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ABSTRACT
In this paper, a method is proposed to combineniataneutrosophic focal elements and
their corresponding Basic Probability AssignmenBPA) of three variables using
Dempster Shafer Theory (DST) of evidence undernamyi arithmetic operations and
Modified Arithmetic operations on interval numbeTsie validity of the proposed method
has been verified with the help of a numerical guiam
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1. Introduction

Probability theory is proposed only for randomneasesertainty and it is inappropriate to
represent epistemic uncertainty. To overcome thastcaint of probabilistic method,
Dempster put forward a mathematical theory of evigein 1976 and now it is known as
Evidence Theory or Dempster-Shafer Theory (DST). anfinite discrete space,
Dempster-Shafer Theory can be interpreted as argjeation of Probability theory
where probabilities assigned to sets as opposediutnially exclusive singletons. In
traditional probability theory, evidence is asstaiwith only one possible event. In
Dempster- Shafer Theory, evidence can be associsitddd multiple possible events.
Further, Evidence Theory is based on two dual riditime measures, namely Belief
measure and Plausibility measure. Belief and Rditgimeasures can conveniently be
characterized by a functiom: p(X) — [0,1] such thatm(@) = 0 and Y aepxym(A) =

1. This function is known as Basic Probability Assigant (BPA). Every sef € p(X)
for which m(A) > 0is usually called a focal element of m. The Demp®fele of
combination is critical to the original conceptimi Dempster- Shafer theory. The
measure of Belief and plausibility are derived frdine combined basic assignments.
Dempster’s rule combines multiple belief functiottsough their basic probability
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assignment (m). These belief functions are defmethe same frame of discernment, but
are based on independent assignment or bodies idéree. The Dempster rule of
combination is purely a conjunctive operation. Toenbination rule results in a belief
function based on conjunctive pooled evidence.

The standard way of combining evidence is exprebgdtie formula

2Bnc=am;(B).m;(C)
1-YBnc=p m1(B).m,(C)’

m;,(A) = forall A # @ and m,,(@)=0.

Neutrosophic set theory was proposed by Smarandathe 1999. The neutrosophic set
introduced from a philosophical point of view isffidult to be applied in practical
problems since its truth membership function (THe tindeterminacy membership
function (1) and the false membership functionl{&)n the non standard interval] 0-, 1 +
[.As a simplified form of the neutrosophic set, Waat al [4] defined an Interval
Neutrosophic Set when its three functions areiotstt in the real standard interval [0,1].

The paper is organized as follows: Section 1 intoed Dempster- Shafer Theory and
Neutrosophic set theory. Section 2 deals with gmddefinitions about Neutrosophic set
and Interval Neutrosophic Set and their arithmefierations. Algebraic Combination of
Interval neutrosophic Focal elements are givendntiBn 3and the effectiveness of the
proposed method is illustrated by means of an el@anipinally, some concluding
remarks are given in section 4.

2. Preliminaries
Definition 2.1. Let X be a space of points (objects), with a genelement in X
denoted by x. A neutrosophic set A in X is chandogel by a truth membership function
T,, indeterminancyl, and a falsity membership functiof,. T,(x), I4(x) and
F,(x) are real standard or non standard subsets of 1]DThat is

T, : X -]0,17],

Iy : X -]0, 17,

F,:X -»]0,17[.

There is no restriction on the sum of,(x), I,(x) andF,(x) , so

0~ < sup T4(x) +sup I4(x) +supF,(x) <37

Definition 2.2. Let X be a space of points (objects), with a genelément in X denoted
by x. An interval neutrosophic set (INS) A in Xdharacterized by a truth membership
function T,, indeterminancyl,and a falsity membership functiBn For each point x in
X, Ta(x), Iy (x),F4 (x) S [0,1].

Definition 2.3. Let X be a space of points and A be a interval nesaphic set. Then the
interval neutrosophic number (INN) is denoted §¥*-, TY], [1%,1Y], [FE, FU]).

2.4. Arithmetic operations on interval neutrosophic set

Addition:

The addition of two interval neutrosophic sets A &is an interval neutrosophic set C,
written as C = A+B, whose truth membership, indeieacy membership and falsity
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membership functions are related to those of ARuhg
inf Te(x) = min(inf T, (x) + infT5(x), 1),
sup T¢(x) = min(sup T4 (x) + sup Tz(x), 1),
inf I-(x) = min(infl,(x) + infI5(x), 1),
sup I-(x) = min(sup I,(x) + suplz(x),1),
inf F-(x) = min(inf F4(x) + inf Fz(x), 1),
sup Fq(x) = min(sup F4(x) + sup Fz(x), 1),
for all x in X.

Subtraction:
The subtraction of two interval neutrosophic setanfl B is an interval neutrosophic set
C, written as C = A-B, whose truth membership, tedminacy membership and falsity
membership functions are related to those of ARuhg
inf Te(x) = min(inf T4 (x), inf F5 (x)),
sup T¢(x) = min(sup T (x), sup F(x)),
inf I-(x) = min(infl,(x),1 — supIz(x)),
sup Io(x) = min(sup I4(x), 1 —inf I5(x)),
inf Fr(x) = min(inf F4(x),inf Tz (x)),
sup Fq(x) = min(sup F,(x) + sup Tz (x)),
for all x in X.

Multiplication:
The multiplication of two interval neutrosophidsé and B is an interval neutrosophic
set C, written as C = #B, whose truth membership, indeterminancy memberahd
falsity membership functions are related to thds& and B by
inf To(x,y) = inf T4(x) + infTg(y) — inf T4 (x).inf T (y),
sup T¢(x,y) = sup Ty(x) + sup Tg(y) — sup T, (x).sup Tp(y),
inf I-(x) = infl,(x).sup Iz (y),
sup I-(x) = sup I4(x).infIz(y),
inf Fo(x) = infF4(x).sup Fg(y),
sup Fe(x) = sup F4(x).inf F5(y),
forallxin XandyinY.

Scalar Multiplication:
The scalar multiplication of interval neutrosophit A is an interval neutrosophic set B,
written as B=a.A, whose truth membership, indetaamy membership and falsity
membership functions are related to those of A by

infTg(x) = min(infT,4(x).a,1)

sup Tg(x) = min(sup T4 (x).a,1)

infIg(x) = min(infly(x).a,1)

sup Iz (x) = min(sup I,(x).a,1)

inf Fg(x) = min(inf F,(x).a,1)

sup Fg(x) = min(sup F,(x).a,1)

Division:
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The division  of two interval neutrosophic setard B is an interval neutrosophic set
C, written as C = A/B, whose truth membership, tedainacy membership and falsity
membership functions are related to those of ARuhg

If Tr<T:k andy <TY,theninf,(x) = :22“8 :
B
sup T4 (x)
sup Te() = opmp
if  TE>TE  andl >TY, then infq(x) = —i“”f(ix;f‘;“gf(x) ,
- B
T4(x)-supT
sup Tq(x) =2E 2:; T:‘(‘f) B(Y)
If Ik <15 andf < 1Y, theninf.(x) = % ,
B

1
sup Io(x) = zsg 128

If 1% > 15 andy > 1Y, then inf(x) = RHa@-nfl5()

1—infIg(x) ’
__supla(x)—supIp(x)
sup Ic(x) = 1-sup Ig(x)
L L U U . __infF4(x)
If  Fi <Fg and?y <Fy, theninf Fe(x) =m0,

sup Fa(x)
sup FC(X) = m

L L U U . __ infF4(x)-infFp(x)
If F;>Fg andd; > Fg, then inf.(x) = Tt
sup Fa(x)—sup Fp(x)

1-sup Fg(x)

sup Fe(x) =

2.5. Modified arithmetic operations on interval neutrosophic set
The midpoint of the interval neutrosophic numbee= ([T, TY], [I%,1Y], [FL, FY]) is

TV +TL V41t FYU +FL

m(A) = < 2 ’ 2 ) 2 > = (mT(A)I mI(A)I mF(A)>
Suppose A =([Ty, T/'1, (15, I 1. [Fx, Fgl) and B =([T§,T5], 5151 [F5, F§1) are
two INN’s. The modified arithmetic operations onNNre given below.

Addition:
A+ B = (min(m(4) + m(B) — k, 1), min(m(4) + m(B) + k, 1))

U, +U\_(pL +L
wherée = (14475 )= (T +T5) for truth membership function.

U, qU\_(/L L
k= (I“I’B)zwfor indeterminancy membership function.
U,U\_(rpL, L
o = (Fatfs )2 (Ea+F5) o falsity membership function.
Subtraction:
A—B =

(max(0, m(A) — m(B) — k), max(0,m(4A) — m(B) + k)) for m(4) = m(B)
{(max(O, m(B) — m(A) — k), max(0,m(B) — m(A4) + k)) for m(A) < m(B)
(T4 +15)—(Ta+T§)

2

wheree = for truth membership function.
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U, U\_ (L L
= Mfor indeterminancy membership function.

_ (Fi+Fg

k

(gL, gL
k )2 (Ea+F5) o falsity membership function.

Multiplication:
AX B ={m(A)m(B) — k,m(A)m(B) + k)
wherée = min(m(A)m(B) — a, 8 — m(A)m(B)
a = min(Tf. TS, TETY, TVTE, TV . TY) and B = max(Tf. T4, TFTY, TV TS, TV . TY) .
Similarly, we can finda and 8 for indeterminacy and falsity functions.

Scalar multiplication:
Let A be an interval neutrosophic set ahdoe any scalar , then
_ (A4, AT{], [Alg, ALY, [AF, AFg ]for 2= 0
— WATY, ATf, (ALY, ALE), [AFY, AFg])for 2 < 0

Division:
A/B = (m(A)/m(B) — k,m(A)/m(B) + k)for m(A) < m(B)
/B = {(m(B)/m(A) — k,m(B)/m(A) + k)for m(A) > m(B)
wherée = min(m(4)/m(B) — a, B — m(A)/m(B) for m(4) < m(B)
k = min(m(B)/m(A) — a, B — m(B)/m(A) for m(4) > m(B)
a = min(Tf. TS, TETY, TVTE, TV . TY) and B = max(Tf. T4, TFTY, TV TS, TY. TY) .
Similarly, we can finda and 8 for indeterminacy and falsity functions.

3. Algebraic combination of interval neutrosophic focal e ements
Let X; and X, be two variables whose values are represented dayipBter- Shafer
structure  with interval neutrosophic focal elementd;, 4,,45,...,4, and
Bi, By, Bs, ..., B, which are considered as intervals and their coording Basic
Probability Assignments (BPA) are as follows:

n(A) =aand (B)) =b; , i=123,..,n& =123,..,m
whergia; =1 and Y7L, b =1.
First we combine all the interval neutrosophic faaaments using arithmetic operations
which will produce hm?' number of interval neutrosophic focal elementd &mere after
the corresponding basic probability assignmentesilting interval neutrosophic focal
elements will be calculated as follows.

Addition of interval neutrosophic focal elements:
_ N u(A)+u(Bj)
u(Al + B]) - i u(A)+u(Bj)
Subtraction of interval neutrosophic focal e ements:
H(Ai)(l—M(Bj))
A;—B;) =
,u( ¢ ]) ZiZj#(Ai)(l—#(Bj))
Multiplication of interval neutrosophic focal elements:
B _ _ kA)u(B))
u(AlB]) - i ua)u(B;)




D.Leonita, R.Irene Hepziband A.Nagoorgani

Division of interval neutrosophic focal elements:

pY u(A)/u(Bj)
u(Al/B]) - % u(A)/u(Bj)

3.1. Basic probability assignment of interval neutrosophic focal elements

Numerical example

Suppose Basic Probability Assignments of two patarads assigned by an expert and
which are given in the following tables:

BPA of thefirst parameter

Interval Neutrosophic Focal Elements BPA
([0.2,0.4],[0.3,0.5],[0.3,0.5]) 0.25
([0.5,0.7],[0.0,0.2],[0.2,0.3]) 0.40
([0.6,0.8],[0.2,0.3],[0.2,0.3]) 0.35

BPA of the second parameter:

Interval Neutrosophic Focal Elements BPA
([0.5,0.7],10.1,0.3],[0.1,0.3]) 0.17
([0.2,0.3],[0.2,0.4],[0.5,0.8]) 0.43
([0.4,0.6],[0.0,0.1],[0.3,0.4]) 0.40

Addition of Interval Neutrosophic Focal Elementsand their BPA:

Adding the Interval neutrosophic focal elementsigsirdinary and modified arithmetic
operations, the resulting interval neutrosophicafoelements and their corresponding
BPA are calculated and are given in the followialgle.

Focal Elements (Ordinary) Focal Elements (M odified) BPA
([0.7,1.0],[0.4,0.8],[0.4,0.8]) ([0.7,1.0],[0.4,0.8],[0.4,0.8]) 0.07(
([0.4,0.7],[0.5,0.9],[0.8,1.0]) ([0.4,0.7],[0.5,0.9],[0.8,1.0]) 0.11:
([0.6,0.1],[0.3,0.6],[0.6,0.9]) ([0.6,0.1],[0.3,0.6],[0.6,0.9]) 0.10¢
([0.0,1.0],[0.1,0.5],[0.3,0.6]) ([0.0,1.0],[0.1,0.5],[0.3,0.6]) 0.09¢
([0.7,1.0],[0.2,0.6],[0.7,1.0]) ([0.7,1.0],[0.2,0.6],[0.7,1.0]) 0.13¢
([0.9,1.0],[0.0,0.3],[0.5,0.7]) ([0.9,1.0],[0.0,0.3],[0.5,0.7]) 0.13:
([1.0,1.0],[0.3,0.6],[0.3,0.6]) ([1.0,1.0],[0.3,0.6],[0.3,0.6]) 0.087
([0.8,1.0],[0.4,0.7],[0.7,1.0]) ([0.8,1.0],[0.4,0.7],[0.7,1.0]) 0.13(
([1.0,1.0],[0.2,0.4],[0.5,0.7]) ([1.0,1.0],[0.2,0.4],[0.5,0.7]) 0.12¢

Subtraction of interval neutrosophic focal e ementsand their BPA
Subtracting the Interval neutrosophic focal elemensing ordinary and modified
arithmetic operations, the resulting interval nestphic focal elements and their
corresponding BPA are calculated and are giveharfdllowing table.

Focal Elements (Ordinary) Focal Elements (M odified) BPA
([0.1,0.3],[0.7,0.9],[0.5,0.7]) ([0.0,0.3],[0.0,0.4],[0.0,0.4]) 0.103
([0.2,0.4],[0.6,0.8],[0.3,0.5]) ([0.1,0.9],[0.0,0.3],[0.0,0.3]) 0.071:
([0.2,0.4],[0.9,1.0],[0.4,0.6]) ([0.0,0.2],[0.2,0.5],[0.0,0.3]) 0.075(
([0.1,0.3],[0.7,0.8],[0.2,0.3]) ([0.0,0.25],[0.0,0.4],[0.0,0.2]) 0.166(
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([0.5,0.7],[0.6,0.8],[0.2,0.3]) [ ([0.25,0.5],[0.0,0.4],0.0,0.2]) 0.114(
([0.3,0.4],0.9,1.0],[0.4,0.6]) ([0.1,0.4],0.0,0.2],[0.1,0.4]) 0.120(
([0.1,0.3],0.7,0.9],[0.5,0.7]) ([0.3,0.7],0.0,0.2],[0.2,0.5]) 0.145!
([0.5,0.8],[0.6,0.8],[0.2,0.3]) | ([0.0,0.35],[0.0,0.2],[0.0,0.2]) 0.099¢
([0.3,0.4],[0.9,1.0],[0.4,0.6]) ([0.2,0.5],0.0,0.4],[0.1,0.4]) 0.105(

Multiplication of interval neutrosophic focal elements and their BPA :
Multiplyingthe Interval neutrosophic focal elementsing ordinary and modified

arithmetic operations, the resulting interval nestphic focal elements

corresponding BPA are calculated and are giveherfdllowing table.

and their

Focal Elements (Ordinary) Focal Elements (M odified) BPA
([0.60,0.82],[0.03,0.15],[0.03,0.15]) | ([0.10,0.26],[0.03,0.13],[0.03,0.13]) | 0.042:
([0.30,0.42],[0.03,0.20],[0.15,0.40]) | ([0.04,0.11],[0.06,0.18],[0.15,0.37]) | 0.107¢

([0.52,0.76],[0.0,0.05],[0.09,0.20]) | ([0.08,0.22],[0.0,0.04],[0.09,0.19]) | 0.100(
([0.75,0.91],[0.0,0.06],[0.02,0.09]) | ([0.25,0.47],[0.0,0.04],[0.02,0.08]) | 0.068(
([0.60,0.79],[0.0,0.08],[0.10,0.24]) | ([0.10,0.20],[0.0,0.06],[0.10,0.22]) | 0.172(
([0.70,0.88],[0.0,0.02],[0.06,0.12]) | ([0.20,0.40],[0.0,0.01],[0.06,0.11]) | 0.160(
([0.80,0.94],[0.02,0.09],[0.02,0.09]) | ([0.30,0.54],[0.02,0.08],[0.02,0.08]) | 0.059:
([0.68,0.86],[0.04,0.12],[0.10,0.24]) | ([0.13,0.23],[0.05,0.11],{0.1,0.23]) | 0.150¢
([0.76,0.92],[0.0,0.03],[0.03,0.12]) | ([0.24,0.46],[0.0,0.03],[0.06,0.12]) | 0.140(

Division of interval neutrosophic focal elements and their BPA
Dividing the Interval neutrosophic focal elemenséng ordinary and modified arithmetic
operations, the resulting interval neutrosophicafoelements and their corresponding
BPA are calculated and are given in the followialgle.

Focal Elements (Ordinary) Focal Elements (M odified) BPA
([0.40,0.60],[0.20,0.30],[0.20,0.30]) | ([0.20,0.80],[0.20,0.80],[0.20,0.80]) | 0.137¢
([0.0,0.30],[0.13,0.16],[0.60,0.62]) | ([0.60,1.00],[0.50,1.00],[0.40,0.80]) | 0.054¢
([0.50,0.66],[0.30,0.40],[0.0,0.16]) | ([0.30,0.90],[0.00,0.25],[0.75,0.90]) | 0.058¢
([0.00,1.00],[0.00,0.60],[0.10,1.00]) | {[0.70,1.00],[0.00,1.00],[0.30,1.00]) | 0.220¢
([0.30,0.60],[0.00,0.50],[0.60,0.71]) | ([0.30,0.50],[0.00,0.60],[0.30,0.60]) | 0.871¢
([0.20,0.30],[0.00,0.10],[0.70,0.80]) | {[0.60,1.00],[0.00,1.00],[0.50,0.90]) | 0.093"
([0.20,0.30],[0.10,1.00],[0.10,1.00]) | {[0.60,1.00],[0.30,1.00],[0.30,1.00]) | 0.192¢
([0.50,0.70],[0.00,0.70],[0.30,0.70]) | ([0.25,0.60],[0.50,1.00],[0.30,0.60]) | 0.762¢
([0.30,0.50],[0.00,0.30],[0.60,0.80]) | {([0.50,0.90],[0.00,0.40],[0.40,1.00]) | 0.078¢

4, Conclusion

Evidence theory can handle both aleatory and episteincertainty. Three important
functions in evidence theory are the basic proligbéssignment function, Belief
function and Plausibility function which are usedjuantify the given variable. However,
due to the presence of uncertainty, focal elemeatssometimes be treated as interval
neutrosophic numbers. As already stated in thisepapterval neutrosophic focal
elements and their BPA of three variables are coetbby arithmetic operations. From
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the numerical example, it is observed that modife@@ithmetic operations have the
advantages of simple calculations and high accuraowltiplication and division. Those
results are promising and interesting as it beddyessed for the first time.
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