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M.Sec. 1st Semester Examination, 2019
MATHEMATICS
( Real Analysis )
PAPER —MTM-101
Full Marks : 50
Time : 2 hours

The figures in the right-hand margin indicate marks

Candidates are required to give their answers in their
| own words as far as practicable

‘1. Answer any Jour questions from the following :
2x4

(a) When ametric space (X, d) is said to be
connected.
(b) Check whether the hyperbola
{(x,y) eR?:x? —yz = 1}

is path connected or not.

{ Turn Over )



(2)

(¢) Show that the product metric space of two
complete metric spaces is also complete.

(d) Forevery € >0and fe L'(}), show that

pi{xe X:| f(x)]2€) séjf fd.

{e) Show that addition of two complex measurable
functions on a measurable set X 15 a
measurable function.

(f) Iff(x)=>5forall xek, prove that

L{ f(x)dp=5u(E)

(g) Give an open cover of the set (0, 1)J{2, 5]

(h) If a is continuous and B is of bounded
variation on [a, b}, show that

b
L adf  exists.

2. Answer any four questions from the following :

4 x4
(@) Show by an example that composition of two
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(3)

functions of bounded variation may not be
a function ot bounded variation.

(b) Let (X, d) be a discrete metric space such
that X has at least two elements. Show that
(X, d) is not connected.

{¢) Show that

f@j:QxﬁniE,O<xsl
X%

=} , x=0
is not of bounded variation.

(d) Show that/” is separable metric space for
l <p<oo.

(e) Show that every finite sum of real numbers
can be expressed as the R-S integral over
some interval.

(N Letf : X—[0, o] be measurable for n =1,
2, By oy i BB 1 2B U JAX) %] @8
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(4)

n—> o forevery xeX, and f, eLl(u). Show
that

lim [f,dp= [ fdn.

(g) Let ube a measure on a 6-algebra 4 Then
show that

u(A,) > u(4d) as n-—»oo
if A=U>_ 4,4 andd C4,c4,c

(h) If f: la,b] > R is continuous and
¢ :|a, b] — R is monotonically increasing
then prove that there is a point ¢ between a
and & such that

[ fidg =f (©)lg(b) - g(a)).

3. Answer any two questions from the following :

8x2
(a) (i) Show that every bounded Riemann

integrable function is Lebesgue integrable
and the two integrals are equal in this
case. 4
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(3)

(if) Let ube a measure on a G-algebra of
subsets of X. Show that the outer
measure p* induced by | is countably
subadditive. 4

(6) (i) Define ILebesgue integrable of an
unbounded function. Evaluate the

1
Lebesgue integral I f(x)dx where
0

35
X)=—7>—, O0<«x<l
T = O
= 0 ; x={ 5

(ii} Evaluate the following :

303 3
[ 8sin’ xd(9x" +6[x]) 3

(¢) (i) If{G } is asequence of connected sets
in a metric space with G"ﬂ G, *2¢
for all », then show that

[+a)
UG, isconnected. 4

n=l
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(6)

(iI} Prove that continuous image of a
compact metric space is compact. 4

(d) (i) Lets ands, be non-negative simple
measurable functions on a measurable
space X. For every Fe.#, let

W(E)= IESldH- Show that y is a measure
on .# and |

J‘X(S1 +8,)dp = L},dp%—_[yszdu 5

(i) Let f: X - [0,«] bemeasurable, Ec #
and ijdu=0. Show that /=0 a.e.
onkE. 3

[ Internal Assessment : 10 Marks]
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