Chapter 4

Doubt intuitionistic fuzzy
Sub-implicative ideals in

BClI-algebras”

4.1 Introduction

Taking queue from Atanassov’s thought, Palaniappan et al. [60] introduced the
notions of IF Sl-ideals and IF SC-ideals in BCI-algebras. Mostafa [59] established the
idea of anti fuzzy Sl-ideals in BC'I-algebras. Jianming and Zhisong [40] described the
notion of DFP-ideals in BC'I-algebra.

Solairaju [79] investigated the idea of IF P-ideal including some related features in
BC'I-algebra.

AFS M ={{(¢,¢u(q)): ¢ € V}inV is named as a DF Sl-ideal [59] in V if
(1) ¢ (0) < Curld)
(i) G (' (" q) < Cur(((q * (g #1) % (7" % q) %) V Cu(s), for all g1, s" € V.

AFS M ={{¢d,¢u(q)) : ¢ € V}inV is identified as a DFP-ideal [40] in V if (i)
¢ (0) < Culq)
(it) Car(a) < Cul(q +87) * (' 87) V Cu(r)¥g ', s € V.

The objective of this chapter is to define DIF Sl-ideals and DIFP-ideals in BC'I-
algebras and to study its characteristics. The conditions for a DIF-ideal to be a DIF

Sl-ideals in BC'I-algebras are also presented and relations among DIFP-ideals and

*A part of the work presented in this chapter is published in
International Journal of Computational Intelligence Systems, 8(2) (2015), 240-249.
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DIF Sl-ideals are studied. Findings of the study concludes that every DIF-ideal in V/
is not a DIF Sl-ideal in V. The conditions are presented for a DIF-ideal to be a DIF
Sl-ideals in BC'I-algebras.

4.2 DIF Sl-ideals in B(CI-algebras

The current section introduces the concept of DIF Sl-ideal in BC'I-algebras and

studies its properties.

Definition 4.2.1. Let M = (o, () be an IFS of a BCI-algebra V', then M is
recognized as DIF SI-ideal in V if
(i) anr(0) < (), € (0) > Cur(q)
(it) cnr (' * (1" % q)) < ans (¢ * (g + 7)) * (% q)) x s7) V anr(s)
(i) G+ (' +4)) 2 Curl((d * (@ #7)) % (7 +4)) 58) Aur(s), for all ¢7',5 €V,
Theorem 4.2.1. If a DIF Sl-ideal in V meets the inequility ¢ < s then (i) an(q) <
an(s) and (i) CQu(q) = Cu(s).
Proof. Let ¢',r',s € V be such that ¢ < s then ¢’ *s = 0 and since M is a DIF SI-
ideal in V', so aps(r * (7' *q)) < anr(((q * (¢ *r' )% (r' ¢ ")) *s) V an(s), when v’ = ¢,
then using (A3) and (P5), we get an(q) < an(q * )V an(s) = an(0)\V an(s) =
an(s'). Therefore, ap(q) < an(s).

Again, G (' # (X' %q")) > Cur(((¢ * (¢ 7)) (r %¢)) x5 ) ACu(s), when 7' = ¢, then

using (A3) and (P5), we get Cur(q') = Cur(q *s°) A Cu(s) = Cur(0) A Cur(s') = Cu(s).
Therefore, Cr(¢") > Cu(s). Thus the proof ends. O

Proposition 4.2.2. Let M = (ay, () be a DIF Sl-ideal in a BCI-algebra V. Then
ar(0% (0% q)) < anlq) and Cu(0* (0% q)) = Culq), for allg €V .

Proof. anr(0%(0%q")) < anr(((q*(q #0))%(0%q))*s") V ane(s') = anr(((q g )*(0%¢ )
YV an(s) = an((0%(0%q))*s)\/ an(s). When s = ¢ we get, ap (0% (0%q')) <
an (0% (0% ¢))*q )V aa(q) or, arr(0% (0% ¢)) < an(0)V an(q) [by using A2].

Therefore, a (0% (0% ¢)) < anl(q), for all ¢ € V.

Again, Cur(0%(0%q')) > Cur(((q'#(q'%0))%(0xq)*s") A Car(s") = Cur(((q'#q )*(0%4))
sYACu(s) = Qu((0% (0%q)) *5) ACu(s). When s' = ¢ we get, (u(0* (0%¢)) <
Car((0% (0%) % ¢') ACur(q) or, Cu(0 (0% ¢)) < Cu(0) ACur(q) [by using A2].
Therefore, (i (0% (0%¢')) > Cu(q), for all ¢ € V. O
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EXAMPLE 16. Consider a BCI-algebra V- = {0,d,e, f} as given in Example3 with

table as follows:

x| 0 d e f
0]0 0 0 0
d|d 0 0 d
el e d 0 e
Hr f f 0

Let M = (anr, Car) is an IFS of V' defined by

Vi9i0o d e f
ay (0.1 04 0.5 0.6
(v 108 06 0.5 04

which is a DIF SI-ideal in V.
Theorem 4.2.3. FEvery DIF Sl-ideal in V is a DIFSA in'V.

Proof. Let M = (ayr, () be a DIF Sl-ideal in V. If ¥’ = ¢/, then from hypothesis(ii)
and (iii) in Definition 4.2.1, ap(q) < an(q * s)Vau(s) and Cu(q) > Cu(q *
sYNCu(s),¥q, s € V. Hence it also implies that, ay(¢ * s) < ay((q¢ *s) *
YV an(s) and Cuy(q *5) > Cul(q *8) x8) NCu(s), for all ¢, 7', s € V. Again,
(¢ +5) %) < (¢ +) % (s xs) = x5 < [by using (P6), (A3), (P5), (P2) |
Hence by Theorem 4.2.1, oy ((¢ xs') s') < an(q).

Thus, an(q *s) < an(q)V an(s') and also, Car((q 8 )xs) > Car(q). So, Carlq *
s') < Cu(q) N\ Cu(s'). Hence, M is a DIFSA in V. O

Theorem 4.2.4. Fvery DIF Sl-ideal in V' is a DIF-ideal in V.

Proof. Let M = (aaz, Cyr) be a DIF Sl-ideal in V.. If 7 = ¢, then from hypothesis(ii)
and (iii) in Definition 4.2.1, ax(q¢) < an(q * s)Van(s) and Cu(q) > Cu(q *
sYNCu(s),¥d s € V.

Hence, M is a DIF-ideal in V. O

Reversly it may not hold. That is every DIF-ideal in V' is not a DIF Sl-ideal in V.
It can be interpreted by the help of example below:
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EXAMPLE 17. Let us consider the BC'I-algebra V' as defined in Fxample 16.

x| 0 d e f
0]0 0 0 0
d|d 0 0 d
el e d 0 e
rfr f f 0

Let M = (apr, Cur) s an IFS of V' defined by

Vio d e f

ay |0 0.5 0.5 0.6

(v l1 05 05 04
Here M is a DIF-ideal in V. But, M is not a DIF Sl-ideal in'V, as ap(e* (e xd)) £
mazx{ay(((d*(dxe))*(exd))*0),an(0)}. As it implies that, ap(d) < ap(0), which

s a contradiction.
Now a condition for a DIF-ideal in V' to be a DIF Sl-ideal in V' is given here.

Theorem 4.2.5. If a DIF-ideal in V fulfills the inequalities, ap(r * (r' x ¢')) <

an((q * (¢ *r) % (r' xq)), and Cu(r'* (' % q)) = Cu((q * (¢ *7)) % (r' xq')), then
1t becomes a DIF Sl-ideal in V.

Proof. Let M = (aur, Car) be a DIF-ideal in V satisfying the inequalities, ay(r' * (r' *
q)) < an((q*(q*r))*(r'+q)), and Cu(r'+(r'+q)) = Cur((q *(q #1")*(r"+q')). Now,
(75 () < (@5 (6 +1"))(#0)) < aar((6 (a5 ) x( xq))x) V ane(5),
and Cu (r'*(r'+q')) = Cur((q'*(q +1)*(r'*q)) = Cur(((a (g ")) (r'xq))xs) A Cu(s'),
for all ¢',r',s € V, [because M is a DIF-ideal]. Hence, M is a DIF Sl-ideal in V.

Hence the result follows. O]

Lemma 4.2.1. Every DIF-ideal in V becomes a DIF Sl-ideal in V', when V is im-
plicative BC'I-algebra.

Proof. Let M = (ap, () be a DIF-ideal in V', where V' is an implicative BCI-
algebra, then ap(q) < max{an (¢ *s'), an(s)}, forall ¢, r', s € V. So, ap(r'  (r'
q)) < max{ay(r' * ((r xq)) *s),an(s)}, but V is implicative BCI-algebra, then
(¢ * (¢ *))x(r" xq)) = (" *(r" *q)). Hence ap(r' * (r' x¢")) < maz{an(((¢ *

/

(¢ *r))*(r' xq))*s),an(s)}. Thus the proof ends. O
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Theorem 4.2.6. IfV s implicative BC'I-algebra, then an IFS M in 'V s a DIF-ideal
iV oif and only if it is an DIF Sl-ideal in V.

Proof. By using Lemma 4.2.1 and Theorem 4.2.3 we can prove it easily. O]

[lustrate the Theorem 4.2.5, 4.2.6 and Lemma 4.2.1 by the help of example given

below.

EXAMPLE 18. Let us consider an implicative BC'I-algebra V- = {0, q,r} with the table
as follows:

*|0 g r

010 r ¢

qglq 0 r

rir q 0
Let M = (g, Car) be an IFS in' V' as defined by

V0 g r
ay [0 0.8 0.8
(v |1 02 0.2

Hence, M is a DIF-ideal as well as DIF Sl-ideal in V.

Theorem 4.2.7. Let M = (ap, () be a DIF Sl-ideal in V.. Then, so is @M =
{{d', an(d), am(d))/d € V}.

Proof. Since M = (au,Cy) is a DIF Sl-ideal in V, then a(0) < ap(g) and
on(r' * (T/ * q/)) < maa:{on(((q' * (q/ * r/)) * (r' * q/)) * s/),aM(sl)}. Now, aj(0) <
aM(q/), or 1 —ap(0) <1—au(q "), or ay

(0) > an(q), for any ¢ € V. Now for any
qg,r,s eV, aM(r' o (r' *q')) < max{aM(((q/ (q' *r')) * ('r/ *q')) *5'),04M(5/)}. This
(

gives, 1 — ap(r * (r' x¢)) <max{l —an(((¢ * (¢ *)) *(r' x¢))*s),1 —an(s)}
or, ay(r * (r' % ¢)) > 1 —max{l —an(((¢ * (¢ x7))x (' x¢))xs),1 —an(s)}.
Finally, an(r * (r' % ¢)) > min{an(((¢ * (¢ *7"))* (r' xq)) * s),an(s)}. Hence,
DM ={(q,an(q),an(qd))/q € V}isa DIF Sl-ideal in V. O

Theorem 4.2.8. Let M = (ap, () be a DIF Sl-ideal in V. Then so is @Q M =
{(d', (), Culd))/d €V}
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Proof. Since M = (ayy, Car) is a DIF Sl-ideal in V, then (3/(0) > Car(q).

Also, Cur(r' + (' % ¢")) = min{Cu(((q % (¢ 1)) * (' % ¢)) x5, Cu(s)}-
Again, we have, (ur(0) > Cur(q'), or 1= Cu(0) > 1= Cu(q), or Cu(0)

any ¢ € V. Also for any ¢, 7', s € V., Cu(r' * (' q)) > min{Cur(((¢ % (¢ 7)) * ('

q)) *5),Cu(s)}-

This implies, 1—Cu(r *(r'xq' ) > min{1—Car(((q * (g %)) x (7' %q ) *s'), 1—Car(s) ).

S CM(x)v for

~
_ ~—

/

That is, Cu (' * (r % ¢') < 1T—min{l — Cu(((q" * (¢ * ) * (r % ¢)) xs"),1 = Cu(s)}
or, Cu(r'* (" ¢') <max{Cu(((q * (¢ * ) * (% q)) *s"),Cu(s)}. Hence, @ M =
{d,Cu(q), Cu(qd)) /¢ € V) is a DIF Sl-ideal in V. 2

Theorem 4.2.9. Let M = (ap, () be an IFS in V. Then M = (aum,(y) 1S a
DIF Sl-ideal in V if and only if @ M = {{¢',an(q¢),an(q))/qd € V} and @ M =
{q, Culd), Culq))/qd € VY are DIF Sl-ideals in V.

Proof. The proof follows the same route that was used in Theorem 4.2.7 and Theorem

4.2.8. [l

The example provided below supports the Theorem 4.2.7, 4.2.8 and 4.2.9.

EXAMPLE 19. Let us consider a BCI-algebra V- ={0,s,t,u} as given by below tabu-

lated form.:
x| 0 S t U
010 0 0 u
s|s 0 0 U
t|t t 0 U
u|u u u 0

Let M = (aupy, Cor) be a DIF Sl-ideal in V' defined by

\% 0 s t U
ay!| 0 03 05 06
(v 108 0.6 05 0.4

Then @M = {{q,an(q),an(q))/qd €V}, where an(q) and an(q) are defined

as follows:
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V |0 s t U
ay |0 03 0.5 0.6
ay |1l 07 05 04

Also @ M = {(q',Cu(q).Cu(q))/qd € V},whose (ulq) and Cu(q) are defined by

V1o S t U

Cu 102 04 05 0.6
(v |08 06 05 04

So, it can be verified that @ M and Q) M are DIF Sl-ideals Of V.

Theorem 4.2.10. An IFS M = (ap, ) is a DIF Sl-ideal in a BCI-algebra V' if
and only if the DIVFs ay; and yy are DF Sl-ideals in V.

Proof. Let M = (aypr,Car) be a DIF Sl-ideal in V. Then it is obvious that ay, is a DF
Sl-ideals in V, and from Theorem 4.2.8, we can prove that (s is a DF Sl-ideals in V.

Conversely, let ay; be a DF Sl-ideals in V. Therefore a;r(0) < aps(q’) and ap(r *
(r' * q)) < max{ay(((¢ * (¢ *7)) x (' *q)) xs),an(s)}, for all ¢,r',s € V.
Again, let (y is a DF Sl-ideals in V, so, ((0) < Cu(q), gives 1 — (r(0) < 1 —
Cu(q), implies ¢ar(0) > Cur(q).

Also, Cur(r' * (" x q) < max{Cu(((q * (¢ * 1) = (" ¢)) * ), Cu(s)} or, 1~
Cur(r# (' q')) < maw{1=Cur(((q' (g ")) x(r'xq))xs'), 1 = Qu(s) } or, Qu(r' + (' x ¢')) =
1 —maz{l —Cu(((¢ % (¢ ) *(r' x¢))x5),1 = Cu(s)}. Finally, Car(r' * (r x¢')) >
min{Car(((¢ (¢ *r ) x (' x¢))xs"), Cur(s)}, forall ¢, ', s" € V. Hence, M = (az, Car)
is a DIF Sl-ideal in V. O

Corollary 4.2.1. The sets, D,,, = {¢ € V/anu(¢) = an(0)} and D¢,, = {q¢ €
V/Cu(q) = Cur(0)} are Sl-ideals in V', when M = (aur, () is a DIF Sl-ideal in V.

Proof. Let M = (o, () be a DIF Sl-ideal in V. Obviously, 0 € D,,, and D¢,,.
Now, let ¢',7',s € V, such that (((¢ * (¢ *7")) % (r' xq)) *5) € Da,,, 5 € Da,,.
Then an(((¢ * (¢ * 7)) % (' % q)) xs) = an(0) = an(s). Now, ay(r' = (r' xq')) <
maz{anr(((q * (¢ +1)) % (' % ¢)) x 87), an(s)} = anr(0).
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/

Again, since ay; is a DF Sl-ideals in V, ay(0) < an(r' * (' % ¢')). Therefore,
aar(0) = an(r' * (' % ¢')). which shows that, (' * (r' * ¢')) € D,,,, for all ¢ ,r" € V.
Therefore, D,,,, is a Sl-ideal in V.

Also, let ¢',7',s" € V, such that (((¢' * (¢ *7'))* (r' xq))*s) € D¢,,, s € D¢,
Then Cu(((g # (¢ % 7)) * (7 %)) % 5') = Cu(0) = Car(). Now, Cur' # (') >
min{Cu(((d * (¢ + ) * (0 @) * ), Car(5)} = Cur(0).

Again, since (y; is a DF Sl-ideals in V, (y(0) > Cu(r' % (7' % ¢')). Therefore,
Cur(0) = Cu(r % (r' xq)). So, (r' * (r' xq)) € Dy,,, for all ¢, 7" € V. Therefore, D,, is
a Sl-ideal in V. O

Definition 4.2.2. Let M = (ap, () be an IFS in 'V, and ¢,d € [0,1], then UC of
level ¢ and LC of level d of M, is as followes:

asr.={d €V/au(d) <c}
and (i, =1{d € V/Culqd) > d}.

Theorem 4.2.11. If M = (ay, () be a DIF Sl-ideal in V', then afh and CAZM are
Sl-ideals in V' for any c¢,d € [0, 1].

Proof. Let M = (apr, () be a DIF Sl-ideal in V, and let ¢ € [0, 1] with a(0) < c.
Also we have, ay(0) < ap(q), forallg € V, but ay(¢) < ¢, forallq € 04]%470.
So, 0 € af,.. Let ¢,r',s € V with (¢ * (¢ 7)) = (r' xq)) xs) € a3, and
s € oz]ac , then, an(((¢ * (¢ 7)) *(r'*q))xs") € aic and ay(s') € aic. Therefore,
an(((¢ * (¢ *7)) % (r % ¢))*s) < cand ay(s) < e Since ay is a DF Sl-ideals in
V, it follows that, an(r * (r xq¢)) < an(((¢ * (¢ *7 ) (r' *q)) *s)Vau(s) <c
and hence (r' % (r' xq')) € 0@70, for all ¢',7', s € V. Therefore, 0‘%4,5 is a Sl-ideal in V/

for ¢ € [0, 1]. In such way, it also proved that Cﬁd is a Sl-ideal in V for d € [0,1]. O

Theorem 4.2.12. If aac and Cﬁ’d are either empty or Sl-ideals in 'V for c,d € [0, 1],
then M = (apy, Car) is a DIF Sl-ideal in V.

Proof. Let aic and CAZM be either empty or Sl-ideals in V for ¢,d € [0,1]. For any
q €V, let ay(q) = cand (y(¢) = d. Then ¢ € aﬁvc/\(ﬁ’d, SO Ozic # ¢ # Q\%’d.
Since 041\34’6 and CAZM are Sl-ideals of V, therefore 0 € aic A Q\Z/Ld. Hence, ap(0) <c¢=
anr(q) and (u(0) > d = Cur(q'), where ¢ € V. If there exist ky, kg, k3 € V such that
ang (ko x (ko x k1)) > max{an (((ky* (k1% ko)) * (kax k1)) x k3), apr(k3)}, then by taking,
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co = 2(an(kox (ko xkr)) +maz{ons (((ki* (k1% ka))* (kax k1)) % ks), anr(ks)}). We have,
apr (kg * (ko *x k1) > co > max{an (((k1 * (k1 % ko)) * (ko x k1)) * k3), apr(k3)}. Hence,
ko x (ko x k1) ¢ O‘J%d,cw (((ky * (k1 x ko)) * (kg x k1)) x k3) € aﬁ,co and k3 € O‘J%d,cw that
is oz]ﬁ’co is not a Sl-ideal in V', which is a contradiction. Therefore, a(r' * (r' x¢')) <
anr (¢ * (¢ xr))* (' x¢))*s)\ an(s), for some ¢, 7', s € V.
Corlr 5 (7 ) > (6 # (¢ 1)) % %4)) %5") Aaa(s), for some ¢/, 5’ € V.
Hence, M = (ans, (ar) is a DIF Sl-ideal in V. ]

4.3 DIFP-ideal in BC'I-algebras

In this section, we define DIF P-ideal in BC'I-algebras and investigate its properties.

Definition 4.3.1. Let M = (au, () be an IFS in a BCI-algebra V', then M is
identified as DIFP-ideal in V if (i) anr(0) < aar(q), Car(0) > Carlq)

(i6) ane(g') < maz{an((g * ) * (¢ 8))), an(r)}

(i) Car(q) > min{Car((¢ * 8 ) * (r' % 5)), Car(r)}, for all ¢',r',s €V

EXAMPLE 20. Let us consider a BCI-algebra V= {0,r,s,t} as presented in the table

below:

t|t t s 0

Now let consider a DIFS M = (aur, () in'Voas follows:

V90 r s t
ay |0 05 06 0.6
Cu |1 05 04 04

Then M = (ap, Car) be a DIFP-ideal in V.
Theorem 4.3.1. Every DIFP-ideal in'V s a DIF-ideal in V.

Proof. Let M = (ayz, Car) be a DIFP-ideal in V, then (i) aa(0) < an(q); Car(0) >
Car(q), (i) anr(q) < maz{onr((q +s7) * (' * 8)), anr (1)}
and (iii) Car(q) > min{Cur((¢ *8) * (r' x8)), Cu(r)}, Vg .7, s € V. If we put s = 0,
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then from hypothesis(ii) and (i), we get, ap(q) < an((g * 0) * (r' % 0))\ an(r)
and Cur(q) > Cur((q *0) x (r" % 0)) ACur(r),¥q ,v" € V. Hence, every DIFP-ideal
in V satisfies the inequalities: an(¢') < anr(q * ')\ anr(r') and Cur(q) > Cur(q *
7"/) /\CM(T,), for all ¢',r" € V. Hence, M is a DIF-ideal in V. O

Theorem 4.3.1 may not hold in reverse direction in general, the below given example

proves this fact.

ExaAMPLE 21. Consider the BCI-algebra V' that was taken in Example 19:

* | 0 S t U
010 0 0 u
s|s 0 0 u
t|t t 0 U
u|u u U 0

Let M = (anr, Car) be a DIF Sl-ideal in 'V defined by

Vi0 s t wu

ay |0 03 04 05
Cu |1 0.7 06 05

But M = (apy, Car) is not a DIFP-ideal in V', since ap(t) = 0.4 and max (o ((t*u) *

(s*xu)), an(s)) = an(s) = 0.3, that implies ap(t) £ maz(ap ((Exu)* (s*u)), an(s))

Now let us uphold a new condition for the IFS M = (ayy, (ar), which is a DIF-ideal
in V to be a DIFP-ideal in V.

Proposition 4.3.2. A DIF-ideal in a BCI-algebra V becomes a DIFP-ideal if the

below stated postulates meet.

!

(i) arr(q * 1) < as((q *s)* (r' *5)) and (i) Carlqg *7") > ap((q *5) * (r' *
s)), Vg ,r',s V.

Proof. Let M = (s, () be a DIF-ideal in V satisfying (1) aar(q * 1) < aar((q *
s)* (r*s)) and (ii) Cu(q *7) > an((¢ *8) * (' *5)),Yqg,r',s € V. Then
ane((q *5) (7 %)V ana(r) > ane(q *7)V one(r) > ane(q). Again, Cur((g #5')
(r' * s NN Car(r') < Curlg 7)Y ACar(r') < Car(q). In this way, the proof ends. O
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Proposition 4.3.3. For a DIFP-ideal M = (aur, Car) in a BCI-algebra V, ap(q) <
an (0% (0% 4)) and Cu(q) = Cu(0% (0% ¢')), for allq €V .

Proof. 1t is straightforward O

Corollary 4.3.1. The sets, D,,, = {¢ € V/au(¢) = an(0)} and D¢,, = {q €
V/Culq) = Cu(0)y are P-ideals in V when M = (an, Car) is a DIFP-ideal of that
BC1I-algebra V.

Proof. Let M = (ap, () be a DIFP-ideal in V. Obviously, 0 € D,,, and D¢,,.
Now, assume ¢ ,7,s € V, so that (¢ *s)* (r *s) € D,,,, and r € D,,,. Then
an(q) < max{an((q *s)* (r' x5)), an(r)} = an(0). But ap(0) < ap(q), for all
q € V. Therefore, ay(0) = an(q). So, ¢ € Da,,, forall ¢, 7', s € V. Therefore, D,,,
is a P-ideal in V.

Also, let ¢',7',s € V, such that (¢ *s) % (r xs') € D¢,,, and r e D¢,,. Then

Cu(q) > max{Cu((q *s) % (' x5)),Cu(r)} = Cur(0). But, (ar(0) > Carlq) for all
q € V. Therefore, (3/(0) = (ur(q). It follows that, ¢ € De,,, for all ¢',r', s € V.
Therefore, Dg,, is a P-ideal in V. []

Theorem 4.3.4. Fvery DIFP-ideal in V' is a DIF Sl-ideal in V.

Proof. Let M = (ap, () be a DIFP-ideal in V.

Now,

0% (0 (r'* (r % ¢)) % (¢ % (¢ *r)) * (r %))

=0 ((q' % (¢ * 7)) % (r"%q))) * (0 (r' % (r' % q)))[by P1]

(0% (g * (g #))* (0% (r %q))) * (0% 7) % (0 (r % q)[ by P6 ]
(05 ) % (0 (g %)) % (05 (' %q))) % (0% 7) % (0% (' %q)))
(

(0 * q,) * (0 % 7“,)) * (0 % (q, * r/))[ by P1]

!

0x(q * r/)) * (0 % (q/ * r/))[ by P6]

Hence, (0% (0% (' + (' ) < (¢ * (¢ * 7)) % (' ).
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Since, M is a DIF-ideal, then, aa (0% (0% (r' % (7' %q')))) < an((q * (¢ 7)) *(r'xq))
and Cpr (0% (0% (' x (r' x¢)))) > Cu((q * (¢ 7)) * (' xq)).
But by Proposition 4.3.3, we have ay/(r' * (' *¢')) < an(0% (0% (r' * (v % ¢))))
and Cu(r' % (1 5 ¢)) = (0 (0% (1 (' + q)))). Hence, an(r' + (' + ¢)) <
anrl(d +(q +7)) * (7 ) and Carlr + (7 %)) = Curl(d * (@ +1)) + (% ¢). By
Theorem 4.2.5, we see that M = (ay, (yr) is a DIF Sl-ideal in V.

But, the reverse of Theorem 4.3.4 may not be true, which is illustrated by Example
19. As, ap(t) £ an((t*u) x (sxu)) V au(s). O

Theorem 4.3.5. Union of any two DIFP-ideals in V', is also a DIFP-ideal in V if

one s contained in another.

Proof. Let M = (ap,(y) and N = (ay,(y) be two DIFP-ideals in V. Again let,
C = MUN = (ag,(c), where ac = ay V ay and (¢ = Cy ACy. Let ¢',r',s € V,
then, ac(0) = maz{an(0),an(0)} < mazf{au(q),an(q)} = ac(¢) and ((0) =
min{Cu(0), (v (0)} > min{Cu(q), (n(a)} = Col(q), for all ¢ € V.

Also,

/ ’ /

aclq) = mazr{an(q),an(q)}

/ ’

< mcm:{max[aM((q/ * s/) * (7", * s/)),aM(r )],maa:[ozN((q/ * s/) * (T/ * sl)),aN(r

)}t
= mam{mam[aM((q/ * s/) * (r/ * s/)),aN((q/ * s/) * (7‘/ * s/))],max[aM(r/),aN(T/)]}

)l

= mazfac((q *s )« (' %5)), ac(r
Similarly, it can verify that, Co(q') > min[Co((¢ * s) * (' x5)), Co(r)].
In this way, proof ends. O

Theorem 4.3.6. Let M and N be two IFSs in V', such that one is subset of other.
Also M and N are two DIFP-ideals in V. Then M NN 1is also a DIFP-ideal in V.

Proof. Let M = (aar, () and N = (an,(n) be two DIFP-ideals in V. Again let,
D = MNN = (ap,(p), where ap = min{ay, ay} and (p = maz{Cy,(n}. Let
¢ €V, then ap(0) = min{an(0),an(0)} < min{an(q),an(q)} = ap(q) and
¢p(0) = maz{¢ar(0), v (0)} > maz{Car(q), Cv(q)} = ¢o(d).
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Also, for ¢',r',s € V

ap(q) = minf{am(q),an(q)}

/

)
)},

< min[maz{on (¢ % s ) % (r x5)), aa(r)}, maz{an((q *s) = (r *5)), an(r
= maz[min{ay ((¢ *s )« (r x5)),an((q *s)* (r s )}, minf{an(r),an(r
[because one is contained in another|

)l

’

— maclan((q *5) * (7 *$)), an(r
Again,
(olg) = maz{Cu(q),¢nlg)}
> maz[min{u((q %) * (r s)), Cu(r)}, min{Cn((g *s) * (" *s)), Cn(r)}]
= min[max{Cu((q *s) * (r %)), Cn((q *#8)* (" *s))} maz{Cu(r), (v ()},
[because one is contained in another]
= min[Cp((q * ) * (r *s)),¢p(r)].
Thus the proof ends. O
Now the Theorem 4.3.5 and Theorem 4.3.6 are verified by the following example,

ExXaAMPLE 22. Consider a BCI-algebra that was given in Example 19 as follows:

* | 0 S t U
010 0 0 u
s|s 0 0 U
t]t t 0 U
u|u u u 0

Let M = (aupy, Cr) be a DIF Sl-ideal in V' defined by

VIi0 s t u
ay [0 0.7 0.7 0.8
(v |1 03 03 02
Then M = (apy, Car) is a DIFP-ideal in V.
Also, let N = (an,(y) be an IFS in 'V as defined by

V910 s t U
ayv |0 04 04 0.5
(v 1|1 06 06 0.5
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Then N = (an,(n) s a DIFP-ideal in V.
Again assume that P = M UN = (ap,(p), where ap = apr V ay and Cp = Cur A (n

and P is interpreted as:
Vio s t wu

ap |0 0.7 0.7 0.8
pl1 03 03 02
Then P = (ap,(p) is a DIFP-ideal in V.
Now let, Q = M NN = (ag, (o) where ag = ay A ax and (g = Cu V (-

Then the IFS @) is represented by:

V910 s t U
ag |0 04 04 05
G|l 06 0.6 0.5

Then @ = (o, Cg) is also a DIFP-ideal in V.

4.4 Summary

The notion of DIF Sl-ideals and DIFP-ideals in BC'I-algebras are introduced in
current chapter. Here it is shown that any DIFP-ideal is always a DIF Sl-ideal. We
also examplifies that a DIF Sl-ideal may not always be DIFP-ideal. Besides, the
chapter also contains some other properties about DIF Sl-ideals and DIFP-ideals in

BC'I-algebras.



