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ABSTRACT 
This paper presents TOPSIS ranking method using Octagonal fuzzy number applied in a 
critical path in fuzzy environment.  Using the above said notion, we convert fuzzy critical 
activities into crisp critical activities. New algebraic arithmetic of Generalized Interval 
valued octagonal fuzzy numbers (GIOCFNs) is investigated.  A suitable numerical 
example is discussed to understand the method.  
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1. Introduction 
In this work, by applying the procedure of the Technique for Order Preference by 
Similarity to Ideal Solution (TOPSIS), it is proposed a method based on GIOCFNs for 
solving critical path in project network.  
  In earlier, Parida and Sahoo [1] developed the procedure Technique for Order 
Preference by Similarity to Ideal Solution (TOPSIS) is multiple criteria decision analysis 
method (MCDA), which is chosen alternatives, is nearest to the positive ideal solution 
and farthest from negative ideal solution.  A common generalization of TOPSIS is 
extensions of TOPSIS under fuzzy environment were identified to overcome the 
difficulties in exact data of real situation. Here, GIOCFNs were used to the interval 
valued fuzzy environment to improve the new approach based on actual procedure of 
TOPSIS. 
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Chen [2] extended the TOPSIS procedure to fuzzy group decision making 
situations. Dinagar and Abirami [3, 4] were found the critical path by TOPSIS method. 
Stephen Dinagar and Thiripurasundari [5] discussed critical path problems using 
TOPSIS. From Chen [6], Chen and Chen [7] and Wei and Chen [8] arithmetic operation 
between A and B were reviewed in the Definition 2.7. Neelima et al. [9] used fuzzy 
TOPSIS method in objective and systematic evaluation of alternatives on multiple 
criteria. 

 
2. Preliminaries 
In this section we define some basic definitions which will be applied in this paper. 
 
Definition 2.1. Let X be a set.  A fuzzy set �� on X is defined to be a function 

µA� :X→[0,1] is a mapping called the membership value of x∈X in a fuzzy set �.�  

 

Definition 2.2. The fuzzy number  A� is fuzzy set if membership function satisfies  
i) A fuzzy set of the universe of discourse X is convex 

ii)  �� is normal if Ǝ xi∈X, µA� �xi�=1 

iii)  µA� �x� is piecewise continuous 

 
Definition 2.3. A fuzzy number A� is a normal octagonal fuzzy number denoted by �a1,a2,a3,a4,a5,a6,a7,a8� which real numbers and its membership function are µA� �x� is 

given by 
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Result: If k=0  and k=1  then OCFN reduces to trapezoidal fuzzy number �a3,a4,a5,a6� 
and trapezoidal fuzzy number �a1,a4,a5,a8� respectively. 
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Figure 2.1: Octagonal fuzzy number for k=0.5 

Remark: A fuzzy number A� is positive 	A�>0
  if  µA� �x�=0 ∀ x≤0 and A� is negative 	A�<0
, if µA��x�=0 ∀ x≥0 

 

Definition 2.4. Let X be nonempty finite set.  An IVFS  �� is defined by A�= �x,
µA�x�

x
∈X
,  

where  µA� : X→Int�|0,1|� defines the degree of membership of x to A�, 

∋, x→µA� �x�= �µ
A�- �x�,µA�+ �x��. 

Definition 2.5. Let X∈IVFS(X). If convex set A(x) in closed and bounded interval then 
A is said to “A generalized interval valued fuzzy number (IVFN) on the universe of 

discourse X.”   Let A��x�= �A�L�x�,A�U
(x)�, where 0 ≤A�L�x�≤ A�U

(x) ≤ 1, x∈X, 

A�L
:X→�0,1� and A�U

:X→�0,1�. 
 
3. Generalized interval valued fuzzy octagonal fuzzy number 
In this section, we discussed with notion of GIOCFN and their arithmetic operations. 
 

Definition 3.1. Let A�L
&A�U

 be two generalized octagonal fuzzy numbers and hA�L &hA�U 

denote heights of A�L
&A�U

 respectively.    
Let a1

L,a2
L,a3

L,a4
L,a5

L,a6
L,a7

L,a8
L , a1

U,a2
U,a3

U,a4
U,a5

U,a6
U,a7

U,a8
U be real values.                                      

A GIOCFN  �� defined as 

 A�= �A�L
,A�U� =�	a1

L,a2
L,a3

L,a4
L,a5

L,a6
L,a7

L,a8
L;hA

L 
,	a1
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U,a7
U,a8

U;hA
U
� 

where a1
L≤a2

L≤a3
L≤a4

L≤a5
L≤a6

L≤a7
L≤a8

L , a1
U≤a2

U≤a3
U≤a4

U≤a5
U≤a6

U≤a7
U≤a8

U, 0≤hA�L≤hA�U≤1, a1
U≤a1

L  

and a8
L≤ 

Definition 3.2. The membership function ��: � → �0,1� of GIOCFN A is defined as 
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Remark: 
i) GIOCFN contains two generalized octagonal fuzzy numbers the lower 

octagonal fuzzy number A�L
& upper octagonal fuzzy number A�U

 
ii)  GIOCFN converts normal interval valued octagonal fuzzy number, when 

hA�L =hA�U=1 

iii)  A said to be generalized octagonal fuzzy number, if A�L
=A�U

 

Definition 3.3. (Arithmetic operations of GIOCFN) 

If A�= �A�L
,A�U� =�	a1

L,a2
L,a3

L,a4
L,a5

L,a6
L,a7

L,a8
L;hA

L 
,	a1
U,a2

U,a3
U,a4

U,a5
U,a6

U,a7
U,a8

U;hA
U
� and  

B�= �B�L,B�U� =�	b1
L,b2

L,b3
L,b4

L,b5
L,b6

L,b7
L,b8

L
;hB

L 
,	b1
U,b2

U,b3
U,b4

U,b5
U,b6

U,b7
U,b8

U
;hB�U
� then, 

i) Addition of GIOCFN 

A�+B�=[  a1
L+b1

L,a2
L+b2

L,a3
L+b3

L,a4
L+b4

L,a5
L+b5

L,a6
L+b6

L,a7
L+b7

L,a8
L+b8

L
;min	hA�L ,hB�L 
! 

(a1
U+b1

U, a2
U+b2

U,a3
U+b3

U,a4
U+b4

U,a5
U+b5

U,a6
U+b6

U,a7
U+b7

U,a8
U+b8

U; min (hA
U, hB

U))] 
ii) Subtraction of GIOCFN 

 A�-B�=[��a1
L-b8

L,a2
L-b7

L,a3
L-b6

L,a4
L-b5

L,a5
L-b4

L,a6
L-b3

L,a7
L-b2
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L-b1

L
;min	hA�L ,hB�L 
 

(a1
U-b8

U, a2
U-b7

U,a3
U-b6

U,a4
U-b5

U,a5
U-b4

U,a6
U-b3

U,a7
U-b2

U,a8
U-b1

U; min (hA
U, hB�U))] 

iii) Multiplication of GIOCFN 

A�×B�=[  a1
L×b1

L ,a2
L×b2

L,a3
L×b3

L,a4
L×b4

L,a5
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! 
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U×b8

U; min(hA
U, hB

U))] 
 
iv) Division of GIOCFN 

 A�/B�=[  a1
L/b8

L,a2
L/b7

L,a3
L/b6

L,a4
L/b5
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U/b6
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U; min (hA
U, hB

U))] 
 
Definition 3.4. The Distance between any two IVFNs  

A�=�	a1
L,a2

L,a3
L,a4

L,a5
L,a6

L,a7
L,a8

L,
,	a1
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U
�  and                                                     
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L,b6

L,b7
L,b8

L,
,	b1
U,b2

U,b3
U,b4

U,b5
U,b6

U,b7
U,b8

U
� be defined as 

  D	A� ,B�
=
1

8
max

'()
(*+	a1

L+a1
U
-	b1

L+b1
U
+++	a8

L+a8
U
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U
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U
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-	b6

L+b6
U
+,+	a4
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For B�=1/, D	A� ,1/
=
01 max

'()
(*+	a1

L+a1
U
-�1+1�+++	a8

L+a8
U
-�1+1�+,+	a2

L+a2
U
-�1+1�+++	a7

L+a7
U
-�1+1�+,+	a3

L+a3
U
-�1+1�+++	a6

L+a6
U
-�1+1�+,+	a4

L+a4
U
-�1+1�+++	a5

L+a5
U
-�1+1�+ ,(-

(.
 

 

ForB�=0/,D	A� ,0/
=
1

8
max

'()
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L+a1
U
-�0+0�+++	a8

L+a8
U
-�0+0�+,+	a2

L+a2
U
-�0+0�+++	a7
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U
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U
-�0+0�+++	a6
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U
-�0+0�+,+	a4
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U
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U
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Remark: The distance from A to 1/

1 

For 0≤hA
L
≤hA

U
≤1 

d	A�,1/1
=
1

16
2a1

L+a2
L+a3

L+a4
L+a5

L+a6
L+a7

L+a8
L+a1

U+a2
U+10	a3

U+a4
U+a5

U+a6
U
+a7

U+a8
U)

hA
L

hA
U -323 

 For 0≤hA
L =hA

U
≤1 

d	A� ,1/1
=
1

16
	a1

L+a2
L+a3

L+a4
L+a5

L+a6
L+a7

L+a8
L+a1

U+a2
U+10	a3

U+a4
U+a5

U+a6
U
+a7

U+a8
U-32
 

 

4. TOPSIS algorithm 
Technique for Order Performance by Similarity to Ideal Solution (TOPSIS) procedure 
can be used to find multiple alternatives of selected criteria.  Here, alternative is smallest 
distance to Fuzzy Positive Ideal solution (FPIS) and longest distance to Fuzzy negative 
ideal solution (FNIS). 
 
4.1. Procedure 
Let us consider, there are k members in the decision group.  In kth decision maker, the 
fuzzy rating and importance weight w.r.t. jth alternative on jth criterion. 
Step 1: 
 For A�=�	a1

L,a2
L,a3

L,a4
L,a5

L,a6
L,a7

L,a8
L,
,	a1

U,a2
U,a3

U,a4
U,a5

U,a6
U,a7

U,a8
U
� be Interval Valued Fuzzy 

number (IVFN), construct the fuzzy decision matrix D� i
 

Step 2: 
Normalize each fuzzy number �� such that 

A�
N� i= 4 a1

L

k
,

a2
L

k
,

a3
L

k
,

a4
L

k
,

a5
L

k
,

a6
L

k
,

a7
L

k
,

a8
L

k
! , 5a1

U

k
,

a2
U

k
,

a3
U

k
,

a4
U

k
,

a5
U

k
,

a6
U

k
,

a7
U

k
,

a8
U

k
67 , where k refers the 

paired minimum ranking of activities.  Let the normalized decision matrix be N� i
. 

Step 3: 
Find the weighted normalized fuzzy decision matrix.    
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Let us consider �	a1
L,a2

L,a3
L,a4

L,a5
L,a6

L,a7
L,a8

L
,	a1
U,a2

U,a3
U,a4

U,a5
U,a6

U,a7
U,a8

U
�be the vertices of a 

octagonal is given by 

8	(a1
L,0),	a2

L,0.5
,	a3
L,0.5
,	a4

L,1
,	a5
L,1
,	a6

L,0.5
,	a7
L,0.5
,(a8

L,0)
,	(a1
U,0),	a2

U,0.5),(a3
U,0.5),(a4

U,1),(a5
U,1),(a6

U,0.5
,	a7
U,0.5
,(a8

U,0)
 9 
and find the average area of the two octagonal.  Divide the area of each IVFN by 
maximum area among all the areas to fix its weight.  Associate each weight to form the 

weighted matrix W:i
of D� i

. 
Step 4: 
Calculate the weighted normalized decision matrix. The weighted normalized value V�< = N� i × >�W:i�. 
Step 5: 
Find FPIS 1/=��1,1,1,1,1,1,1,1�,�1,1,1,1,1,1,1,1�� , 

FNIS  0/= ��0,0,0,0,0,0,0,0�,�0,0,0,0,0,0,0,0�� 
Step 6: 

Find distance, from alternative to FPIS d+i= ∑ D	A�,1/
, and from alternative to  

FNISd-i= ∑ D	A� ,0/
 

Step 7: 

Compute the closeness coefficient   CCi=
d/-

d/+
+d/-

for each alternative  

Step 8: 
Find alternative with the highest closeness coefficient gives the best alternative. 
 
5. Numerical illustration 
Let us consider the project network with 7 nodes whose activities are in hours. 

 

Figure 2.2: Project network 
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Table 1: Fuzzy activity time 
Activity A-B A-C A-D 
Fuzzy 

Duration 
(Hours) 

Approx. b/w 10-15 hours 
[(10,12,11,13,15,12,11,13) 
(10,11,12,13,10,14,15,13)] 

Approx. b/w 14-20 hours 
[(14,16,15,17,20,14,19,15) 
(14,15,17,16,20,15,14,15)] 

Approx. b/w 15-23 hours 
[(15,20,16,23,15,21,18,22) 
(16,15,22,15,20,20,23,18)] 

 
Activity B-D B-E C-F 
Fuzzy 

Duration 
(Hours) 

Approx. b/w 8-15 hours 
[(8,9,10,11,15,12,13,10) 
(9,10,12,11,14,13,10,15)] 

Approx. b/w 5-11 hours 
[(5,8,7,6,9,6,10,11) 
(6,5,8,10,11,7,6,7)] 

Approx. b/w 5-13 hours 
[(5,7,6,11,13,10,7,12) 
(6,7,13,11,12,10,7,6)] 

 
Activity D-F D-G E-G 
Fuzzy 

Duration 
(Hours) 

Approx. b/w 13-18 hours 
[(13,15,14,15,16,14,15,13) 
(17,13,15,13,15,14,16,18)] 

Approx. b/w 20-26 hours 
[(20,22,23,26,25,24,21,22) 
(20,23,25,22,20,21,26,22)] 

Approx. b/w 15-19 hours 
[(15,16,17,18,15,17,16,19) 
(16,17,18,15,16,17,19,18)] 

 
Activity F-G -- -- 
Fuzzy 

Duration 
(Hours) 

Approx. b/w 13-20 hours 
[(13,18,17,18,20,14,20,19) 
(15,13,18,16,19,17,14,20)] 

-- -- 

Calculation: 

 A-B A-C A-D B-D B-E C-F D-F D-G E-G F-G 
d+i 33.875 52.250 60.000 32.813 25.625 37.500 44.563 70.125 51.938 54.313 

d----i 35.875 54.250 62.000 34.813 27.625 39.500 46.563 72.125 53.938 56.313 

CC* 0.5143 0.5094 0.5082 0.5147 0.5187 0.5129 0.5098 0.5070 0.5094 0.5090 
 

Path Closeness 
coefficientAA∗ 

A-B-D-G 1.5360 
A-B-D-F-G 2.0478 
A-B-E-G 1.5420 
A-C-F-G 1.5313 
A-D-G 1.0152 
A-D-F-G 1.5270 

 
The critical path is A-D-G, which has minimum closeness coefficient. 
 
6. Conclusion 
In this paper, we represented the extension of TOPSIS approach for solving critical path 
in project network by using octagonal fuzzy numbers. This approach is very useful and 
effective in handling the critical problems with qualitative nature. This procedure can be 
also used in some other optimization methods in future. 
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