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{ Notations and symbols have their usual meanings )
Answer Q. No. 1 and any FOUR from Q. No. 2to Q. No. 6
1. Answer any FOUR questions from the following. 2x4
a)lf £ is an apen set in normed linear space ¥ and %, ~ X ,then show that E 1+ Eisopenink.
b} Let ¥ be a normed linear space and M be a subspace of ¥ . Prove that for any real or
complex number K, forany x € X andy e Mwe have I kx+y 12 Tk dist {x,M)
¢) Let X be 2 normed linear space. x, > x weakly in X implies x, = x strongly in X.
Examine itin general .
d) Show that every normed linear space can be embedded as a dense subspace of a Banach
space.
e) Ifin an inner product space X, <x, u> = <x, v> for all x ¢ X, show that u=v.
f) Let H be a Hilbert space and A, B € 8L (H) be two normal operators. If A commutes with B*

and B commutes with A* then prave that A+B and AB are normal .

2. a) Prove that a normed linear space X is a Banach space if every ahsolutely summabie series
of elements in X is summahle in X When is a normed linear space said to be uniformly

CONvex.
b) Prove that every inner product space X is uniformly convex in the norm 1l 1. 4+(1+43)
3. a) State Pythagorean thearem in an inner product space

b) Let { Ly, by, .......} be a countable ortho normal set in an inner product space X and
veX . Provethat 3 |<x, un>|*< ixil
H

Also show that eguality holdsifand only f x = ;\_ <X, Un™ Uy 241442)
!
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4. a) Let X = C[0,1] with the supremum norm. Consider the sequence {x,} in X where

X, (t}:% ,te [0,1]. Check whether the series Z x, issummabiein X .

nl

b} Let .¥ and ¥ be Banach spaces and A € BIL{X,Y). Show that there is a constant ¢ >0 such

that ItAxl) 2 ¢ It xll for all x € X i and only if Ker( 4} = {0} and R(4), the range of A is closed
in X. (4+4=8)

5. a) State and prove the Riesz representation theorem .

b) Let S € BL(H), where H is a Hilhert space . Prove that for all x,y € H,

< Sxy>= jjﬂ:n i< S (x+ity), (x+ily) > . 5+3

6. a) Let ¥ be a Hilbert space, Te BL (H )and < Ax, x >=0for all x € 5. Then show

that 4 = 0. Also, show by an example that this result is not true for a real Hifbert space.

b} Let H be Hilbert space and E C H Prove that span{E" )=&" . 5+3

[ Internal Assassment: 10 Marks }
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