Chapter 8

Doubt interval-valued fuzzy ideals

in BF-algebras®

8.1 Introduction
Andrzej Walendziak introduced the BF-algebra [83] in 2007.
“ [83] An algebra (V;x,0) is said to be a BF-algebra if it fulfills the below stated
postulates:
(I) ug xu3 =0
(IT) ug % 0 = uy
(ITT) 0 * (ug * ug) = (ug * uq), for all uy,uy € U.”

Let M = [0;00). Define the binary operation * on M as follows: wu; * uy = |u; —
Us|, Vuq, us € M. Then (M;x*,0) is a BF-algebra.

In [89], Zadeh made an extension of a F'S by an IVFS as stated previous chapter.

Saeid and Rezvani [64] extends the concepts of BF-algebra to fuzzy set. Several
researchers investigated properties of FSAs and ideals in BC'K/BC-algebras and
other algebraic structers see [ [11], [12], [41], [43], [49], [53], [56], [58], [68], [69], [70], [74]
.

Extending the idea of fuzzy BF-SAs, Zarandi and Saeid [90] defined IVF BF-SAs

[90] (IVF BF-SA) An IVFS M in U is called an IVF BF-SA in U if fip(uy *ug) >

rman{ i (ur), far(ug) }, for all uy, ug € U.
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In this chapter we are going to investigate the concept of DIVFSA and DIVF-ideals
in BF-algebras. After a detailed study of its properties, we come to this conclusion that
in BF-algebras, an IVFS is a DIVF-ideal in B F-algebras if and only if the complement
of this IVFS is an IVF-ideal. Finally, results based on DIVFSAs of BF-algebras and
DIVF-ideals of BF-algebras are established. At the same time the product of DIVF-

ideals in B F'-algebras has been introduced.

8.2 DIVFSA in BF-algebras

In this section, we define DIVFSA in BF-algebras and investigated its properties.

Definition 8.2.1. An IVFS M in U is named as a DIVFSA in U if TM(ul * Ug) <

rmax{ Y (ur), Tas(uz)} for all uy,uy € U.
EXAMPLE 35. Let U = {0, k,l,m,n} be a BF-algebra as follows:

k l m n

0
0 n m ) k
k

x> O

nin m ) k 0

Let M = {(uy, Tas(u1)) : uy € U} be an IVFS defined as T (0) = [0,0.2], Tas(k) =
(0.2,0.4], Tp(1) = [0.3,0.4], Tpr(m) = [0.5,0.6], Trs(n) = [0.3,0.4]. Then M is a
DIVF BF-SA in U.

Theorem 8.2.1. An IVES M = (Y%, YY) in U is a DIVFSA of a BF-algebra U if
and only if the FSs Y%, and TY, are DFSAs in U.

Proof: Let T4, and T§, are DFSAs in U and uy,uy € U, then

Tar(ug *ug) = [C5(ug *ug), Y5, (ug * uy)]

< [max (T (u), Ty (us)), maz (i (), T, (uz))]
= rmaz ([T (ur), Top(wn)], [T (u2), i, (us)])

= rmax{Ta(ur), Thr(uz)}.
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Hence, M = (Y%, TY,) in U is a DIVFSA in a BF-algebra U.
Conversely, let M = (T4, T{,) be a DIVFSA in a BF-algebra U. Then for any

uy, us € U, we have

(Y5 (ug %), Y, (uy % ug)] = Tar(ug * up)
< rmax{Ta(u1), Tar(us)}
= rmax([T5 (), Y, (w)], [T5 (ug), T§, (usz)])

= [maz(Y(ur), Y5y (u2)), maz(YY, (u), Yoy (u2))].

Therefore, T, (uy*us) < maz (Y, (u1), TE, (us)) and YV, (u1xus) < maz(YY, (u1), T, (us2)),

hence T4, and TY, are DFSAs in U. Thus the proof ends.

Lemma 8.2.1. If M = {(u1, Yp(u1)) : uy € U} is a DIVFSA in U, then for all
u; € U, TM(O) < TM(Ul)

Proof:

Ta(0) = Tarluy +uy)

< rmaz{Tar(uy), Tor(ur)}

= rmaz ([T (u), Ty (ur)], [T (ur), Yoy (ur)])
= Ty(u).

This completes the proof.

Corollary 8.2.1. Let M = {(u1, Tas(u1)) : uy € U} be a DIVFSA in U. Then the
set, Dy,, = {u1 € U/Tnr(u1) = T (0)}, is a BF-SA in U.

Proof: Here M = {(uy, Yas(u1)) : uy € U} is a DIVFSA in U. Obviously,
0 € Dy,,. Now, let uj,us € Dy,,, then Trr(ur) = Tar(0) = Tas(ug). Also, Ths(ug *
uz) < rmaz{Tar(ur), Tar(uz)} = rmaz{Tar(0), Tar(0)} = Tar (0).
Again, by Lemma 3.4, T,(0) < Tas(uy*us). So, Tar(uy*uz) = T(0). This means
that uy xup € Dy ,,. Hence, Dy, is a BF-SA in U.

Definition 8.2.2. Let M and N be two IVDF BF-SAs in U. Then union of M and N
is defined as MUN = T pron(uy) =[5, n(w1), Yoy ()] = [max{ Tk (uy), Y& (uy) }, max{ T, (uy),
for all uy € U.
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Theorem 8.2.2. Union of any two DIVFSAs in a BF -algebra U, is also a DIVFSA
inU.
Proof: Let P and @ be two DIVF BF-SAs in U. Again let uj,uys € PUQ. Then
u1,us € P and uy,us € QQ. Now
Trug(ur xus) = [Thugur * uz), Thug(ur * us)]
= [max(Th(u; * uy), Té(ul % ug)), max (T (up * uy), Tg(ul * Usg) )]
< [maa(Thyg(u), Thg ), maz(Th o(us), Too(s))

= rmax{Tpug(u1), Trug(uz)}

Thus the proof ends.

Also, the above theorem is interpreted with the help of the example given below.
EXAMPLE 36. Consider a BF-algebra U = {0, 1, j, k} with the table as follows:

x| 0 1 J k

01]0 k 0 )
) 0 /) k
7 k 0 i

k |k 1 k 0
Let M = {(uy, Tas(u1)) : uy € U} be an IVFS defined as
U \ 0 i j k
Ty | 01,02 [0.2,03) 03,05 [0.2,03

Then M is a DIVFSA i U.

Again, let N = {(uy, Yn(u1)) : ug € U} be an IVFS defined as
U \ 0 i j 2
T ‘ 0,0.1] [0.1,0.2] [0.4,0.5] [0.1,0.2]

Then N is a DIVFSA in U.

We also assume that R= M UN and R is defined as:
U ‘ 0 i J k
Tp ‘ [0.1,0.2] [0.2,0.3] [0.4,0.5] [0.2,0.3]

Then R is a DIVFSA in U.



115 CHAPTER 8. DIVF-IDEALS IN BF-ALGEBRAS

Theorem 8.2.3. Let M = {(uy, Tpr(u1)) : uy € U} be a DIVESA in U. Then for any
uy € U, we have
(i) Tor(uf % uy) < Yas(uy), if m is odd

(ii) Car(u * uy) = Tar(uy), if m is even.

Proof: (i) Let u; € U, then Ty (uy * u1) = Ta(0) < Tas(up) [by Lemma8.2.1].
If m is odd then let m = 2p — 1, where p is some positive integer .
Now, assume that Ty, (ui " % uy) < Thar(uy), for some positive integer p.

Then,

IN
el
g

Hence, YTy (uf™ % up) < Ypr(wy), if m is odd.
(ii) Again, let m be even, and m = 2q.
Now for ¢ = 1, Tas(u? *uy) = Tpr(ug * (ug *u1)) = Tar(ug 0) = Tar(uy).
Also assume that, Ty (u3? % uy) = Tas(uy), for some positive integer g.

Then,

TM(uf(qH) xup) = TM(u%q x (ug * (ug *uq))),
= T (v % uy)

Hence, Y ps(ul x up) = Tpr(uy), if m is even.

8.3 DIVF-ideal in BF-algebras

In this section, we define DIVF-ideal in B F-algebras and investigated its properties.

Definition 8.3.1. An IVFS M in U is named as a DIV F-ideal of BF-algebra U if
(i) Tar(0) < Yar(ua)
(ii) Tar(uy) < rmaz{¥pr(uy * uz), Tar(uz)} for all uy,uy € U.
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ExampPLE 37. Let U = {0,q,r} be a BF-algebra with the table given below:

Let M be an IVFS in U as defined by

U ‘ 0 q r
ASY; ‘ [0.2,0.3] [0.4,0.6] [0.6,0.8]
Then M is a DIVF-ideal in U.

Proposition 8.3.1. Let TM(ul) be a DIVF-ideal in U. Then
(a) If uy < uy then Tar(ur) < Yarug).
(b) If uy * uy < ug then Tar(uy) < rmax{ ¥ (uz), Tar(us)}, for all uy, us,us € U.

Proof: (a) Let u; < uy, then uy *x us = 0. Now

Tar(ur) < rmax{Ta(uy % up), Tas(ug)}  [Since Ty (uy) is a DIVF-ideal]
= rmaz{Y(0), Tas(uz)}

= Ta(ug) [Since Ty(0) < Tas(ug) for DIVF-ideal].

So, Tas(ur) < Yarug).
(b) Here uy * us < ug, therefore (u; * uy) * ug = 0. Now,

Tar(ug xug) < rmax{Ta((ug * ug) * uz), Tas(us)}  [Since Tys(uy) is a DIVF-ideal]
= rmax{Y(0), Tas(us)}

= Tp(usz) [Since Tpr(0) < Tas(us) for DIVF-ideal].

Therefore, T (uy * ug) < Tpr(us).

Again, as Tj/(u;) is a DIVF-ideal, so

Tar(ur) < rmax{Ta(uy % up), Tas(ug)}

< rmax{TM(ug), TM(UZ)} [Since TM(Ul * UQ) < TM(US)]-

Hence, Yys(uy) < rmaz{ T (us), Tar(us)}, for all uy, ug, us € U.
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Theorem 8.3.2. Let M = {(uy, Tpr(u1)) : uy € U} be a DIVF-ideal of a BF-algebra
U. Then the set, Dy,, = {u; € U/Tpr(ur) = Tar(0)}, is an ideal in U.

Proof: M = {(u1,Tar(u1)) : vy € U} is a DIVF-ideal in U. Obviously, 0 € Dy,
Now, let uy * ug, us € Dy,,, then Yas(ug % ug) = Yar(0) = Tas(us).

Now,

Ta(u) < Tmax{TM(ul *U2)7TM(U2)}
= rmaz{Y(0), Tr(0)}
= Tu(0).

Therefore, Tys(uy) < YTa(0). Also, Tar(0) < Tar(up) [Since M is a DIVF-ideal].
Hence, Ty(u1) = Ta(0). So, uy € Dy,,. That is, us * ug,up € Dy,,, implies that

uy € Dy,,. So, Dy,, is an ideal. Hence the proof ends.

Theorem 8.3.3. Let M = {(uy, Tps(u1)) : uy € U} be a DIVES Of a BF-algebra U,
then M is a DIVF-ideal in U iff its complement is DIVF-ideal in U.

Proof: Let M is an IVF-ideal in U, to prove M€ (complement of M) is DIVF-ideal,

let uy,us, ug € U. Now,

5,000 = 1—"Tu(0)
< 1—Ty(ur) [As Tar(0) > Tar(us)]

= Ti(ur).

So, T$,(0) < T4, (uy), for all u; € U.
Again,

Ti(w) = 1—"Tu(w)
< 1 —rmin{ T (uy *uz), Tar(ug)}  [As Tar(ur) > rmin{ Ty (uy * uz), Tar(uz)]

= 1—rmin{l — Y5, (uy *us), 1 — T, (uz)}
= rmax{ TS, (us * up), T, (uz)}.
This implies that, M¢ is a DIVF-ideal.

Conversely, let M¢ is DIVF-ideal in U. Then, T$,(0) < TS, (u;) and T§,(u;) <

rmax{ S, (u; * uy), T, (uz)}.
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Now, T$,(0) < T$,(u;), which implies that, 1 — T,(0) < 1 — Tps(uy), that is,
Tar(0) > Tor(u).
Again, Y5, (u1) < rmaz{Y$; (us *xus), T, (uz)}, then 1 — Ty (uy) < rmaz{l— Ty (ug *
uz), 1 —Tas(ug)}, next Tas(ur) > rmin{ Y ar(uy * uz), Tar(usz)}, which implies that, M
is an IVF-ideal in U.

Theorem 8.3.4. Let M = {(uy, Tpr(wy)) : uy € U} be a DIVESA in U, if
Yar(ur) < rmaz{¥as(us), Toar(us)}, with ug * uy < us, then M is a DIVF-ideal in U.

Proof: Here M = {(u;,Ty(w1)) : us € U} is a DIVFSA in U. We have,
Yar(0) < Tar(uy). Also since, up * (ug * up) < up and by the hypothesis, Ty (u1) <
rmax{ Y (uy % uz), Tar(uz)}. So, M is a DIVF-ideal in U.

Theorem 8.3.5. An IVFS M = (Y%,,Y%,) in U is a DIVF-ideal of a BF-algebra U
iff the FSs Y, and YY, are DF-ideals in U.

Proof: Let T4, and TY; are DF-ideals in U and uy,us € U, then T4,(0) < T4, (u;)
and T§,(0) < YY, (uy).
Also, Ty (u1) < max [y (u + uz), Yy (uz)] and Y5 (ur) < max[ Y (ug * uz), Y (us)]-
Now,

Tar(w) = [T (wr), Top(w)]
< [maz (Y (uy * ug), Y5 (ug)), maz (Y, (uy * ug), T, (us))]
= rmax{ T (uy * up), Tas(ug)}.
Therefore, Tys(ur) < rmax{Ta(ur * us), Tar(ug)}. Hence, M = (Y5, YV) in U is a
DIVF-ideal of a BF-algebra U.
Conversely, let M = (T%, YY) in U be a DIVF-ideal of a BF-algebra U. Then for

any uy, us € U, we have

(YE (ur), Y5, (w1)] = YTar(wr)
< rmaz{ T (u * us), Tar(uz)}

= [maz (Y% (uy * u), Y, (ug)), maz (Y, (uy * ug), TV, (us))].

Therefore, Tt (uy) < maz[Yh(up * us), T (us)] and YV, (uy) < max[T§(u; *
uz), T{; (uz)], hence we get T4, and TY, are DF-ideal in U. Thus the proof is com-
pleted.



119 CHAPTER 8. DIVF-IDEALS IN BF-ALGEBRAS

Definition 8.3.2. Let M and N be two DIVF BF'-ideals in U. Then union of M and
N s qiven as
M U N = TMUN(Ul)

= Moo (), Yo (ua)] = [max{ 5 (), T5 (un)}, maz{ T, (ur), Y (u1)}], for all
uy € U.

Theorem 8.3.6. Union of any two DIVF-ideals of a BF-algebra U, is also a DIVF-
tdeal in U.

Proof: Let M and N be two DIVF-ideals in U. Now let uq,us € M U N. Then
up,uy € M and uy,ug € N. Again let, C = M UN = (T¢), where Yo = Ty V Ty
Let uy,us € U, then,

Te(0) = YT (0)V YTn(0)

< Ta(ur) vV Yn(ur)

= Tc(ul).
Also,
Taow(ur) = [T (un), Topon ()]
= [maz(Ty(w), T (w1)), maz (T (ur), TR (u1))]

< [maz (T oy (ur * ug), Yiun (u2)), maz (Y n (ur % u2), Yoy (u2))]

= rmax{ T yun(ur * ua), Taron (us)}.

Thus the proof ends.

Also, the theorem is interpreted with the help of the example given below.

EXAMPLE 38. Let U = {0, e, f, g} be a BF-algebra with the table as below:

*x10 e f g
00 e f g
ele 0 g f
fofr g9 0 e
glg f e 0

Let M and N be two DIVF-ideals in U as defined by
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U 0 e f g
Tor | [0.1,0.2] [0.2,0.3] [0.5,0.6] [0.5,0.6]

and
U 0 e f g

Ty [[0.2,0.2] [0.3,0.4] [0.6,0.7] [0.6,0.7]
We also assume that C = M UN and C' is defined as:

U 0 e f g
T | [0.2,0.2] [0.3,0.4] [0.6,0.7] [0.6,0.7]

Then clearly, C' is a DIVF-ideal in U.
The following corollary generalizes the Theorem 8.3.6.
Corollary 8.3.1. Let {M,|j =1,2,3,...} be a family of DIVF-ideal of BF -algebra U,

then \J;_, M; is also a DIVF-ideal of BF-algebra U, where |J(M;) = max{M;(u1) :
j=1,2,3,..}.

8.4 Product of DIVF-ideal in BF'-algebras

Definition 8.4.1. Let Yy and Ty be two DIVF-ideal in a BF-algebra U. Then the
CP Yy x YTy is (Tay x Ty): Ux U —1[0,1], and is defined by

(Tar x Tn)(u,v) = rmax{ Y p(u), Tn(v)}, for all u,v € U.

Theorem 8.4.1. Let Ty and Yy be two DIVF-ideal in a BF-algebra U. Then Yy X
Y is also a DIVF-ideal in U x U.

Proof: Let (u,v) € U x U, then by definition,

(TM XTN)(0,0) = TTTLCLJI{TM(O),TN(O)}

1(0)), (Tx(0), T5(0))}
( U

= rmaz{(Y%(0),T{(0))
= maz[(T5(0), T5(0)), (Y5,(0),T
T ( T

)

~(0))]
()]
TR (v))}

% )7
< maz[(Y5(u), T5©)), (Y5 (w),
= rmax{(Th (), T (u)), (Tk(v),
= rmaz{Ty(u), Tn(v)}

= (Tar x Tw)(u,v).
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Therefore, (T x Tn)(0,0) < (Tar x Tn)(u,v). (7)
Again let, (uy,us), (v1,v9) € U x U. Then,

(Tar x T)(ur,ug) = rmaz{ Ty (u1), Tn(uz)}

rmax{rmaz{ ¥y (uy * v1), Tar(v1)}, rmaz{ ¥ n(uy * v2), Ty (ve)}}

IN

= rmaz{[maz[( T (ur * v1), T, (01))], maz (T (ur * v1), T (v1))]],
[maz (T (us * va), T (v2))], maz (TR (us * va), T (v2))]]}

= [maz{maz[(T5; (w1 * v1), (T (uz * v2)], maz [T (v1), T (v2)]},
maz{maz|(Th(ur * v1), (T (uz * va)], maz[ L5, (vr), T (v2)]}

= rmax{(Tar X Tn)[(uy * v1,us * v3), (Tar X T )(vi,v2)}.

Hence, (Yas x Yor)(ur, ug) < rmax{(Tar x T )[(ug * vy, ug xv9), (Tar X T ) (v1,v2) }.
(i)
From (i) and (i7) see that Ty, x Ty is also a DIVF-ideal in U x U.

8.5 Summary

This chapter focuses on the basics of a theory for such an IVFS becoming DIVFSA
and DIVF-ideal of BF-algebras. We show that an IVFS of BF-algebras is a DIVFSA
and a DIVF-ideal if and only if the complement of this IVFS is an IVFSA and an
IVF-ideal. Product of DIVF-ideal in BF-algebras is also established and we have

established some common properties related to them.
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