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ABSTRACT
There has been some recent interest in applyingidgjzal structure on BCH algebras.
In this paper Lee and Ryu initiates the study pbtogical BCK algebras. Motivated by
this, in this paper we define the notion of topadagyd-algebras, give some examples and
prove some important theorems.
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1. Introduction

Imai and Iseki introduced two classes of abstragelmas BCK algebras and
BCl-algebras [5, 6, 7, 8]. It is known that thesdaf BCK-algebras is a proper subclass
of the class of BCl-algebras. In [3, 4] Hu and hfroduced a wider class of abstract
algebras BCH algebras. They have shown that thes ad& BCl algebras is a proper
subclass of the class of BCH-algebras. NeggerKandntroduced d algebras [12]. Dar
introduced the notions of left and right mappingB@K-algebras in [1]. Further in [10]
the authors discussed notions of endomorphism’B@H-algebras. Lots of paper have
been published in related algebraic structure [[7-1@ft and Right mapping over
BCl-algebras have been discussed in [2]. In [9]dhthor studied topological structure
on BCH algebras and proved some theorems thatnuieerthe relationship between
them. There has been some recent interest in agplpological notions to non
mainstream algebras. Motivated by this, in thisgpapre study the connection between
topology and d-algebras.

2. Preliminaries
Definition 2.1. [1, 3, 4] A BCH-algebra(X,*,0) is a non empty seX with a constant
0 and a binary operation satisfying the followingdiions.

1. x*x =0
2. (xxy)xz=(x*2z)*y
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3. x*xy=0andy*x=0=>x=yVx,yz€X.

Definition 2.2. [8] Let X be a set with a binary operatiénand a constant 0. Then
(X,*,0) is called aBCI-algebras if it satisfies the following axioms.

() (xx D)) x(zxy) =0
(xxGxxy)*y=0

3. xxx=0

4. x*y=oandy*xx =0=x=yVx,y€X.

N

Definition 2.3. [2, 7] Let X be a set with a binary operatienand a constant 0. Then
(X,*,0) is called aBCK -algebras if it satisfies the following axioms.

C(exy)x(xx2))x(zxy) =0
C(xxGxEy))xy=0

3. xxx=0

4. x*y=0andy*x=0=>x=yVx,y,z€X
5. 0xx =0.

N

Definition 2.4. [12] A d-algebra is a non empty s&t with a constant Gand binary
operation* and satisfying the following axioms.

1. xxx=0
2. 0xx=0
3. xxy=0andy*x=0=x=yVx,yE€X.

Example 2.5. Let (X = {0,1,2,3},*,0) be a set with the following cayley table.

*10]1] 2|3
0(0j0j 0] O
1/1/0]1]0
21212100
3/3/3]1]0

Then (X,*,0) is ad-algebra.

Definition 2.6. [11] A topology, on aBCK -algebraX is BCK-algebra topology an&
furnished with, is a topologicaBCK -algebras if(x,y)— x * y is continuous from
X X X with its Cartesian product topology 6 with the topology. In this case abbreviate
we call X a TBCK-algebra.

Definition 2.7. [9] Let (X,*) be aBCH-algebra andr a topology onX. ThenX =
(X,*,7) is called a topologicaBCH -algebra, if the operatiort is continuous, or
equivalently, for anyc,y € X and for anyx,y € X and for any open sé¥/ of x x y
there exist two open seté andl/ respectively such thdf * V' is a subset oiV/.
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Topological Structures on d-Algebras
Definition 2.8. [1] Let X be aBCH-algebra. IfX is satisfies the condition,

(xxy)*xz=(x*xy)*(y*2),Vx,y,z€X. ThenX is called positive implicative
BCH-algebra.

Definition 2.9. [10] Let (X,*) be aBCH -algebra, anda € X. Define a left map
Lg:X->XbyL(x)=axxVxeX.

Let (X,x) be a BCH -algebra, anda € X . Define a right mapR,: X — X by,
R,(x) =x*aVx€eX.
Let (X,*) be aBCH-algebra. The set of all left maps &his defined asL(X).

3. Topological structureson d-algebras
Definition 3.1. Let X be ad-algebra andU,V are any non empty subsets of X. We
define a subselU * V of X asfollows.U *V ={x*xy|x €U, y eV}

Example3.2. Let X = ({0,a, b, c},*,0) be ad-algebra the binary operation will
be defined as follows.

* |0 |a |b |c
0O |0O|J]O0O]|]O]|O
a|a|0|b|b
b |b|b|O0]|O
c |c |c|a|O

Let U ={0,a} andV = {a, b} be two subsets of.
UxV ={0+*a,0xb,ax*a,a*b}

= {0)0)01 b}

= {0, b}
subsets ofX.

Definition 3.3. Let (X,*) be ad-algebra. Lett be the collection of subsets &f. 7 is
said to be a topology oX. If

1. X,0€r.

2. arbitrary union of members af isin 7.

3. finite intersection of members afis in 7.

Definition 3.4. Let (X,*) be ad-algebra andr a topology onX. Then X = (X,*
,0,7) is called aopological d-algebra, (it is denoted by Td-algebra) if the operation

* " is continuous or equivalently for ang;y € X and for any open st/ of x * y
there exist two open seté andl/ respectively such thdf * V' is a subset oiV/.

Example 3.5. Let (X = {0,1,2},%,0) be ad-algebra the binary operation will be
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defined as follows:

* 10 |1 |2
0 |0 |0 |O
1 (2 0|2
2 /1|10

Define a topologyr = {@, {0},{1},{0,1}, X}. Let x = 2,0 andy = 1,2 then

x*xy={2%1,2%0,0%1,0+2}={1,0,0,0}={0,1} =W . Put U = {0} and
v ={1},

UxV ={0%+1}={0}cW. Therefore {0}c{0,1}. Hence (X,x,0,7) is a
Td-algebra.

Example 3.6. Let (X = {0,1,2},%,0) be ad-algebra the binary operatios will be
defined as Define a topology = {®@, {0}, {1}, {0,1}, X}.

letx =2 andy =1thenx*xy=2x%1={1} =W.
PutU ={0} andV = {1}, UV = {0+ 1} = {0} «W.
Therefore(X,*,0,7) is not aT'd-algebra.

Remark 3.7. The member off are called an open set ¥ The complement ol € T,

that is X\A is called a closed set i, denoted byl. The open set of an element€ X,
is @ member off containingX.

Definition 3.8. Let X andY be aTd-algebra. A magf: X — Y is continuous, if for

everyx € X and any open s&’ of f(x), there exist an open skt of x such that
f(V) subset ofV.

Example 3.9. Let (X ={0,1,2,3},,0,7) and (Y ={0,1,2},%,0,7) are the
d-algebra the binary operatich will be defined anX andY are as follows respectively.

The topology 7; = {0,{1,0},{2,3},X} is on X and the topology
7, = {0,{2},{1,0}, X} isonY.

12


User
Rectangle


Topological Structures on d-Algebras

* o |1 |2 |3 * o |1 |2
o lolo|o]lo o lololo
1 (10|32

1 (11]0]2
2 12301
3 (3210 2 121210

The mapf: X — Y is defined by, f(x) = 1, for all x € X is continuous.
Definition 3.10. Let X be aTd-algebra, andc € X. Define aleft map L, : X = X
by Ly(x) =axx,V a€X.

Example 3.11. Let (X = {0,1,2},%,0,7) be aTd-algebra the binary operatiot will
be defined as follows,

* 10 |1 |2
0 |00 |0
1 |2 |0 |2
2 |1 ]1]0

T = {0,{0,1},{2,3}, X} is a topology onX. For x € X, the map L,: X — Y is aleft
map defined byL,(X) = 2 * X.

Theorem 3.12. Let X be aTd-algebra. Every left map onX is continuous.

Proof. Letx € X. Define a left mapl.,.: X = X by,L,(y) =x*xyV y € X. Since
X is Td- algebra, for every,y € X and any open sé#/ of x * y, there exist a two
open setdJ and V of x andy respectively, such thdf * I/ is a subset oWV/.

Clearly,x *x VU * V. L,(V) subset of. Sincex is arbitrary,L, is continuous.

Definition 3.13. Let X be aTd-algebra. IfX satisfies the condition,

(xxy)*z=(xxy)*(y=*z), for all x,y,z€ X. Then X is called positive
implicative Td-algebra.

Definition 3.14. Let X be a positive implicative’d-algebra andd be any subset of.
Define L, = {L,|a € A}.

Definition 3.15. Let X be aTd-algebra, define a map: X — L(X) by ¢(x) = L,.

Remark 3.16. Let X be a positive implicativd’d-algebra, and4, B be any subset of
X. If AcB then@(A) = @(B). Let X be a positive implicativdl'd -algebra and
G,,G, any subset oK. If G = G, U G, then@(G) = ¢(G1) U ¢(G,) = (G, U
G,).
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Theorem 3.17. The mapg is a Td-isomorphism.
Proof. Clearly, is 1-1 and onto. Considep(x * ¥) = Ly.y) imply
Liy@®) = (xxy) st = (xxt) * (y*t) = o(x) x p(y),Vx,y € X.

Henceg is aTd-isomorphism.

Definition 3.18. Let (X,*,0,T) be a positive implicativd’d-algebra, and the collection
of subsets of.(X), 7" = {Ls;c L(x)| G € t} is a called aL(5)-topology on the set
L(X).

Example 3.19. Let (X = {0,1,2,3},*,0,7) be a positive implicativd’'d-algebra the
binary operation# will be defined as follows.

1

* 10 2 |3
0O |]0O]0O]O]O
1 |1 ]0]0]1
2 |2 12|02
3 |3|/3]3]60

T = {0, {2},{3},{0,1},{2,3}, {0,1,3}, {0,1,2}, X} is a topology onX, Now,
L(X) = {Ly, Ly, Ly, L3} and theLS-topology.
' = {0, p({2}), ({3}, ({0,1}), 0({2,3}), ({0,1,3}), »({0,1,2}), L(X)}

Theorem 3.20. Let (X,*,0,7) be a positive implicativel'd -algebra, thent’ =
{9(G)|G € 1} is atopology onL(X).

Proof. It is trivial that,L(X) and ¢ € T’ .Let {¢(G;)} € T’, implies that{G;} €
T.Then U;¢;G; € T,Uic;(G;) € T', similarly, we can prove a finite intersection of
element of T’ isin 7'.

Definition 3.21. Let S be a non empty subset offal-algebraX, thenS is called
Td-subalgebraof X if x* y €SV x,y €ES.

Example 3.22. Let X = {0,1,2,3} be aTd-algebra in which the operatiot is defined
as follows:
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*

w [N |k o |©
w |N |o |o |k

2
0
1
0
1

o |o |o o |w

0
1
2
3

The topologyt = {@,{0}, {1}, {2}, {1,2}, {1,0},{2,0},{1,2,0}, X}.
Let x = {1,2},y = {2,3}, x,y € X,
x*xy={(1%2),(1x3),(2+2),(2*3)}
= {1,0,0,0}
={1,0}
=W,
Let U = {1,0} andV = {2},
clearly, U x V = {(1 % 2),(0 x 2)}
={1,0}cw
Therefore(X,* ,0,7) is aTd-algebra.
In X the sets S; =1{0,1,2}, S, ={0,1},S; = {0,1,3}and S, = {0,2} are
Td-subalgebra of{, while S = {0,2,3} is not aTd-subalgebra of.

Definition 3.23. Let X be aT'd-algebra and be a subset ok, then! is called a
Td-ideal of X. If it satisfies the following conditions.

10€l
2x*xy €l andy €l=x €]
3x€landy e X=xxy€el(i.e)lxx I

Example 3.24. Let X = {0,1,2,3} be aTd-algebra in which the operatioh is defined
as follows.

*

0
0 |0
1|1
2 |2
3 |3

w |N o o B
L O ([ O |N
o |o |o |o |»W

In X the setd; = {0,1} andl, = {0,2} areTd-ideals ofX. While I, = {1,2} are

15



N Nagamani and N. Kandaraj
not Td-ideals ofX = {0,1,2,3}.
Remark 3.25. Let (X,*,0,7) be aTd -algebra. EveryTd-ideal of X is a Td -

subalgebra of{ but the converse need not be true. For the examgleX = {0, a, b, c}
is a Td-algebra the binary operatich will be defined as follows,

*

0

0
a
b

o |o |lo |

c
0
b
0

o o |© |T

0
a
b

c|c|lc| c|O
I = {0, a} is aTd-subalgebra but not Ad-ideal of X for a* c = bg I.

Definition 3.26. Let (X,*,0,7) be aTd-algebra define a binary relatio® on X by
taking x < y if and only if x * y = 0. In this case(X, <) is apartially ordered set.

Definition 3.27. Let (X,*,0,7) be aTd-algebra andx € X define x * X = {x *
ala € X}. X is said to bexdge Td-algebraif forany x € X, x * X = {x,0}.

Example3.28. Let X = {0,1,2} be a set with the following cayley table.

*

0
0
1
2

2
0
1
0

N [P O
N o |o |

(X, *) is a edgeT'd-algebra.

Lemma3.29. Let (X,*,0,7) be an edgd'd-algebra, therx * 0 = x for anyx € X.

Proof. Since(X,*,0,7) is an edgel'd-algebra, eithexx * 0 = x or x * 0 = 0 for

anyx € X. Let X # 0 andx * 0 = 0. By condition two of thed-algebra0 * x = 0.

Thus we havex * 0 = 0 and 0 * x = 0. Hence by the condition three of thealgebra
x = 0 a contradiction to the fact that # 0. Hence we haver * 0 = x V x,y € X.

Proposition 3.30. If (X,*,0,7) is an edgel'd-algebra, then the condition

(x*(x*y))*y=0Vx,y €X holds.
Proof. If x =0 then (x x (x*y))*y =0 (since ( xx =0)). Let x #0, x xy € X.
Sincexxy=xo0r0,Now xxy #0,x*y=x. (x*(x*y))*y=(x*xx)*y=0.
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Definition 3.31. A Td-algebraX is said to becommutative if xAy = yAx for all
x,y €X.

Example 3.32. Let X = {0,1,2} be aTd-algebra which the operation is defined as
follows,

0 2
010 0
1 0
2 0

» |Oo|o |k

ForiIn2 =2«2=+1)=2x1=1 — (1)
2A1=1x(1%2)=1%x0=1 — (2)
From (1) and (2), ,*) is a commutativel'd-algebra.

Example 3.33. LetX = {0,1,2} be aTd-algebra which the operation is defined as
follows,

N [ O |©

1
0
0
2

o |k |o N

N [k | O

( X,*) is a commutativel' d-algebra.

Example 3.34. Let X = {0,1,2,3} be aTd-algebra which the operation is defined as
follows,

*10]1]2)|3
6,0]0|0)|O0
1|1]1/0]0]|1
2121 2|0/|0
3133|360

ForiIn2 =2x(2x*1)=2x2=0 — (1)
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20l =1+(1%2)=1x0=1 — (2)
From (1) # (2).
( X,*) is not a commutativd'd-algebra.
Definition 3.35. A Td-algebra(X,*,0,7) is said to bel'd-transitive if x * y = 0
andzxy=0=x*y=0.
Example 3.36. Consider the followindl’'d-algebraX with the table.

Wo|o| O
OO0l O|w

WINO| O|F

WIN || O] *
WIN || OO

We can easily see thdt* 2 =0, 2*3 =0 but1 * 3 = 0 and henceX,*,0,7) is
aTd-transitive.
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