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ABSTRACT
Chen 2008, proposed a method for handling fuzzl aisalysis problems based on
measures of similarity between interval-valued juaambers. In this paper, we proposed
a method based on measures of similarity betweeergkzed fuzzy numbers. In this
method, the horizontal center-of-gravity, the patien, the height and the area of the two
fuzzy numbers are considered and also the propms@abach is very simple and easy to
apply in the real life problems.
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1. Introduction

The similarity measure of fuzzy numbers is very amti@nt in many research fields such as
pattern recognition and risk analysis in fuzzy emwiment [5, 8]. Some methods have been
presented to calculate the degree of similaritwben fuzzy numbers Chen [1-4, 6]. Also,
[7,9] proposed method with modified similarity mees of generalized fuzzy numbers.
Rezvani [10] proposed a new similarity measureasfegalized fuzzy numbers based on
left and right apex angles. Moreover Rezvani [11gt6posed ranking approach based on
values and ambiguities of the membership degreett@ehon- membership degree for
trapezoidal intuitionistic fuzzy number.

Chen 2008 proposed a method for handling fuzzyasitysis problems based on measures
of similarity between interval-valued fuzzy numhberhis paper proposed a method based
on measures of similarity between generalized fummynbers. In this method, the
horizontal center-of-gravity, the perimeter, thegheand the area of the two fuzzy numbers
are considered and also the proposed approachyisiveple and easy to apply in the real
life problems. Applications of different operatare discussed in [16-20].

2. Preliminaries

Generally, a generalized fuzzy numbeis described as any fuzzy subset of the real line
R, whose membership functiqn satisfies the following conditions,

() pais a continuous mapping froRito the closed interval [0,1],

(i) pa(X) =0, -0 <u<a,

(iii) pa(x) =L(x) is strictly increasing orgj, 1,

(iv) pa(X) =w, b<x<c,
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(V) pa(X) = R(X) is strictly decreasing om[d,
(Vi) pa(X) = 0, d < X <0
where O< w <1 anda, b, ¢ andd are real numbers. We call this type of generalinedy
number a trapezoidal fuzzy number, and it is dehbyeA = (a, b, c, dw).

Whenw = 1, this type of generalized fuzzy number is chitermal fuzzy number and
is represented b% = (a, b, c, 4.
The membership functiolta: R — [0, 1] is defined as follows:
== x € (a.b)
x € (b,c)
X € (c,d)
X E(—m,a)V(d, =) 1)

o

—a

=

Ha(X) = x-
—d

a,

on

wherea<b<c<dandw € [0, 1].

2.1. Arithmetic operations

In this section, addition and subtraction between trapezoidal fuzzy numbers, defined
on universal set of real numberB Let A = (ay, by, ¢1, dy; W) and B =
(ay, by, ¢y, dy; wy)be two trapezoidal fuzzy number, then

i) A B=(au +ap, by + by, ¢+ Cp, 0h + do; min {wa, we}),
i) AB= (a1~ tb, by - C, G- by, O - @; min {wy, Wa}),

iii) A B= (an/da, bi/co, Gi/by, di/ag; min {wi, wa}),

iV) AQ) B= (a1 x @z, by x by, &1 % €2, di X d2; min {wa, wa}).

3. Approach

In this section some important results, that aegul$or the proposed approach, are proved.
Jiang Wen 2011 proposed the concept of the methedltulate the degree of similarity
between generalized fuzzy numbers. In this mettted horizontal center-of-gravity, the
perimeter, the height and the area of the two fumepbers are considered.

Suppose thaty = (@1, by, ¢, di; wi) andA; = (a2, b, &, th; W) be the generalized
trapezoidal fuzzy numbers, where<@u <bi<g <dh<land Ka<b < <dk<1.
Then the degree of similarif§{A;, A:) between the generalized trapezoidal fuzzy numbers
A: andA; is calculated as follows:
. _ewn, e I - min(P(A1),P{(A2))+min(A(A1).A(A2))
S(A}'A:) - [I:l |‘\ Ay x A:” X IIl |“ Ay W A:H] R max(P(A1).P{A2))+max({A(A1).A(A2))

)

where x*,, is the horizontal center-of-gravity of the getieeal trapezoidal fuzzy
numbersAl is calculated as follows:
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*

. _ Y*Al(Cl+b1)+(d1+31)(WA1—y*A1)
A, —

ZWA1

®3)

P(A,) isthe perimeters of two generalized trapezoidgzty numbers which are calculated
as follows:

P(Ay) = \/(a1 —b)2+wy %+ \/(Cl —d)*+wy 2+ (c; — b)) +(dy —ay) (5)

A(Ay)is the areas of two generalized trapezoidal fuaaylrers which are calculated as
follows:

A(Ay) = %WAl (¢t —by +dy—ay) (6)

The larger the value d® (A;, A), the more the similarity measure between two
generalized trapezoidal fuzzy numbgssandA..

3. A similarity measure between generalized fuzzy numbers

In this section, we propose a similarity measuredtrulate the degree of similarity
between generalized fuzzy numbers. Supposeftiat(as, b, ¢, th; wi) andAz = (az, by,
C2, th; W2) be the generalized trapezoidal fuzzy numbererab<ai <bi < <dh <1
and0<a<b,<c<d<1.

Step 1:

x"a, and x*, are the horizontal center-of-gravity of the gelized trapezoidal fuzzy
numbersA; andA; is calculated as follows:

Y ay (C1+by)+(ds+ar)(Wa, -y, )

X*A1 = 2wa, (7)
wa, (=214
g = % if a;?d; and 0 <w,, =1
W =
! % if a;=d; and0 <wy, =1
| C)
an
. Y a(ctbo)+(datar)(wa, -y )
XA, = . 2wy, : (9)
ca2—bp
WAZ(dzz—az+2) :
N —22 - if a,?d, and 0 <wp =1
y A, — w 6 2 2 A, (10)
22z if a, =d; and0 <w,, =1

2
P(A.)) andP(A.) are the perimeters of two generalized trapezdidaly numbers which are
calculated as follows:

P(4,) = \[(a1 —b)?+wy 2+ \[(51 —d)?+wy %+ (cp — b)) +(dy —ay) (11)
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P(A;) = \[(az —by)2+ w2+ \[(Cz —d3)? +wy,? + (cz — b)) + (d; — az) (12)

A(A)) andA(Ay) are the areas of two generalized trapezoidalyfurmmbers which are
calculated as follows:

A(A;) = swa,(cy — by +dy — ay) (13)
A(A2) = swa,(c; — by + dy — a3) (14)

Step 2:
The degree of similarit$ (A1, A2) between the generalized trapezoidal fuzzy numhgers
andA; is calculated as follows:

S(ALA,) = [[1 _ |X‘ _x |I % [[1 _ |W W m % min(P(A1).P(A2))+min(A(A1).A(A2))
Apfy) = A XA, A, A

max(P(A1),P(A2))+max(A(A1).A(A2))]

(15)
The larger the value &(Aq, A), the more the similarity measure between two geized
trapezoidal fuzzy numbers andA,. The proposed similarity measure between genedalize
fuzzy numbers has the following properties.

Theorem 1. Two generalized fuzzy numbefs = (as, by, ¢, di; wa) and; = (az, by, &, d;
wo) are identical if and only (A, A) =1

Proof: If A1 andA; are identical, then

a = ap, b =hy, & =y, th =db; Wi =W

We have
. Y*AI(C1 +by) + (dy +ay) (WA1 _Y*Al)
XA T 2wy,
(wa, (=2 +2)
y*A1:4 16 1 if a;#d; and0<wy, <1
Ikwgl if a;=d; and0<w,, <1
. Y*AZ(C1 +by) +(d; +a;) (WA2 - Y*Az)
X4, = 2wy,
I(WAZ ((32 — a2 2)
y*Azz 26 2 if a, #d; and0<wy, <1
t% if a; =d; and0 <wy, <1
and

P(Ay) = \/(CH —b)*+w, 2+ \/(Q —d)?+wy?+(cg — b))+ (dy —ay)
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P(Ay) = \/(az —by)% + WAZZ + \/(Cz —dy)* + WAZZ + (c; —by) + (d; — ay)

and
1
A(Ay) = EWAI(Cl — by +dy —ay)
1
A(4y) = EWAZ(CZ —by +d; —ay)
So

S(A, A)=[1-]0[] x[1- 0] x1=1
Overhand

If S(A, A) =1, we have of Eq (15)

S(Al'AZ) = [[1 - |X*A1 - X*AZH] X [[1 - |WA1 - WAz”]
min(P(A1),P(A2)) + min(A(A1),A(A2))
max(P(A1), P(A2)) + max(A(A1),A(A2))

It implies that
ar=ap, b =hy, &1 =Cy, th = dy; W1 = W
Therefore, A and A are identical.

Theorem 2. S(A1, A) =S(Az, A) .
Proof:

S(Al'AZ) = [[1 - |X*A1 - X*AZH] x [[1 - |WA1 - WAz”]
min(P(A1),P(A2)) + min(A(A1),A(A2))
% max(P(A1), P(A2)) + max(A(A1),A(A2))

S(Az’Al) = [[1 - |X*A2 - X*A1|]] X [[1 - |WA2 - WA1|]]
min(P(A2),P(A1)) + min(A(A2),A(A1))
max(P(A2), P(A1)) + max(A(A2),A(A1))

where

|X*A1 - X*A2| = |X*A2 - X*A1|’

|WA1 - WA2| = |WA2 - WA1|’
min(P(Az), P(A2)) = min(P(A2), P(A1)) ,
min(A(Az), A(A2)) = min(A(A2), A(A)) ,
maxP(A1), P(A2)) = maxP(A2), P(A1)) ,
maxA(A1), AA2)) = maxA(Az), A(A)) ,

Therefore, we can see tt&A1, A) = S(Az, Au) .
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Theorem 3. If A1 andA; are two real numbers, th&W, Ao) = 1- |a1 - a2 | .
Proof: If A; andA; are two real numbers, then we can see that

A= (ag, by, €1, Oy wi) = (an, &, &g, & 1) =&

and
Ao = (ao, by, &, thy Wi) = (@2, &, &, & 1)=&

Based on formulas (8) and (10), we can see that

tazdandazd oy, =y, =1

So
1 1
C zQap+a)(1-3)
XA1= 2 =a1,
1 1
7 (2a;) + (22,) (1-3)
X*p, = > =a,,
And
P(A1)=\/(al—al)z+1+\/(a1—al)2+1+(al—a1)+(al—a1)=2,
P(A2)=\/(32—32)2+1+\/(32_32)2+1+(32_32)"‘(32—32)=2,
And
1
A(A1)=E(a1—a1+a1—a1)=0,
1
A(A2)=E(a2—a2+a2—a2)=0,

Based on formulas (15), we can see that

S(Ap,Az) =[1—la; —ay|l x [1—1—1]] x min(2,2) + min(0,0)

max(2,2) + max(0,0) B

1_|a1_a2 .

I4n I'El(iusl':asction, we use three examples to illusttaé process of calculating the degrees of
similarity between generalized fuzzy numbers.
Example 1. Assume that there are two generalized fuzzy numfeasdA,, where
A =(01,0.2,0.3,04;0.5),
Ax= (04, 0.5,0.6,0.7; 0.5).
Step 1:

* —_—
becausea; # dy =y AT
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0.5 (% +2)

because a, # d, = y*AZ = 6 = 0.194
and
0.194(0.5) + (0.5)(0.5 — 0.194)
XA1 = 2(05) =025,
0.194(1.1) + (1.1)(0.5 — 0.194)
X A, = 2(05) = 055,
and
P(4,) = /(=0.1)2 + (0.5)2 + /(=0.1)2 + (0.5)2 + (0.1) + (0.3) = 1.42,
P(4;) = /(=0.1)% + (0.5)2 + /(=0.1)2 + (0.5)2 + (0.1) + (0.3) = 1.42
And

1

AA) =5(05)(03-02+04-01) =01,
1

A(42) =5(05)(0.6 - 05+07 —0.4) = 0.1

Step 2; The degree of similarity S (A1, Ao) between the generalized trapezoidal fuzzy
numbersA; andA; is calculated as follows:

min(1.42,1.42) + min(0.1,0.1)

S(A,A,) = [1—10.25 — 0.55(] x [1 — [0.5 — 0.5
(A A2) =1 -] > -1 X ax(142,1.42) + max(0.,0.0)

=0.7 .

Example 2. Assume that there are two generalized fuzzy numteasd®,, where
A1 =(01,0.2,0.3,04; 1),

Ao = (04,05,06,0.7; 1).

*Step 1
(03+2)
because a; # d; = y*Al = T =0.39
(03+2)
because a, # d, = y*A2 = T =0.39
And
0.39(0.5) + (0.5)(1 —0.39
L) (2 )( ) oas.
0.39(1.1) + (1.1)(1 —0.39
gy = 222D + AIX ) oss,
And
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P(A}) = /(=0.1)2+ 1+ /(=0.1)2 + 1+ (0.1) + (0.3) = 2.41,
P(4,) = /(=0.1)2 + 1+ /(-0.1)2 + 1 + (0.1) + (0.3) = 2.41

And

1

A(4) =5(03-02+04-01) =02,
1

A(Az) = 5(06 = 0.5 +0.7 — 0.4) = 0.2

Step 2: The degree of similaritys (A1, A2) between the generalized trapezoidalfuzzy
numbersA; andA; is calculated as follows:

min(2.41,2.41) + min(0.2,0.2)

S(Ay,A,) = [1—10.25—0.55|] x [1— |1 —1]] x
(A A2) =1 -1 > 0= I max(2.41,2.41) + max(0.2,0.2)

=0.7.

Example 3. Assume that there are two generalized fuzzy numfeasd®,, where
A1 =(01,0.2,0.3,04; 1),

A, = (04,05, 0.6,0.7; 0.5).

Step 1: o1
(@3+2)
because a; # d; = y*Al = T = 0.39
0.1
(0.5) (ﬁ+ 2)
because a, # d, = y”‘A2 = T = 0.194
And
0.39(0.5) + (0.5)(1 — 0.39
K'p = (0.5) (2 )( )20'25’
~0.194(1.1) + (1.1)(1 - 0.194) 055
X AT 2(0.5) =
And
P(A) = /(=0.1)2 + 1+ /(=0.1)2 + 1 + (0.1) + (0.3) = 2.41,
P(4;) = /(=0.1)2 + (0.5)% +/(=0.1)2 + (0.5)2 + (0.1) + (0.3) = 1.42
And
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1
A(A) = > (03—0.24+0.4—-0.1)=0.2,
1
A(Ay) = E(0.5)(0.6 —05+0.7-04)=0.1

Step 2: the degree of similaritys (A1, A)) between the generalized trapezoidal fuzzy
numbersA; andA; is calculated as follows:

min(2.41,1.42) + min(0.2,0.1)

S(Ay,A,) = [1—10.25—0.55|] x [1— |1 — 0.5]] X
(A A2) =1 -1 > 0= I max(2.41,1.42) + max(0.2,0.1)

=0.7 .

6. Conclusion

In this paper, a method based on measures of simii@tween generalized fuzzy numbers
is proposed. In this method, the horizontal cenfegravity, the perimeter, the height and
the area of the two fuzzy numbers are considerddabso the proposed approach is very
simple and easy to apply in the real life problems.
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