ∑

p
j=1 eiwB

i jψ(ui,vi;x j,y j) are

x0
j =

∑
m
i=1 eiwB

i jui

∑
m
i=1 eiwB

i j
( j = 1,2, . . . , p),

y0
j =

∑
m
i=1 eiwB

i jvi

∑
m
i=1 eiwB

i j
( j = 1,2, . . . , p),

xr+1
j =

∑
m
i=1

eiwB
i jui

ψ(ui,ui;xr
j,y

r
j)

∑
m
i=1

eiwB
i j

ψ(ui,vi;xr
j,y

r
j)

( j = 1,2, . . . , p; r ∈ N),

yr+1
j =

∑
m
i=1

eiwB
i jvi

ψ(ui,vi;xr
j,y

r
j)

∑
m
i=1

eiwB
i j

ψ(ui,vi;xr
j,y

r
j)

( j = 1,2, . . . , p; r ∈ N),

where ψ(ui,vi;xr
j,y

r
j) = [(ui − xr

j)
2 +(vi − yr

j)
2 + ti j]

1/2.
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(iii) Again the iterations for Z3 are as follows:
Case 3.1: The iterations for Z3(x,y) = ∑

m
i=1 ∑

p
j=1(α + γ)wB

i jϕ(ui,vi;x j,y j)− γC are as:

x0
j =

∑
m
i=1(α + γ)wB

i jui

∑
m
i=1(α + γ)wB

i j
( j = 1,2, . . . , p),

y0
j =

∑
m
i=1(α + γ)wB

i jvi

∑
m
i=1(α + γ)wB

i j
( j = 1,2, . . . , p),

xr+1
j =

∑
m
i=1

(α+γ)wB
i jui

ϕ(ui,ui;xr
j,y

r
j)

∑
m
i=1

(α+γ)wB
i j

ϕ(ui,vi;xr
j,y

r
j)

( j = 1,2, . . . , p; r ∈ N),

yr+1
j =

∑
m
i=1

(α+γ)wB
i jvi

ϕ(ui,vi;xr
j,y

r
j)

∑
m
i=1

(α+γ)wB
i j

ϕ(ui,vi;xr
j,y

r
j)

( j = 1,2, . . . , p; r ∈ N),

where ϕ(ui,vi;xr
j,y

r
j) = [(ui − xr

j)
2 +(vi − yr

j)
2 +δi j]

1/2.

Case 3.2: The iterations for Z3(x,y) = ∑
m
i=1 ∑

p
j=1(α +Pcβ )wB

i jϕ(ui,vi;x j,y j)−PcβC

are as:

x0
j =

∑
m
i=1(α +Pcβ )wB

i jui

∑
m
i=1(α +Pcβ )wB

i j
( j = 1,2, . . . , p),

y0
j =

∑
m
i=1(α +Pcβ )wB

i jvi

∑
m
i=1(α +Pcβ )wB

i j
( j = 1,2, . . . , p),

xr+1
j =

∑
m
i=1

(α+Pcβ )wB
i jui

ϕ(ui,ui;xr
j,y

r
j)

∑
m
i=1

(α+Pcβ )wB
i j

ϕ(ui,vi;xr
j,y

r
j)

( j = 1,2, . . . , p; r ∈ N),

yr+1
j =

∑
m
i=1

(α+Pcβ )wB
i jvi

ϕ(ui,vi;xr
j,y

r
j)

∑
m
i=1

(α+Pcβ )wB
i j

ϕ(ui,vi;xr
j,y

r
j)

( j = 1,2, . . . , p; r ∈ N),

where ϕ(ui,vi;xr
j,y

r
j) = [(ui − xr

j)
2 +(vi − yr

j)
2 +δi j]

1/2.

A.4 Iterations for (x j,y j):

Here, the equations are derived iteratively in similar way of A.1, which are used at the
‘Solution methodology’ Section 6.3 in Chapter 6.

1. Herein, the iterations of

Z1(x,y) = ∑
i∈I

∑
j∈J

∑
k∈K

∑
l∈L

(
αiφl(ui,vi;rk,sk)+α

′
kφl(rk,sk;x j,y j)

)
wlB

ik j
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is presented.

x0
j =

∑i∈I ∑k∈K ∑l∈L β ′
kε ′l w

lB
ik jrk

∑i∈I ∑k∈K ∑l∈L β ′
kε ′wlB

ik j
( j = 1,2, . . . , p),

y0
j =

∑i∈I ∑k∈K ∑l∈L β ′
kε ′wlB

ik jsk

∑i∈I ∑k∈K ∑l∈L β ′
kε ′wlB

ik j
( j = 1,2, . . . , p),

xk′+1
j =

∑i∈I ∑k∈K ∑l∈L
α ′

kεlwlB
ik jrk

ϕ(rk,sk;xk′
j ,y

k′
j )

∑i∈I ∑k∈K ∑l∈L
α ′

kεlwlB
ik j

ϕ(rk,sk;xk′
j ,y

k′
j )

( j = 1,2, . . . , p; k′ ∈ N),

yk′+1
j =

∑i∈I ∑k∈K ∑l∈L
α ′

kεlwlB
ik jsk

ϕ(rk,sk;xk′
j ,y

k′
j )

∑i∈I ∑k∈K ∑l∈L
α ′

kεlwlB
ik j

ϕ(rk,sk;xk′
j ,y

k′
j )

( j = 1,2, . . . , p; k′ ∈ N),

where ϕ(rk,sk;xk′
j ,y

k′
j ) = [(rk − xk′

j )
2 +(sk − yk′

j )
2 + δk j]

1/2. The initial iteration of
(x j,y j) is the weighted mean coordinate:

2. Similarly, the iterations for

Z2(x,y) = ∑
i∈I

∑
j∈J

∑
k∈K

∑
l∈L

(
βiψl(ui,vi;rk,sk)+β

′
kψl(rk,sk;x j,y j)

)
wlB

ik j

are

x0
j =

∑i∈I ∑k∈K ∑l∈L β ′
kε ′l w

lB
ik jrk

∑i∈I ∑k∈K ∑l∈L β ′
kε ′l w

lB
ik j

( j = 1,2, . . . , p),

y0
j =

∑i∈I ∑k∈K ∑l∈L β ′
kε ′l w

lB
ik jsk

∑i∈I ∑k∈K ∑l∈L β ′
kε ′l w

lB
ik j

( j = 1,2, . . . , p),

xk′+1
j =

∑i∈I ∑k∈K ∑l∈L
β ′

kε ′l w
lB
ik jrk

τ(rk,sk;xk′
j ,y

k′
j )

∑i∈I ∑k∈K ∑l∈L
β ′

kε ′l w
lB
ik j

τ(rk,sk;xk′
j ,y

k′
j )

( j = 1,2, . . . , p; k′ ∈ N),

yk′+1
j =

∑i∈I ∑k∈K ∑l∈L
β ′

kε ′l w
lB
ik jsk

τ(rk,sk;xk′
j ,y

k′
j )

∑i∈I ∑k∈K ∑l∈L
β ′

kε ′l w
lB
ik j

τ(rk,sk;xk′
j ,y

k′
j )

( j = 1,2, . . . , p; k′ ∈ N),

where τ(rk,sk;xk′
j ,y

k′
j ) = [(rk − xk′

j )
2 +(sk − yk′

j )
2 + tk j +δk j]

1/2.

3. Furthermore, the iterative formula for Z3 are:
The iterations for

Z3(x,y) = ∑
i∈I

∑
j∈J

∑
k∈K

∑
l∈L

(
d2kAik +d1 jGk j

)
wlB

ik j +∑
i∈I

∑
j∈J

∑
k∈K

∑
l∈L

HkwlB
ik j

+∑
i∈I

∑
j∈J

∑
k∈K

∑
l∈L

DkwlB
ik j +∑

i∈I
∑
j∈J

∑
k∈K

∑
l∈L

BiwlB
ik j +∑

i∈I
∑
j∈J

∑
k∈K

∑
l∈L

gkwlB
ik j

+ ∑
k∈K

fk + γ ∑
i∈I

∑
j∈J

∑
k∈K

∑
l∈L

(
ρl(ui,vi;rk,sk)+ρl(rk,sk;x j,y j)

)
wlB

ik j
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are stated subsequently:

x0
j =

∑i∈I ∑k∈K ∑l∈L ε ′′l wlB
ik jrk

∑i∈I ∑k∈K ∑l∈L ε ′′l wlB
ik j

( j = 1,2, . . . , p),

y0
j =

∑i∈I ∑k∈K ∑l∈L ε ′′l wlB
ik jsk

∑i∈I ∑k∈K ∑l∈L ε ′′l wlB
ik j

( j = 1,2, . . . , p),

xk′+1
j =

∑i∈I ∑k∈K ∑l∈L
ε ′′l wlB

ik jrk

ρ(rk,sk;xk′
j ,y

k′
j )

∑i∈I ∑k∈K ∑l∈L
ε ′′l wlB

ik j

ρ(rk,sk;xk′
j ,y

k′
j )

( j = 1,2, . . . , p; k′ ∈ N),

yk′+1
j =

∑i∈I ∑k∈K ∑l∈L
ε ′′l wlB

ik jsk

ρ(rk,sk;xk′
j ,y

k′
j )

∑i∈I ∑k∈K ∑l∈L
ε ′′l wlB

ik j

ρ(rk,sk;xk′
j ,y

k′
j )

( j = 1,2, . . . , p; k′ ∈ N),

where ρ(rk,sk;xk′
j ,y

k′
j ) = [(rk − xk′

j )
2 +(sk − yk′

j )
2 +δk j]

1/2.


