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ABSTRACT
In this paper, the concept of fuzZy -spaces is introduced and studied. Several
characterizations of fuzz¥ -Spaces are established. It is established thay foerfectly
disconnected spaces are fuzFy-Spaces. The conditions for a fuzzy basically
disconnected space to become a fuzzy extremallgodigected space is obtained. A

condition for a fuzzyF -space to become a fuzzy basically disconnectedesisaalso
obtained in this paper.
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1. Introduction

The notion of fuzzy sets as a new approach to aenatical representation of vagueness
in everyday language, was introduced by Zadeh if18]assical paper in the year 1965.
The potential of fuzzy notion was realized by tleeearcher and has successfully been
applied in all branches of mathematics. In 196&rCH4] introduced the concept of fuzzy
topological spaces. The paper of Chang paved thefarathe subsequent tremendous
growth of the numerous fuzzy topological conceptghe recent years, there has been a
growing trend among topologies spaces to introduae study different forms of fuzzy
spaces in fuzzy topology. In classical topol&gspaces were introduced by Leonard
Gillman and Henrilsen[5], in which disjoint cozesets have disjoint closures. Motivated

on these lines, the concept of the fuBy space is introduced in this paper. Several
characterizations of fuzz¥ - spaces are established. It is established tizay foerfectly

disconnected spaces are fuzFy-spaces. The conditions for a fuzzy basically
disconnected space to become a fuzzy extremallgodieected space is obtained. A

condition for a fuzzyF -space to become a fuzzy basically disconnectedesisaalso
obtained in this paper.
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2. Preliminaries

In order to make the exposition self-contained, sdrasic notions and results used in the
sequel, are given. In this work by (X,T) or simpgdy X, we will denote a fuzzy
topological space due to Chang (1968). Let X bermaempty set and | the unit interval
[0,1]. A fuzzy setd in X is a mapping from X into |. The fuzzy s8i is defined ad)y

(x) =0, for all x € X and the fuzzy sely is defined asly (x) = 1, for all x € X.
The complement of a fuzzy sét on X is given by A¢ = 1 — A.

Definition 2.1. [4] Let ( X,T) be a fuzzy topological space arid be any fuzzy set in
(X,T). The interior and the closure of are defined respectively as follows :

@).int) =v{ p/ pu<A, HET}

@).cld) =nrn{u/ A< p,1-pne T}

Definition 2.2. A fuzzy seti in a fuzzy topological space (X,T), is called a

(i). fuzzy dense set if there exists no fuzzy closed gein ( X,T) such thah < pu < 1.
Thatis,clA) =1, in(X,T)[7].

(ii). fuzzy G5 -setin (X, T)if A = AZ; (A), where L, €T for i€l [3].

(iii). fuzzy F, -setin (X, T)if A = ViZ,(A;), where 1 =X €T fori €1[3].
(iv). fuzzy regular-open if A = int cl(A) and fuzzy regular-closediif = cl int(A)[1].

(V). fuzzy a-nowhere dense set if A is a fuzzyF;-set in ( X, T) such that IntX) = 0
[12].

(vi). fuzzy o-boundary set if A = V2, (ui), where p, = cl (;) A (1—2;) and
(2 )’s are fuzzy regular open sets in (X, T1] .

(vii). fuzzy Pseudo — open setif A = p v §, where p is a non-zero fuzzy open set
in (X, T) and § is a fuzzy first category set in (X, TJ][.

Lemma 2.1. [1] For a fuzzy set of a fuzzy topological space (X, T). Then—
int(A) = cl(1 —X) andl — cl(A) = int(1 — A).

Definition 2.3. [7] A fuzzy setA in a topological space (X,T) is called a fuzzysffir
category set if A = Vi1 (), where(y)'s are fuzzy nowhere dense sets in (X,T).
Any other fuzzy set in (X,T) is said to be of fuzscond category.

Definition 2.4. A fuzzy topological space (X,T) is called a

(i). fuzzy submaximal space if for each fuzzy sex in (X, T) such thatcl & )=1,1 €
Tin(X, T)[3].

(ii). fuzzy perfectly disconnected space if for any two non-zero fuzzy sebs andu
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defined on X withA <1 — y,thencl(1) <1 — cl(W),in (X, T) 9]

(iii) . fuzzy basically disconnected space if the closure of each fuzzy opdf) - setis a
fuzzy openin ( X, T)§].

(iv). fuzzy globall disconnected space if each fuzzy semi-open set in ( X,T) is a fuzzy
open [L0].

(v). fuzzy extremally disconnected spaceif A € T implies thatcl(1) € T[2].

Theorem 2.1. [8] If A is a fuzzy Pseudo open set in a fuzzy submaxipates (X, T),
thenk = pv 8, where | is a fuzzy open set adidis a fuzzyF, - setin (X, T).

Theorem 2.2. [11] If X is a fuzzy o-boundary set in a fuzzy topological space (X, T),
then is a fuzzyF,- set in (X, T).

Theorem 2.3. [10] If X is a fuzzy first category set in a fuzzy globaligconnected space
(X, T), thenk is a fuzzyF;- set in (X, T).

Theorem 2.4. [6] For any fuzzy topological space (X,T), the follogjiare equivalent;
() . X is fuzzy basically disconnected.

(ii) . for each fuzzy closedrs-set, int(1 ) is fuzzy closed.
(iii). for each fuzzy openF;-seti, cl(A ) + cl[ 1- cl(A)] = 1.

Theorem 2.5. [1] In a fuzzy topological space
(a). The closure of a fuzzy open set is a fuzgyliar closed set, and
(b). the interior of a fuzzy closed set is a furzgular open set.

3. Fuzzy F' —Spaces
Definition 3.1. A topological space (X, T) is called a fusz— space ifA < 1 — |,
wherel and p are fuzzy,— sets in (X, T), therml(A) <1 — cl( W), in (X, T).

Example 3.1. Let X = { a, b, c}. Consider the fuzzy sets «, 3, y, L and §
defined on X as follows:

a: X —[0,1]isdefinedas a(a)=0.5; a(b)=0.6; a(c)=0.4,

B:X —[0,1]isdefinedas B(a)=0.4; B(b)=0.5; B(c)=0.6,

y:X —[0,1]isdefinedas y(a)=0.6; y(b)=0.4; y(c)=0.5.

Then, T ={0,a, B, v, a VB, a Vy, Bvy, a A B aAy,.B aAy,aV
BV, aVPAY, aAPBAY), anBVY), BV (aAy),BA(@VY),yV(aAP)yA
(v B), 1} is a fuzzy topology on X. On computations {1 -[a VB]} V{1-]aV
AN} V{L-[BVr} andp={1-¢vy)}v{l-@Bvy}Vvil-av(PyVv
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v} Vv{l-vyVv (a0 AB)} and thenk and p are fuzzy;-sets in (X, T). Also on
computation clg)=1-PA(aVYy)], c(p)=1-7V(aAB)]in(X, T). Now,
A< 1—p impliesthatcl(A) <1— cl( W) in (X, T) implies that (X, T) is a fuzzy
F'—space.

Proposition 3.1. If A+ u < 1, for any two fuzzyF,-setsh and [ in a fuzz;F’-space
(X, T),thencl(X) +cl(p) <1,in (X, T).

Proof: Suppose thak + 1 < 1, wherel and p are fuzzy;-sets in (X, T). Thenh <
1 — W, in (X, T). Since (X, T) is a fuzzy -space,cl(\) <1 — cl(u) in (X, T) and
then cl(A) +cl(p) <1,in(X,T).

Proposition 3.2. If 5 andn are any two fuzzyGs-sets such thal — n < § in a fuzzy
F'- space, then

). 1—int(n) < int(6) in(X, T).

ii). 1—n <int(5),in(X,T).

Proof: i). Letd andn are any two fuzzyGs-sets in (X, T) such thdt— n < & . Now
1-6§=1—-(1—-n) in (X, T), where(1 —6) and (1 — n) are fuzzyF,- sets in
(X, T). Since (X, T) is a fuzzyF -space,cl(1 —8) < 1 —cl(1 — n) in (X, T). Then,
1— int(6) = 1— [1— int(n)]and thenl — int(5) < int(n), in (X, T). Hence
1 —int(n) < int(6),in (X, T).

ii). By (i), 1 —int(n) < int(6) in(X,T). Now1— n < 1— int(n) implies that
1—n < int(d),in(X,T).

Proposition 3.3. If (X, T) is a fuzzy F'-space andl < 1 — W for any two non-zero
fuzzy F;- setsh and p in (X, T), their and p are not fuzzy dense sets in (X,T).
Proof: Suppose thatA < 1 — W for any two non-zero fuzzy; -setsh and p defined
on X. Since (X,T) is a fuzzyF -space,cl(1) < 1-cl(n) in (X, T). If cl(A) =1
then1 < 1- cl(p) implies thatcl(u) < 0 . That is,cl() = 0 in (X, T). This
will imply that 4 = 0 a contradiction top # 0. If cl(u) =1 thencl(1) < 1 -
1=0. That is,cl(4) = 0 in (X, T). This will imply thatA = 0, a contradiction to
A # 0. Thus,cl(1) #1 and cl(n) # 1 in (X, T). Hence A and p are not fuzzy
dense sets in (X, T).

Proposition 34.If 2 < 1 — p for any two fuzzyF,-sets in a fuzzyF - space (X, T),
then
(). A+cl(u)<l,in (X, T).

100



On Fuzzy F- Spaces
(i) p+cl) <1,in (X, T).
Proof: Suppose thah < 1 — W, whereA and p are fuzzy;-sets in (X, T).
Since (X, T) is a fuzzyF -space,cl(A) <1 — cl(W) in (X, T). Nowl — cl(p) <
1— pandi < cl(X) implies thatd < cl(A) <1—cl(p) <1— pin (X, T).
Then
(). A+ cl(u)<1,in(X,T).
(i). p+cl@) <1,in (X, T).

Proposition 3.5. If (X, T) is a fuzzy F - space in which each fuzzy open set is a fuzzy
F,- set, then for a fuzzy sktdefined on X,cl int(1) < int cl(A).

Proof: Let A be a fuzzy set in (X, T). Themt(1) < cl()) implies thatint(A) =
1—[1-c®)] in (X, T). Sinceint(r) and 1 - cl(A) are fuzzy open sets in (X,
T), by hypothesisint(A) and 1 - cl(A) are fuzzyF;- sets in (X, T). Since (X, T) is a
fuzzy F -spaceclint(l)<1— cl[1- cl(A)] in (X,T). Then, clint(h) <1 -
[1- intcl(A)] and thuscl int(A) = int cl(A).

Proposition 3.6. If (X, T) is a fuzzy F - space and A < 1 — p, whereX and p are
fuzzy o — nowhere dense sets in (X, T), thel{(1) < 1 — cl( ), whereint(1) = 0;

clQ) #1 andint(p) =0; cl(p) #1,in (X, T).

Proof: Suppose thal. < 1 — W, for any two fuzzys—nowhere dense setsand p in
(X, T). Theni and p are fuzzyF,—sets in (X, T) such thaint(1) = Oand int( ) =

0in (X, T). Since (X, T) is a fuzzyF -space,cl(1) <1 — cl(p) in (X, T). By

proposition 3.3) and p are not fuzzy dense sets in (X, T). Thad§l) < 1 — cl( ),

where int(1) = 0; cl(1) #1 andint(p) = 0; cl() #1,in (X, T).

Proposition 3.7. If A is a fuzzy pseudo - open set in a fuzzy submaxipdalT), then
there exists fuzzyF;-setn in (X, T) such thath = 7, in (X, T).

Proof: Let is a fuzzy pseudo—open set in (X, T). Then, bytbm 2.1,A = U V 7,
where u € T andn is a fuzzy F;-set in (X, T). This implies thak > n, in (X, T).

Proposition 38. If A < 1 — W, for any two fuzzy pseudo-open sets in a fuzzy

submaximal and fuzzy -space (X, T), then there exists fuzZy- setso andp in (X, T)
such that

). cl(a) <1-int(B), in (X, T).
i) o < c(A) <1-int(u) <1 -, in (X, ).
Proof: Suppose thatA < 1 — W, wherel and p are fuzzy pseudo open sets in (X, T).
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Since (X, T) is a fuzzy submaximal space, for tinez{ pseudo open sétsand |, there
exist fuzzy F;-setsa andp in (X, T), such thatt < A andf} < W. Then,a < i <
1—u=1-p andthus @ <1— B in (X, T). Since (X, T) is a fuzzyF -space,
cl@) = 1= cl(B) in(X, T).Now o < A implies that cl(a) < cl(D),in(X,T)
and thena <cl(A). Also A < 1 — pimplies that c/(A) < cl(1 — p) and
thencl(A) < 1-int(l). Now B < [ implies thatint(B) < int(4) and thed —
int(B) =1 — int(y). Thuse=cl(d) <1-int(p) <1-—-int(B) <1- B, in (X,
T). Thus, we have

). cl(e) <1-int(B),in (X, T).

i) o < cdd) <1-int(u) <1-B,in(X, T).

Proposition 3.9. If 1 > W, where A(# 0) is a fuzzy Gs— set and p is a fuzz¥,—set

in a fuzzy F - space (X, T), then there exists fuzzy openssiet (X, T) such thatcl(p)
=0 = cl(h), in (X, T).

Proof: Supposel > |, where A(# 0) is a fuzzyGs — set and [ is a fuzzl,—set in
(X, T).Then(1-1) <1 — pand1— A andu are fuzzyF;-sets in (X, T). Since
(X, T) is a fuzzy F'-space,cl(1- 1) < 1- cl(W) in (X, T) and this implies that
int() = cl(p) in (X, T). Butint(1) < cl(1) implies that cl(p) < int(h) <
cl(d), in (X, T). Letd =int(A). Thend is a fuzzy open set in (X, T) such that
cd() <8 < @) in(X, T).

Proposition 3.10. If A < [, where A is a fuzzy F,-set andu(# 0) is a fuzzy
Gs—set in a fuzzyF -space, then there exists fuzzy closedpén (X, T) such that
int(A) < n < int(Q), in (X, T).

Proof: Supposel < W, where A is a fuzzy F,;-set andu is a fuzzy Gs-set in (X, T).
Now, 4 < 1— (1 — W) and A and1 — p are fuzzyF;-sets in (X, T). Since (X,
T)is a fuzzy F - space,cl(1) < 1- cl(1 — W) and hencecl(1) < int(W), in (X,
T). But int(1) = cl(A) implies thatint(A) < cl(A) < int(y) in (X, T). Letn

= cl(L). Thusn is a fuzzy closed set in (X, T) such thatt(A) < n < int(Y), in

X, .

Proposition 3.11. If 4 < 1 — W, where)l and p are fuzzg-boundary sets in a fuzzy
F'-space, thercl(A) < 1 — cl( W) in (X, T).

Proof: LetA and p be any two fuzzy-boundary sets in (X, T) such that< 1 — p.
Now, by theorem 2.24 and u are fuzzyF,-sets in (X, T). Since (X, T) is a fuzzy
F'-space,A. < 1 — (4, in (X, T) implies thatcl(1) < 1-cl() in (X, T).
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Proposition 3.12. If A < 1 — W, wherel and u are fuzzy first category sets in a fuzzy
globally disconnected and fuzzy -space (X, T), thercl(A) < 1 — cl( W), in (X, T).
Proof: LetX and p are fuzzy first category sets in a fuzzypaglly disconnected space (X,
T) then by theorem 2.31 and u are fuzzyF;-sets in (X, T). Also since (X, T) is a

fuzzy F'-space L < 1 — W in (X, T) implies thatcl(1) < 1 -cl(p), in (X, T).

Proposition 3.13. If (X, T) is a fuzzy F'-space in which each fuzzyeo set is a fuzzy
F;-set, then for a fuzzy sgtdefined on X, there exists a fuzzy regular operm ge (X, T)
such that clini) <.

Proof: Let (X, T) be a fuzzy F'-space. Then, by proporit5, for a fuzzy seét defined
on X, clintq\) < intcl(A), in (X, T). Since the interior of a fuzzy clossdt is a fuzzy
regular open set in a fuzzy topological space, dm02.5, int[cl{)] is a fuzzy regular
open set in (X, T). Led = intcl(A). Thus, there exists a fuzzy regular opersgat(X, T)
such that clini) <.

Proposition 3.14. If (X, T) is a fuzzy F'-space in which fuzzy opgsis are fuzzy; -sets,
then there exists a fuzzy regular closedhsahd a fuzzy regular open sein (X, T) such
thatn <.

Proof: Let (X, T) be a fuzzy F'-space in which fuzzy opsats are fuzzy,;-sets. Then,
by proposition 3.5, for a fuzzy sktdefined on X, clinf) < intcl(A). Letn = clint(\) and

d = intcl(A). Then, by theorem 2.9,is a fuzzy regular closed set ahis a fuzzy regular
open set in (X, T). Thus, there exists a fuzzy lagclosed sety and a fuzzy regular open
setd in (X, T) such that) <.

Proposition 3.15. If (X, T) is a fuzzy F'-space in which fuzzy opestsare fuzzyF,-sets,
then there exists a fuzzkj;-setn and fuzzy open sétin (X, T) such that) <8.

Proof: Let (4;)'s be fuzzy sets defined on X. Since (X, T) is a fuEzspace in which
fuzzy open sets are fuzzlj- sets, by proposition 3.5, clidi) < intcl(4;). Let n; =

clint(4;) and §; = intcl(;). Thenn; is a fuzzy regular closed set and hemgeis a
fuzzy closed set in (X, T)®; is a fuzzy regular open set and hereis a fuzzy open
set in (X, T). Nown; < §;, implies thatViz,(n;) < Vi2,(6;). Since (n;)'s are
fuzzy closed setsV/;2,(1n;) is a fuzzyF;-set in (X, T). AlsoV2,(6;) is a fuzzy open
setin (X, T). Lety = V2,(n;) andd = V{2,(6;). Thus,n < 8, wheren is a fuzzyF,-

set and is a fuzzy open setin (X, T).

Proposition 3.16. If (X, T) is a fuzzy F'-space in which fuzzy open sets are fuzzy
F;-sets, then there exists a fuzzy open and fugzgeté and fuzzy F;-setn in (X, T)
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such that) <.

Proof: Let (X,T) be afuzzy F'-space in which fuzzy open sets are fuz#y-sets. Then
by proposition 3.15, then there exists a fuzzysetn and a fuzzy open sétin (X, T)

such that) < 3. Sinced is a fuzzy open set, by hypothesids a fuzzy F;-set in (X, T).
Thus, there exist a fuzz¥;- setn and a fuzzy open and fuzzy- setd in (X, T) such
thatn <.

4. Fuzzy F' —spacesand other topological spaces

Proposition 4.1. If a fuzzy topological space (X, T) is called a fuzzy perfectly
disconnected space, then (X, T) is a fuzzy F- space.

Proof: Let (X, T) be a fuzzy perfectly disconnected space and suppose that A =
1 - p, where A and p are fuzzy F,-sets in (X, T). Since (X, T) is a fuzzy perfectly
disconnected space, A < 1 - y, implies that cl(A) <1 - cl( ), in (X, T) and
hence (X, T) is a fuzzy F- space.

Proposition 4.2. If (X, T) is a fuzzy basically disconnected space in which fuzzy open
sets are fuzzy F ;- sets, then for a fuzzy open set A defined on X, clint(A) < intcl(A) in
(X, ).

Proof: Let A be a fuzzy set in (X, T). Now 1— cl(A) < 1— int(4), in (X, T). By
hypothesis 1 - cl(A) and int(A) are fuzzy F;-sets in (X, T). Since (X, T) is a fuzzy
perfectly disconnected space, by proposition 4.1, (X, T) is a fuzzy F’- space. Then, cl[1
— cl(A)] =1 — d[int(A)], in (X, T). This implies that 1 - intcl(A) <1 - clint(A)
and thus clint(A) < intcl(A) in (X, T).

Proposition 4.3. If (X, T) is a fuzzy basically disconnected space in which fuzzy open
sets are fuzzy F;-set, then (X, T) is a fuzzy extremally disconnected space.

Proof: Let (X, T) be a fuzzy basically disconnected space and A be a fuzzy open set in
(X, T). By hypothesis, A is a fuzzy Fj-set in (X, T). Then by theorem 2.4, cl(A) +
cl[1- cl(A)] =1, in (X, T). This implie that cI(A) + 1 - intcl(A) =1 and then
cl(}) = intcl(A) in (X, T). This implies that cl(A) is a fuzzy open set in (X, T) and
hence (X, T) is a fuzzy extremally disconnected space.

Proposition 4.4. If (X, T) is a fuzzy F I—space in which fuzzy open sets are fuzzy
F ;-sets, then (X, T) is a fuzzy basically disconnected space.

Proof: Let A be a fuzzy open set in (X, T). By hypothesis, A is a fuzzy F,-setin (X, T)
and thus A is a fuzzy open and fuzzy F;-setin (X, T). Since (X, T) is a fuzzy F’-space
in which fuzzy open sets are fuzzy F,-sets, by proposition 4.3, (X, T) is a fuzzy
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extremally disconnected space. Then, for the fuzzy open set A in (X, T) and cl(A) is a
fuzzy open set in (X, T). Thus, for the fuzzy open and fuzzy F,-set A, cl(A) € T
implies that (X, T) is a fuzzy basically disconnected space.

Proposition 4. 5. If (X, T) is a fuzzy perfectly disconnected space in which fuzzy
open sets are fuzzy F;-sets, then (X, T) is a fuzzy basically disconnected space.

Proof: Let (X, T) is a fuzzy perfectly disconnected space. Then, by proposition 4.1, (X,
T) is a fuzzy Fl-space. Thus, (X, T) is a fuzzy Fl—space in which fuzzy open sets are

fuzzy F,-sets. Then by proposition 4.4, (X, T) is a fuzzy basically disconnected space.

Proposition 4.6. If (X, T) is a fuzzy F’-space in which fuzzy open sets are fuzzy
F ;-sets, then (X, T) is a fuzzy extremally disconnected space.

Proof: Let A be a fuzzy open set in the fuzzy F’-space in which fuzzy open sets are
fuzzy F,-setin (X, T). Then proposition 3.5, clint(A) < intcl(1) in (X, T). Since A
is a fuzzy open set, int(1) = A in (X, T) and thus cl(Ad) < intcl(1). But
intcl(A) < cl(A). Hence intcl(1) = cl(A) and then cl(A) is a fuzzy open set in
(X, T) and hence (X, T) is a extremally disconnected space.

Remark 4.1. If fuzzy open sets in fuzzy F, -sets is a fuzzy topological space , then
one will have the following implications;

Fuzzy F’- space

l l

Fuzzy extremally disconnected space <« Fuzzy basically disconnected space
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