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(Honours)
Full Marks : 60

Time : 3 Hours

The |figures in the right-hand margin indicate Jull marks.
Candidates are required to give their answers in their
own words as far as practicable.

Tilustrate the answers wherever necessary.

Answer all questions

. Differential Equation and Vector Calculus

1. Answer any fen questions : 10%2

I
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(a) Prove that [CHﬁ. B+ 7, r+a]=2[a,ﬁ.r].
‘- | - -+
(b) If R be a unit vector in the direction of r, then Prove

-
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{c) State Picard's Theorem. -
(d) Calcualte the Wronskian of the set {x, x2, x5}

(e} State the Principle of Superposition for homogeneous

eguation.

() Find the total work done in moving a particle in a
force field given by F:Sxyf—52g1+10x§: along the .
curve x =2 + 1, y=22, z=B fromt=lto t = 2.

...)

-
{g) If 6 be the angle between two unit vectors y and v,

- -

then prove that QSiIl'5= u-v

(h) Define equilibrium points.

. _dx dy _
(i} Solve the equation -d—t=—wy and Et_=wx and show

that the point (x, y) lies on a circle.

(j) Define basic theory of linear systems in normal form

of two equations in two unknown functions.
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(k) Find the valu= ofthe constantd, such that the vectors

2i - j+k, i +2j-3kend3{ + dj + 5k are coplaner.

-¥ - - &
(1) Show that the vector , = (x4 3y} +(y +az)j +(x +az}k

is solenoidal, if a = -2.

(m) If Sis any clesed surface enclosing a volume V and

F«‘:xf+23.:}‘+3z§3, Prove that ﬁ‘n ds = 6V
s

(n) Solve : (ch2 —ex’)dx—x“y dy=0,

(o) Find the differential equation, whose Primitives are
2+ 1y + 1) = C, where C is arbitrary constant.

2. Answer any four questions : 45
2
y 2 dy
—2 4 (x-1y —=-4{x-1jy =0
(x-1) - 4{x-1)y=0

d
(a) (i) Solve the equation ax

in series about the ordinary point x = 1.

(ii) Determine the singular point of the following

differential eguation.
2
x’(x—l)’%+2(x-2)%—+(x+3)y =0,
Also find the indicial equatior.
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(iii) Evaluate Ig‘-;ds, where _;‘)=4xi—2y2 j+22k
and S is sthe curved surface of the cylinder

x2 + y? = 4 bounded by the planes z = 0, z = 3.

{b} (i) Find the directional derivative of f= xy2 + y22 P
z2 at the point (1, -2, 5) in the directicin of

X-axis.

(i) Find the unit vector in the direction of the tangent

at any point on the curve given by

. T=(a cost)i+(a sint)j+btk- 3+2

(c} (i) Prove that %-{-fg-x?,where ?’ 3, n are the
unit targent, binormal and principal normal
vectors respectively and 7, £« and s are torsion,

curvature and arc length respectively.

(ii) Find the magnitude of the volume of the
parallelopiped having the vectors ; =-3i+7j+5k,
b=5i+7j-3k, and &=7i-5j-3k as the
concurrent edges. 2+3

2

2
T by the

y-— —3
y l+e

de
method of variation parameter.

(d) Sclve the differential equation
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(¢) Verify Green’s theorem in the. plane for

(i (xy + y2)dx + x*dy where cis the closed of the region

[+

bounded by y = x and y = x°.

(i Solve by the method of undetermined coefficients
d’y dy
—2 - —=_2y=8
ad ax YT

3. Answer any two questions :

2x10
{a) Consider the linear system
dx
—=5x+3
Tt Y
% =4x + Yy
(i) Show that x = 3€’f, y = 2¢’' and x = e,
y = —2e™ are solutions of this system. 4

(i) Show that the above two solutions are linearly
independent on every interval a<t<b and write

the general solution of the system. \x

(i) Find the solution x = fif), ¥ = g(t) of the systemi™
such that fl0) = 0 and g{0) = 0. 3
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by If pa= (3x* + 6y} ~ 14yzj + 20xz%k , evaluate JF dr

from 0,0,0)t0 (1, 1, 1) along the followmg paths
Gy

i) x=t y=£ 2=

(ii) the straight lines from {0, 0, U) to {1, 0, 0) then
to (1, 1, 0), and then to (1, 1, 1). =

(iii) the straight line joining (0, 0, 0} and (1, 1, 1)
3+4+3

{¢} (i) Solve the foliowing differential equation

N
_i;~2zdzw+27w=0

| in a series about the ordinary point z = 0.
Py d*y 2 1

sz . 3 L2 _

{ii) Solve : x Py +2.:. —= +_?y—10 X+= 5+5

o st M " x
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1
(b) Show that flx) = e o 0 is not uniformly continuous
in [0, 1J.
3. Answer any one question : 1x10

(a) (i)

(i)

{b) (i)

(ii)

Prove that if a real valued function fis continuous

on a closed interval I = [a, b], then it is bounded
there. 5

Prove that if a function f is continuous on a

closed interval I = [a, b] then S is uniformly

continuous on [ 5

Let f be a real-valued continuous function in a
closed interval [a, b]. Suppose f(a)# f(b). Then

prove that f assumes every value between fla) and
fib) at least once. 6

Apply € -5 definition to show that the function

xsin[l), x#0
X

=0, x=0

A%

is continuous at x = 0. 4
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Unit—II

4, Answer any two questions : 2%2

(r) State Rolle’s theorem.

(b) Is Rolle's theorem applicable to

| flxy=1-x*, -1<x<517? Justify your answer.

}c) For what range of value of x, f(x)=2x>~9x"+12x-3

decreses as x increses?

A
Y
5. Answer any two questions : 2x5
|
X .
(a) Show that —= <log(l+x)<x, if x>0.
‘ l+x
I
‘(b) in the Mean value theorem
|
flx + h) = fix) + Af'ix + 8h), 0 < g <1
I
\ - , 1
~ Show that the limiting value of 0 as h— 0+ is ] when

fig = sinx.
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(c) State and prove Lagrange's Mean vaine theorem.

\
Unit-—IIr
6. Answer any fwo questions : 2x2
(a) Show that the function )= -3x2+6x+3 does
not possess any maximum er minimum value,
(b) State Taylor's theorem with Lagrange's form of
remainder.
(c) State Maclaurin’s theorem with remainder.
7. Answer any one question : 1x10 ®
(@) (i} Expand the function fl = cos x in power of x

in infinite series. 4

(i} State and prove Cauchy’s mean value thorem.

6

(®) @) If in the Cauchy’s MVT we take Flx)=x,
i

glx) = 7—5 then prove that ¢ is the geometric mean

between a and b, 4

() Find Canchy’s Remainder after n terms in the
expansions of (1 + 4™ and log{l + x) in power
of x. 3+3
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Unit—IV
8. Answer any two questions : 2x3

d
(a) If (X, d) be a metric space, then show that [X , I+_d)

| is also a metric space.

(b} Define closer of a set in a metric space. Prove that
. AUB=A4AUB-

| .
(c) Let (X, ) be a metric space and A, B C X. Show that

| diam (AU B)<diam(A)+diam(B)+d(A,B).
9. Answer any one question : 1x5
(ai) Prove that any finite set has no limit point. 2

(b) In a metric space prove that any open sphere is an

open set. 3
Group Theory-1

| Unit—I

1. A$swer any two questions : 2x2
(a) Prove that a group (G, o} is Abelian

if(faobl=aloblforalla beg.
|
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(b} Consider the group (D, *} where D is the set of all odd

integcrsanda*b=a+b-—1fora,beD. s
Find 3-1,
{c) Define dihedral group Dy. 2
2. Answer any one question : 1x5

(@) Let G = {{a, b} eQxQ:b=0}. Prove that (G, o) is an

abelian group, where o is defoned by (a, b) o (¢, q)
= {ad + bc, bd) for {(a, b), (c, d), onG.

(b) Let X be a non empty set and P(X) be the power set +
of X. Examine if P(X) is a group under the composition
' defined by A* B = AnB, A BeP(X). g e
Unit—I1
3. Answer any two questions : 2x2
{a} Let G be an abelian group. Prove that the subset
H={geG:g=g"} forms a subgroup of G. -,
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(b) Let G be a group and a €G . Prove that Z(G), the

centre of the group G, is a subgroup of ((g), the
centralizer of a.
|

(Ci Let G be a group and H,, H, be two subgroups of G.

| Then show that H,nH, is a subgroup of G.

Answer any fwo questions : 2x%5

(aﬂ State and prove the necessary and sufficient condition
that a non empty subset Hof G to be a subgroup of G.

(b) Let G be a group on which (ab)® = @®b3 for all @, be G -

|
Show that H ={x’ :xEG} is a subgroup of G.

i
(c) If Hand K be two subgroups of a group G, then show

' that HK is a subgroup of G iff HK = KH.

| Unit—IIT

Answer any fwo questions : 2x2

(a) Prove that every cyclic group is Abelian.
!
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(b) A cyelic group G has only one generator. Prove that

|8
either 0 (G = 1 or O (G = 2.

(¢) Examine whether the permutation

1 23 456 7 8\
4513286.disoz:lcloreven.

6. Answer any one question : 1x10

(&) () Define cyclic group. Prove that every subgroup of
a cyclic group is cyclic. 1+4

(i) Define alternating group. Show that every
bermutation on a finite set is either a cycle or
it can be expressed as a product of disjoint
cycles. 1+4

(b} (i) State and Prove Lagrange’s theorem for a finite
group. S

(i) Let S={1, w, w?, -1, —w, -u?}, where

w = COSQ%-F sin® % Prove that Sis a cyclic group

under multiplication.
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Unit—IV

7. Answer any two questions : 2%2
| . "
(a) Define external direct product of two groups.

|
(b) Show that the alternating group Aj is a normal
!

|
(?) State cauchy's theorem for finite abelian group.

subgroup of the symmetric group S;.

8. Answer any one question : 1x10

(!li) iy Let G be the group of all nxn real non-singular
| matrices and H be the group of all nxn real
| orthogonal matrices. Prove that His a subgroup

} of G but H is not a normal subgroup of G. 6

| (i) Let M and N be normal subgroups of a group G
|

|
| all meM and for all neN . 4

such that MAN ={e}. Prove that mn = nm for

(b) () Find the number of elements of order 5 in the
\ group Z;5 X Z 4

| *
(i) Prove that the group Z X Z is not cyelic. 3

(iii) Prove that the group Z; X Z, is cyclic. 3
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Unit—v

9. Answer any two questions ; 2x2
@ If f:G>G be a homombrphism then show that
Aah) = fal'l, vaeq.
(b) Define image and Kemgl of a homomorphism. 1+1
{c} Let ¢:(C{,o)—>(G',*) be an isomorphism.r

Then show that #7:(G">(G,o) is also an

isomorphism,

10. Answer any one question : 1x5
(a) State and prove first isomorphism theorem.

(b) State and prove Cayley theorem for finite group.
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