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ABSTRACT
In this paper, we define H-hyper connected spatgemeralized topological spaces with
hereditary class H and we prove the characterizatid H-hyper connected spaces using
M —open, y—rare and g —open sets. Also, we give the relation betwegr hyper

connected and H-hyper connected spaces.
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1. Introduction
In 2007, Csaszar [1] introduced a class of subsfetsnonempty set called hereditary class
and studied modification of generalized topology kiereditary classes. A subfamily of

P(X) is called a generalized topology (GT) [2] ¢ & and u is closed under arbitrary

union. The pair(X, 1) is called a generalized topological space (GTShe elements of
M are called asy — open sets. The compliments ofy — open sets are called g3 —

closed sets. The largest —open set contained in a subsAt of X is denoted byi#(A)
[1] and is called i —interior of A. The smallest// — closed set containing A is called
the L —closure of A and is denoted b)cﬂ(A). If (X, W) is a generalized topological
space, thenM , denotes the union of all elements pf[3]. A GTS (X,,u) is said to be
strong if X Ju. AGT p is said to be a quasi topology on XM ,N 4 implies
M n NOgu[4]. A subset A of X is said to beu—rare or 4/ — nowhere dense if
i,c,(A) =@. The family of all 1 —rare sets is denoted bl (4/). For a subset A of X,
AlOo (respA0m) if Alc,i,(A) (resp. Alli,c, (A). A hereditary classH of

X is a nonempty collection of subset of such that ALl B,BUH implies ALH [1].

A hereditary classH of X is an ideal [5,6] if A0 BOH whenever ALDH and
BOOH. With respect to the generalized topology and a hereditary claskl , for each

subset A of X , a subset A*(H) or simply A" of X is defined by
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A :{XDX/M n Al H} for every M O u containing x [1]. Also, for every
AD X,c, (A) is defined asc, (A)= A A" which induces a GTSU" finer that
and is defined as 4’ :{A O0X/c, (X-A)=X- A} [1]. The elements ofu are
known as 4/ —open sets and a subset A 6K, /') is called i —closed if X — A is
U —open. A subset A of X is said to be—H —open (resp.71—H —open) if
AOc,i, (A (resp. AOi,c, (A)[L]. Ahereditary classH is said to be - codense
[8] it 7(u)n H={g}. A subset A of a GTY(X,u) with a hereditary clas${ is
called 1 —dense (resp.u/ —dense) if c,(A) = X (resp. Cﬂ* (A)=X).AGTS (X,,u)

is called i —hyper connected [7] if every nonempiy —open set G of X isy — dense.

The following Lemmas will be useful in the sequedawe use some of the results
without mentioning it, when the context is clear.

Lemma 1.1. [4, Theorem 2.2] If(X,/J) is a quasi topological space, then
i,(AnB)=i,(A)ni,(B) for ABOX.
Lemma 1.2. [8, Theorem 2.1] Let(X,,u) be a GTS with a hereditary clag$. Then

the following are equivalent.
(@ H is u-condense.

(b) X =X~

Lemma 1.3. [3] Let (X,,u) be a GTS with a hereditary clasd. If ALH, then
A =X-M u

Lemma 1.4. [9, Lemma 1.3] If (X,/J) is a quasi topological space ard[] X, then
Gn CH(A) U cﬂ(G N A) forevery G0 p.

Lemma 1.5. [3, Theorem 3BThe setM — H(M OuH DH) constitute a basd3
for 4.

Lemma 1.6. [8, Theorem 2.PLet (X,,u) be a GTS with hereditary classéband
SonX.If HOS, then A" (S) 0 A'(H) for every subset A of X.

Lemmal.7.[11, Theoren2.14 Let (X,,u) be a quasi topological space ahtlbe an
ideal. Then A" -B" =(A-B) -B'".

2. H —Hyper connected Spaces
A subset A of a GTS(X,,U) is said to beH —dense if A" = X.

Theorem 2.1. Every H —dense set isy’ —dense.
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Proof: Let A be a H- dense subset of X. ThenA =X and so
c, (A =AOA = X.Therefore, Ais /" —dense.

The following example shows that the converse ebtem 2.1 need not be
true in general.

Example2.2. Let X ={a, b, c,d},,u :{{qo},{a},{a, b},{b, C},{a, b, C}} and
H={{g.{a}.{b]} If A={ab,c}, thenAis 1/ —dense andA" ={b,c,d}.

Definition 2.3. A space (X,,u) with a hereditary classH is called H — hyper
connected if every nonempty — open set isH —dense.
Clearly, everyH —hyper connected space jg— hyper connected. Example

2.4 shows that the converse need not be true iergkeand Theorem 2.5 shows that if X
is (4 — hyper connected space with @—condense hereditary cladd, then X is

H —hyper connected.

Example24. Let X ={a,b,c,d}, u ={d.{a}.{a,b},{a,b,c}} and

H :{{go}{a}{b}} Clearly, X is 4 — hyper connected space. AZ{a}, then A'is a
nonempty 4 —open set anct:ﬂ*(A) :{a,d}. Hence X is not aH —hyper connected
space.

Theorem 2.5. Let (X,,u) be a quasi topological spaeéth a hereditary clasd.

Then the following are equivalent.
(@) Xis H —hyper connected.
(b) Xis - hyper connected andH is 4 —codense.

Proof: (a) = (b) Suppose X isH —hyper connected. Clearly, X igi— hyper
connected. Let U be a nonempty set such tbaflnH . Since U u, by
hypothesis,U” = X . Also, by Lemma 1.3,U OH implies thatU" = X -M,.
Therefore, X =X -M, and so XnM =@ which implies thatM , =¢, a
contradictiontog #U O xand soU O n H. Hence His a i —codense hereditary
class.

(b)= (a)Let ¢2U Opu and xO X. SupposexJU". Then there exists a
M —open set G containing x such that n GOH. Also, UnGUOu and so
UnG=g¢ Hence xUc,(U), a contradiction to X isg— hyper connected.

Therefore,U” = X and hence X isH —hyper connected.

Proposition 2.6. Let (X,,u) be a generalized topological spag¢h a hereditary class
H. Then A is 0 —H —open if and only if there existg/—open set G such that
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GOAOc, (G).
Proof: Suppose A iso-H-open. Then Al Cy*iy(A). Let G=i,(A). Then
i, (A OAD cy*iﬂ(A) implies that G 0 A Cy* (G). Conversely, suppose that there
exists - open set G such that GOAQO Cy* (G). Then

GOADOc,i,(G)0c,i,(A) impliesthatAis ac —H —open set.

The following Theorem 2.7, Theorem 2.8 anddrbe 2.9 give the properties of
H —hyper connected spaces.

Theorem 2.7. Let (X,,u) be H - hyper connected. If A contains a nonempty
M —open set, then Aisg —H —open.
Proof: Let A be a nonempty set such that A contains am@te L —open set G. Now

X is H - hyper connected implies thaB = X. Hence cﬂ* (G) = X. Therefore,
GOADO C,,; (G) andsoAis g —-H —open, by Proposition 2.6.

Theorem 2.8. If (X,,u,H) is H —hyper connected andy, U i is a GT on X,
then (X,,ul,H) is H —hyper connected.

Proof: Suppose that(X,/,l,H) is H —hyper connected. Therefore, every nonempty
M —open set isH —dense. Let 4 [ u. Let G be af, —open set and so it is a
- open set. Therefore,G (4,H)=X . Since g4, Oy , by Lemma 1.6,

G (u,H) OG (y4,,H). Therefore, G'(g,,H)=X . Hence (X, ,H) is
H —hyper connected.

Theorem 2.9. Let (X,,u) be a quasi topological spaseth an ideal H. Then
(X,,u,H) is H —hyper connected if and only i(X,,u*,H) is H —hyper connected.
Proof: Suppose that(X,,u*,H) is H- hyper connected . Sinceu O 4", by
Theorem 2.8,(X,/,1,H) is H—hyper connected. On the other hand , let G be a
nonempty 4 — open set. Since,B:{U -1:Uudul DH} is a base for
{4 U-10G for some UDw and | OH . Now (X,u,H) is H-— hyper
connected implies thag/” = X. Therefore, by Lemma 1.7,
X=1"=U"-1"=U-1)-1"=U-1) -(X-M,)
=U-1))nM,0OU-I1)0G. Therefore, (X-(X-M,)OG and so
M,OG". Also, X-M,OG". Hence M, 0X-M,0G and so X OG’

which implies that X =G’ where G is nonemptyy —open set. Hence(X,,Lf,H)
is H —hyper connected.
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The following Theorem 2.10 gives the chagezation of H —hyper connected
spaces usingu — open sets

Theorem 2.10. Let (X,,u) be a GTS with a hereditary cladd. Then X is H —hyper
connected if and only if for each nonempty— open sets U and V of XUU nV [IH.
Proof: Let U and V be any nonempty; —open subset of X. Now X idH —hyper

connected implies that)” = X. HenceU nV OH. Conversely, suppose that X is
not H —hyper connected. Therefore, there exists a nonemptyopen set U such that

U” # X. Hence there existx ] X such thatx(JU " and so there exists @ —open
set V containing x such thdt) nV OH, a contradiction. Therefore, U il —dense.
Hence X is H —hyper connected.

Theorem 2.11. Let (X,u) be a GTS with a hereditary class.If X is H —hyper
connected, then the following hold.

(@) iﬂcﬂ* (A) =M ,for every nonempty7 — H —open set A of X.

(b) Every nonempty7z —H —open set is/ —dense.
Proof: (a) Let A be a nonemptyzz—H —open set. Theriycy*(A) is a nonempty
4 —open set. Therefore, by hypothes@,c, (A))" =X and soc,i,c, (A) = X.
Also, A is a 7-H-open set implies thac, (A)=c,i,c, (A) which in turn
implies that ¢, (A) = X. Hencei, ¢, "(A) =i, (X) =M.
Therefore, iycy* (A) =M , for every nonempty7 — H —open set A of X.
(b)Suppose A is a nonemptyt —H — open set. Then by (a),iﬂcﬂ*(A) =M ,. Also, A

i ¢, (A) and so

isa 71—H —open set implies that ,(A) =c i C,

c,(A)=c,c, (A)=c,(M,)=X. Therefore, Aig —dense.

Theorem 2.12. Let (X,,u) be a quasi topological spawdth a hereditary clasH
and A L[] X. Then the following hold.

@ i, (A =Anc,i,(A).
(b) C,y(A) = ADI, ¢, (A).
Proof:
@Anc,i,(A0c,i,(A=c, (,A)nic,i,(A=c,i,(Anc,i,(A), by
Lemma 1.1. HenceAn cﬂ*iﬂ(A) isa g —H —open set. Hence
i, (Anc, i, (A)=Anc,i,(A).
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Now An C/,*iﬂ(A) OA implies that i,_,(An cﬂ*iu(A)) Oi,_,(A) and so

Anc,i,(ANOi,  (A. Aso, i, (A is o-H- open implies that

iy (A Oc,i,l,q(A)Oc, i, (A and so i, (A DAnCc,i,(A). Hence

i, (A =Anc,i,(A).

(b)c,_, (A) =X -i,_,(X—A) Hence by (a),
C,i(A=X-((X-Anc,i,(X-A)=
(X=(X=A)DO(X~-c,i,(X=-A))=A0i,c,(A.

Therefore, c,_,, (A) = AU i#*cﬂ(A) :

The following Theorem 2.13 gives the characteriwatof f— hyper connected
spaces usingi —dense, [ —rare and g — open set.

Theorem 2.13. Let (X,,u) be a quasi topological space. Then the followimg a

equivalent.
(a) Xis - hyper connected.

(b) For every subset A of X, either Ais g —dense set or gu —rare set.

(c) An B# ¢ forevery nonemptyi —open sets A and B.

(d) An B#g¢ forevery g—o pen sets Aand B of X.
Proof: (a)= (b) Suppose that X isg— hyper connected space. LeA[ X.
Suppose A is not gu—rare set. Then c, (A) # ¢ Sincei,c, (A) is a nonempty
4 —open set by hypothesig, i, (A) =X. Hence X =c, i, (A)Tc,(A)
implies that A is a 14 — dense set
(b) = (¢) Let A and B be iz —open sets. Supposé& n B=¢. Now by Lemma 1.4,
Anc,(B)Uc,(AnB)=c,(¢) =X =M, implies that An c,(B) # A Hence B
is not a u—dense set. Alsog#B=i,(B)Ui,c,(B) implies thati,c, (B)# ¢
and so B is not gu —rare set, a contradiction to our assumption. TloeeefAn B # ¢.
(c) = (d) Suppose that A and B are nonempty—open sets andAn B =¢. Then
there exists  —open sets U and V such thet 0 Allc,(U) andV O BOc, (V).
Now U nV OAn B=¢ implies thatU nV =¢ where U and V areu —open
sets, a contradiction to our assumption. Therefévre B # ¢ .
(d) = (@) Suppose that A and B argl —open sets. Then A and B awg —open sets
and so by assumptioAn B# ¢. Hence X U c,(A) and X [c,(B). Therefore,
A and B are i —dense sets. Hence X ig — hyper connected.

Theorem 2.14. Let (X,,u) be a quasi topological space. Let the family df al
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nony —dense sets is denoted Wy, (x). If X is g— hyper connected, then
Ho (). =H, ().

Proof: Clearly, H, (1) O H,(4). If possible, let ALIH, (). Then i c, (A) # @
Hence there existg # B0 x4 such thatB [ ¢, (A). Clearly, X =BUH,(x). Now
c,(AU(X-B))=c,(AUc,(X-B)=c,(ALI(X-B)UBU(X-B)=X

implies that ALl (X —B) is u—dense, a contradiction to Theorem 2.17 of [10].
Hence H, (). = H, ().

3. Conclusion

The main purpose of this paper was to preseht hyper connected spaces in
generalized topological spaces with hereditarysclels, highlighting the properties of
H —hyper connected spaces. The possible generaliziatiplan to extend the study of
H — hyper connected spaces using various subsets efajed topological spaces with
hereditary clashl .
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