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ABSTRACT

The Assignment Problem is one of the most studied, known and important problem
in Mathematics and is used very often in solvingbtems of engineering and
management sciences. It is one of the fundameatabinatorial optimization problems
in the field of Operations Research. It is a patdccase of transportation problem where
the objective is to assign the resources to thiwites so as to minimize total cost or
maximize total profit of allocation. In this papeve proposed the signature method for
solving intuitionistic fuzzy assignment problems.
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1. Introduction

The assignment problem is a special type of liragramming problem in which our
objective is to assign number of jobs tae number of persons at a minimum cost or a
maximum profit. Assignment may be persons to jallasses to rooms, operators to
machines, drivers to trucks, trucks to deliverytesy or problems to research teams etc.
To find solutions to assignment problems, variougorthms such as linear
programming, Hungarian algorithm, neural networkl aygénetic algorithm have been
developed. Over the past 50 years, many variatibtise classical assignment problems
are proposed, e.g., bottleneck assignment prolgeagratic assignment problem etc. Lin
and Wen [5] proposed an efficient algorithm basedhe labeling method for solving the
linear fractional programming case. Sakawa gBakolved the problems on production
and work force assignment in a firm using intesgetfiuzzy programming for two level
linear and linear fractional programming modelsefffi3] projected a fuzzy assignment
model that considers all persons to have samessKiuan and Wen [4] developed a
procedure for solving assignment problems with ipl@tinadequate inputs and outputs
in crisp form for each possible assignment usingdr programming model to determine
the assignments with maximum efficiency. Liu andodé] considered the genetic
algorithm for solving the fuzzy weighted equilibmiuand multi-job assignment problem.
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Majumdar and Bhunia [7] developed an exclusive tenalgorithm to solve a
generalized assignment problem with imprecise sp8the(s), in which the
impreciseness of cost(s)/time(s) are representddtbyval valued numbers. Ye and Xu
[15] developed a priority based genetic algorittimatfuzzy vehicle routing assignment
model with connection network. Mukherjee and Ba$d][developed a method for
solving intuitionistic fuzzy assignment problems Using similarity measures and score
function. Pandian and Kavitha [11], Jose and K& [13], Thorani and Shankar [14],
and Nirmala and Anju [10] developed various aldomns for solving assignment
problems in the fuzzy context. Here we are consideassignment problems having
generalized trapezoidal intuitionistic fuzzy nuntbers costs or profits. We apply a
ranking method [9] defined on generalized intuithbic trapezoidal fuzzy numbers to
rank the fuzzy costs present in the assignmentgmb

This paper is organized as follows. In section @ present the basic concepts of
intuitionistic fuzzy numbers, generalized trapeabidtuitionistic fuzzy numbers and its
arithmetic operations. In section 3, a ranking rodtis given to rank the generalized
trapezoidal intuitionistic fuzzy numbers. In seaqti4, the mathematical formulation of
intuitionistic fuzzy optimal assignment problemraviewed. The signature method for
solving an assignment problem with costs as geimethtrapezoidal intuitionistic fuzzy
numbers is presented in section 5. In sectionnmaerical example is presented to show
the application of the proposed algorithm. Finalhe conclusion is given in section 7.

2. Preliminary concepts

2.1. Intuitionistic fuzzy setsand intuitionistic fuzzy numbers

In this section we will review the basic concepfs imtuitionistic fuzzy sets and
intuitionistic fuzzy numbers.

Definition 2.1.1. [1, 2] Let X be the universal set. An intuitiontsfuzzy set (IFS) A in X
is given by

A= {(x,ua(x),va(x)): x € X}
where the functiongy, (x),v,(x) define respectively, the degree of membership and
degree of non-membership of the elemert X to the se#d, which is a subset df, and
foreveryx € X, 0 < py(x) + vy4(x) < 1.

Definition 2.1.2. An IFS A = {(x, ua(x),v,(x)): x € X} of the real lineR is called an
intuitionistic fuzzy number (IFN) if
a) A is convex for the membership functiggp(x), i.e., if
pa(Axy + (1= Dxz) = palxg) Apa(xz)
forallx,;,x, € R, 2 €[0,1].
b) A is concave for the non-membership functjdix), i.e., if
Va(Axy + (1 = Dxz) < vu(xq) Vvalxs)
forallx,,x, € R, 1 €[0,1].
c) A is normal, that is, there is somg€ R such thap, (x,) = 1 andv,(x,) = 0.

Definition 2.1.3. (Generalized trapezoidal intuitionistic fuzzy number) An

intuitionistic fuzzy number A is said to be a galized trapezoidal intuitionistic fuzzy
number (GTIFN) with parameters
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bISGIszsa2§a3§b3SG4Sb4n
and denoted by
A= (bll ai, b2l as, as, b3, Ay, b4;a)Al uA) orA= ((all ap, as, a4~)' (bll b2' b3' b4~); Wa, uA)
if its membership and non-membership functions aaréollows:

Us(x) =0 if x<a
=w i a,<x<a
A 4 — a 1 2
= Wy if a, <x< as
=wA(ﬁ) if a3<x<a,
=0 if x> ay
and
x) =1 if x < by
— (b2 —x)+ua(x—by1) if b1 <x< b2
by—b,
= Uy if b2 <x< b3
— (x=b3)+ug(by—x) if by <x < b,
by—b3

where0 < w, <1,0<y,<land0<wy+uy <1

If by =aq, by, =a, bs=as, by =a,, then the corresponding intuitionistic
fuzzy number is of the form
A = ((a1,az,a3,04); W4, Ua)

2.2. Arithmetic operations on generalized trapezoidal intuitionistic fuzzy numbers

Let
A = ((ay,a3,a3,a4), (b1, by, b3,bs); wa, uy)
and
B = ((Cll C2,C3, C4—)' (dll d2l d3, d4—); wp, uB)
be two GTIFNs and be a real number. Then
A+ B =((ay+cy,a, +cy,a3 +c3,a4 +¢4),(by +dy, by +dy, b3 +ds, by +
dy); w,u)
wherew = min {w,, wg} andu = max {uy,, ug}.
(iDA =B = ((a; — ¢4,a3 — €3,a3 — C3,a4 — ¢1), (by — dy, by — d3, b3 — dy, by —
dy); w,u)
wherew = min {w,, wg} andu = max {uy, ug}.
(iiAA = ((Aaq, Aayz, das, Aay), (Aby, Aby, Abs, Aby); w4, uy) if A >0
= ((Aay, Aaz, Aayz, Aaq), (Aby, Abs, Aby, bay); wa,uy) if 2 < 0.

3. Ranking of generalized trapezoidal intuitionistic fuzzy numbers

The ranking order relation between two GTIFNs idifficult problem. However,
GTIFNs must be ranked before the action is takethbydecision maker. In this paper we
are using the following method for ranking genewdi trapezoidal intuitionistic fuzzy
numbers.
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lf A= ((all ap,as, a4), (blr bz, b3, b4); Wy, uA), then
ER(A) _ waS(pa)+tusS(vy)
- wptuy
where
2a1+7a,+7a3+2 7 2by+7b,+7b3+2b. 11+7
S(uy) = (W) (%) and S(v,) = ( 1 213 3 4)( 18uA)'
If A= ((alraZr as, a4)} Wy, U-A), then

_ 2a1+7a2+7a3+2a4) (7wA) _ (2a1+7a2+7a3+2a4) (11+7uA)
Sua) = ( 18 18 and S(vy) = 18 18 /)

4. Intuitionistic fuzzy assignment problems
Suppose there arejobs to be performed amdpersons are available for doing the jobs.
Assume that each person can do each job at a diepending on their efficiency to do
the job. Letc;; be the intuitionistic fuzzy cost if thé"person is assigned thig'job. The
objective is to minimize the total intuitionistiaAzy cost of assigning all the jobs to the
available persons (one job to one person).

The intuitionistic fuzzy assignment problem carstsed in the form of amx n
cost matrix[&;;] of intuitionistic fuzzy numbers as given in thdidaing table:

Person Job:
1 2 3 N
1 C11 C12 C13 Cin
2 C21 C22 C23 Con
n Cn1 Cn2 Cnz e Cnn

Mathematically an intuitionistic fuzzy assignmendiglem can be stated as
MinimizeZ = Z?:l Z;lzl c”i]-xl-j
Subject to
Z;’l=1 Xl']' = 1,1. = 1,2, (N
Z?:l Xl']' = 1,] = 1,2, (N
where

x;j=1,  ifthe i person is assigned the j*" job

07 otherwise
is the decision variable denoting the assignmerth@fpersori to jobj. ¢;; is the cost of
assigning thejt" job to theit® person. Here eachy;;is a generalized trapezoidal
intuitionistic fuzzy number.
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5. The signatur e method
Consider am x n intuitionistic fuzzy assignment problem with cesatrix ¢ = [Eij].
Let the set ofi nodesR represent the rows of the matrix, the set afodesC represent
the columns. Hence to solve the problem, we havimdloa permutatiom of the column
indices that minimizeg;_, ¢iq(;).
Let T be any spanning tree of eddég),i € R,j € C, containing exactlgn — 1
edges. Given anf, unique values af; andv; that solve the equations
Uu; + U]' = iR(E”)
for(i,j) € T may be computed as follows:
@ Setu, = 0;
(i)  If (i,j) € T andi has valuey;, definev; = R(¢&;;) — u;;
If (i,j) € T andj has valuey;, definew; = R(¢;;) — v;.
If in addition,u; + v; < R(¢;) for (i,j) & T, thenu, v,where
u = (ug, Uy, ..., Uy)
and
v = (Vq,V2, -, Vp),
and itsT = T(u,v)is said to befeasible. Then the method is based on the following
theorem.

Theorem 5.1. If T(u,v) is a feasible spanning tree with some row nddef degree 1
and the remaining rows of degree 2, then the peatioats defined as follows solves the
assignment problem:

o(i*)=j for (i*,j) € T(u,v)
o(i)=j ,i#i" for (i,j) € T(u,v), the uniqgue edge incident tot on the path
joiningitoi*.

Definition 5.1. Thesignature of a tre€T is the vector of its row node degrees
a=(ay,ay..,a,), 00, =2n—1,a; > 1
for all i.
A tree is said to believel k, if its signature has exactky1's. This method seeks
a tree whose signature contains exactly one 1 tirahaise 2's.

5.1. The proposed algorithm
We perform the following steps for solving the gasnent problem.
Step 1: Let T be any spanning tree of eddég),i € R,j € C containing exactlgn — 1
edges.
Step 2: Compute unique values of andv; that solve the equationg + v; = R(¢&;),
for (i,j) € T as follows:

(@ Setu; = 0;

(i)  If (i,j) € T andi has valuay;, definev; = R(¢&;;) — u;;

If (i,j) € T andj has valuey;, definew; = R(¢é;;) — v;.

[To get the initial spanning feasible, we take, = 0, v; = R(é;),j € C and(1,j) € T
for every j € C; andu; = min;{R(¢;) —R(é;;)}, 1 # i €R and(i,j) € T for onej
that gives the minimum]
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Step 3: Find the signature of T. If a contains exactly one 1 and otherwise 2's, stop. To
get the optimal assignment go to Step 7. If notogBtep 4.
Step 4: Find an edg€k, 1) € T(u,v), where bothk andl having degree at least 2, and
drop (k, 1). This cutsT into two distinct component&*, which contains € R, andT!,
which containd € C. Let
§ =min{R(&;) —w —v;i €T, j € TH,
and(g, h) be some pair at which the minimum is achieved.nT{geh) is the incoming
edge.
Step 5: Define the neighboring tre® by
T'=T*UT!u(g,h),

and,

u; =u; +6,i € T, u] =u; otherwise,

vj =v;—68,j €T, vj = v; otherwise.
Sinced > 0 becaus# is feasibleT"’ is also feasible.
Step 6: Find the signatura’of T'. The signatura’of T’ is the same as that Bfexcept
thata;, = a;, — 1 anda; = a4 + 1. If @’ contains exactly one 1 and otherwise 2's, stop.
To get the optimal assignment go to Step 7. If regieat Steps 4 and 5 Bf until we get
a spanning tree, sdy*, with the required signature and then go to Step 7.
Step 7: If i is the row node of degree 17, then the permutatiors defined as
follows solves the assignment problem:

o(i*)=j for (i*,j)eT"

o(i)=j ,i=i* for (i,j)€T", the unique edge incident tmot on the path joining
toi*.

6. Numerical example

To illustrate the proposed method, let us consaterintuitionistic fuzzy assignment
problem with 4 persons and 4 jobs, where in the e@grix [¢;;]the rows representing 4
personsA, B,C,D and columns representing the 4 jobs Jobl, Jolii3 dod Job4. The
entries of the cost matri¢;;] are generalized trapezoidal intuitionistic fuzaynrbers.
The problem is to find an optimal assignment sd tha total cost of job assignment
becomes minimum.

Person Jobs

S 1 2 3 4

A ((3,5,6,8), ((5,8,11,13), ((8,10,11, 15), ((5,8,10,12),
(2,4,7,10); 0.6,0.1) | (4,6,12,14);0.7,0.2)| (7,9,13,17);0.5,0.3)| (4,7,11,13);0.5,0.3)

B ((7,9,10,12), ((3,5,6,8), ((6,8,10,12), ((5,8,10,12),
(6,8,11,13);0.7,0.1)| (1,4,7,10);0.4,0.3) | (5,7,11,13);0.7,0.1)| (4,6,11,13);0.8,0.1)

C ((2,4,5,7), ((5,7,10,12), ((8,11,13,15), ((4,6,7,10),
(1,3,6,8); 0.6,0.1) | (4,6,11,14);0.7,0.1)| (7,9,14,16);0.6,0.2)| (2,5,8,11);0.8,0.1)

D ((6,8,10,12), ((2,5,6,8), ((5,7,10,14), ((2,4,5,7),
(5,7,11,13);0.8,0.1)| (1,3,7,9);0.7,0.1) | (4,6,12,15);0.6,0.2)| (1,3,6,8);0.7,0.1)
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Solution: Let the set oft nodesR represent the rows of the matrix, the set aodesC
represent the columns, and consider the followipaneing tree T of edges(i, j),i €
RjEC.

u, u, U, u,
[ ]

®
\2 v, Vs, Vv,
Seul = 0. Thenv = (171, 172,173,174)

= (R(¢11), R(E12), R(¢13), R(E14))=(1.621,3.366,4.366,3.506),
since(1,j) € T for every j € C. Also iR(él-]-) is calculated by using the ranking method
given in Sectior8. To becomd” feasible, choose

u; = min{R(¢;) —R(¢,,)}, 1 #i€Rand(i,)) €T.
Thus

u = (uy, Uy, Uz, uy) = (0,—1.491,—1.208, —2.068).
Now the signature of” is a = (4,1,1,1). Sincea is not of the required type, we move to
the neighboring treel’’ by pivoting on the edgék, ) = (1,4) € T(u,v), drop(k, 1) =
(1,4). This cutsT into two distinct component§:*, which containg = 1 € R, andT!,
which containd = 4 € C.

u, u, Ug u,
[ ]

®

A v, Vg v,

Let
§ =min{R(¢;;) —w; —v;i €T, j € TH}
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= {0.905,0.566,0.903,3.586,0.392,0.798} = 0.392
and g, h) = (4,2) be the pair at which the minimum is achieved. Ttgeh) = (4,2) is
the incoming edge. Hence the new feasible spartreed’ is:

For the treeT’,u = (0,—1.491,—-0.816,—1.676),v = (1.621,3.366,4.366,3.114)and
signature isa’ = (3,1,1,2). Sincea’ is not of the required type, we move to the
neighboring tree T"' by pivoting on the edgék,l) = (1,3) € T'(u,v), drop (k,1) =
(1,3). This cutsT’ into two distinct component§*, which containg = 1 € R, andT!,
which containd =3 € C.

u, u, Uy u,

<®
<
N
<
w
<
N

Let

§ =min{R(&;;) —w; —v;i €T, j € TH}

= {2.905,0.329,1.449} = 0.329
and(g, h) = (2,2) be the pair at which the minimum is achieved. Tggh) = (2,2) is
the incoming edge. Hence the new feasible sparreed’’ is:
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For the treel’”’,signature i@’ = (2,2,1,2), which is of the required type. Hence we get
the optimal assignment frof"’. By using Theoren®.1, the optimal assignment is as
follows:

u, u, U, u,

¢
Vi
So the optimal assignment is
A-1,B->3,C->4D->2

7. Conclusion

In this paper, a new method has been developedoleing assignment problems with
costs as generalized trapezoidal intuitionistizfumumbers by using the given ranking
method. There are several papers in the literdturrsolving assignment problems with
intuitionistic fuzzy costs, but no one has usedegalized intuitionistic fuzzy costs. The
method is easy to understand and can be used! typabk of assignment problems with
costs as fuzzy as well as intuitionistic fuzzy nensh

REFERENCES

1. K.Atanassov, Intuitionistic fuzzy sets, Fuzzy Satsl Systems, 20 (1986) 87-96.

2. K.Atanassov, More on intuitionistic fuzzy sets, FuSets and Systems, 33 (1989)
37-46.

3. M.S.Chen, On a fuzzy assignment problem, Tamkangnad 22 (1985) 407-411.

29



10.

11.

12.

13.

14.

15.

A. Nagoor Gani and V.N. Mohamed

Chen Liang-Hsuan, Lu Hai-Wen, An extended assignnmmoblem considering
multiple outputs, Applied Mathematical Modeling, @D07) 2239-2248.

Lin Chi-Jen, Wen Ue-Pyng, A labeling algorithm foe fuzzy assignment problem,
Fuzzy Sets and Systems, 142 (2004) 373-391.

L.Liu and X. Gao, Fuzzy weighted equilibrium mytib assignment problem and
genetic algorithm, Applied Mathematical Modeling, (2009) 3926-3935.
J.Majumdar and A.K.Bhunia, Elistic genetic algamitfior assignment problem with
imprecise goal, European Journal of Operations&ebel177 (2007) 684-692.
M.Sakawa, |.Nishizaki and Y.Uemura, InteractivezZjuprogramming for two level
and linear fractional production and assignmenblams; a case study, European
Journal of Operations Research, 135 (2001) 142-157.

A.Nagoor Gani and V.N.Mohamed, A method of ranko@neralized trapezoidal
intuitionistic fuzzy numbers, International JourwélApplied Engineering Research,
10 (10) (2015) 25465-25473.

G.Nirmala and R.Anju, Cost minimization assignmemioblem using fuzzy
guantifier, International Journal of Computer Scieeland Information Technologies,
5(6) (2014) 7948-7950.

P.Pandian and K.Kavitha, A new method for solviagignment problems, Annals of
Pure and Applied Mathematics, 1(1) (2012) 69-83.

S.Mukherjee and K. Basu, Solving intuitionistic Zyzassignment problem by using
similarity measures and score functions, Intermaicdournal of Pure and Applied
Science and Technologies, 2(1) (2011) 1-18.

S. Jose and A.S.Kuriakose, Algorithm for solvingigsment model in intuitionistic
fuzzy context, International Journal of Fuzzy Matiagics and Systems, 3(5) (2013)
345-349.

Y.L.P.Thorani and N.Ravi Shankar, Fuzzy assignnmmoablem with generalized
fuzzy numbers, Applied Mathematical Sciences, 183511-3537.

Ye.X and Xu.J, A fuzzy vehicle routing assignmerddal with connection network
based on priority-based genetic algorithm, Worldurdal of Modeling and
Simulation, 4 (2008) 257-268.

30



