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MATHEMATICS
[ Honours ]
PAPER -V
' Full Marks : 90

Time : 4 ‘houré :

The figures in the right hand margin indicate marks

Notations have their usual meanings.

[NEW SYLLABUS|
GROUP —A
(Real Analysis-II )
1. Answerany two questions : o 15x2

(@) (i) Show thatthe necessary and sufficient
conditions for the Riemann integrability
of a bounded function f(x} 1s

 Torn Over )




(2)

lim {U(P,.f)-L(P,f)}=0.
i1Pj—0 i

where || P || is the norm of the partition
Pon|a,b)].

(if) Let a function f:[a,b]—> R be
integrable on [a, b]. Then show that
b b
[lrelasz | [ faa

Give an example to show that the
converse of the above result may not
be true.

(iii) Let f be defined on [-2,2] by

fx)y= 3x2 cos-%-i— ZTtSin;qt-z—, x#0
X X
= 0, x=0
Show that f(x) is integrable on [-2, 2].

Evaluate

2
[f@dx.  5+3+2)+(3+2)
=2
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(3)

(6) () A functionf(x)is defined on [0, 1] by

1 1 |
Sx)= 2,,, T SXS =0l

= 0, x=0

prove that f(x} is Riemann integrable

1
on [0, 1] and evaluate If (x)dx.
0

(i) Leta function £ [a, 5] ->R be bounded
on [a, b} and Pbe a partition of [a, 5].
If O be a refinement of P then show
that

UP,f)>U(Q.fYand L(P,f)<L(Q,f).

(iii) State First Mean Value Theorem of
Integral calculus. Use this theorem to
show that

. T

kid ?l‘ S——=x],
6 5y~ xz)(l By | R
4

where £2< 1.
(3+2)+5+(3+2)
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(4)

(¢) () Let a be the only point of infinite
discontinuity of a function f in[a, 5] '
and f be integrable for every € satisfying
0<g<b-alf

b
f . f{x)dx isabsolutely convergent

and a function ¢ be bounded and
integrableon [a+g,b] for everye
satisfying 0<e<b-—a then prove
that the integral '

[2 rebds

is absolutely convergent.

(i7) Show that

! smx s—, if‘q>p>0.

(iif) Give an example of a function which is
Riemann integrable although it has
an infinite numbers of points of
discontinuity. 5+5+5
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(3)

2. Answer any fwo questions : 8x2

(@ (i) If a function f:[a,b]—> R be
integrable on [a, 6]. Then prove that the
function F defined by

F(x)= L f(O)dt, xela,b]

is differentiable on [, 5] and F'(x) =/(x)
for all x in [a, b].

(ii) Prove that the function

fx)= Zsm(nx) kel

is contlnuously differentiableonR. 4 + 4

() () Evaluate ([ £(x,y)dxdy overthe
R

rectangle

R={0, 1 O 1] whete

2

x+y if ¥ <y<2x

0 , clscwhcrc

f (x,y)={
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(6)

(#i) Suppose that f(x) is continuous on
[a, b} and f(x)>=0 for all x € [ a, b]
and that Co

[* fee=0

Prove that f(x)=0 forallx € [, b]. 4 + 4

(©) () Evaluate

( dxdydz
e

+y+z+l)3’_

where Vis the volume of the tetrahedron
bounded by the planes x=0, y=0,
z=0and x+y+z =1.

(i) If f(x)is continuous in [0, 1], then show
that

. LHf(x) ,. x«
1 dx = —f(0). -
fim L)anxz /). 4+a
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Answer any one questions : 4x1

(a) Examine the following equations for the
existence of unique implicit function near
the points indicated 4

f(x’y)=yz'"yx2_2xss (19"1)

(b) Find the maximum and minimum value of
the function
Sy =x>+y*-3x— 12y + 20. 4
Also find the saddle point of the function.
GROUP --B

(Metric space )

Answer any one question : 8 x1

(a) (i) Show that every open spheré is an open
set but not conversely.

(i) Let(X, d)be any metric space, show
* that the function d, defined by

di(x,y) = i—-é-(-’—y-)—) Vx yeX

is a metric on X. 44+4
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(8)

(b) (i) Inametric space (X, d) if the sequence
{x } and {y,} converges respectively to
x and y, then prove that the sequence
{d(x,y,)} converges to d (x, y).

(if) Prove that any closed subset of a

complete metric space is complete.4 + 4

5. Answer any one question : 4x1

(@) If A and B are any two subsets of a metric
space (X, d) then show that

int (4 (1 B)=Int (4) N Int (B).

(b) Prove that limit of a sequence in a metric
space, if exists, is unique.

6. Answerany one guestion : _ Ix1

(a) Show that union of arbitrary number of
closed set is a closed set.

(b) When is a metric said to be complete ? Give
an example of an incomplete metric
space. L +2
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‘GROUP —-C
(Complex Analysis)
7. Answcr any one question : 8x1

(@) (i) ProveCauchy-Riemann equation in polar
' form. :

~ (i) Show that the real and imaginary parts
of an analytic function satisfy Laplaces -
equation. 4+4

~ (8) (i) Prove that the function
u= -;—log(x2 +y%)

is harmonic. Find the corresponding
analytic function in terms of z.

Gi) Show that the function e* (cosy + i f siny)
is holomorphlc and find its derivative.
4+4
8, Answerany one questxon 2xi

(a) Give an exanmle ofa ﬁmctlon Jf(z) which is
continuous evcrywhere I ustlfy 2
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(10)

(b) Examine whether f(z)=|z[* is differentiable
at the origin ornot. ' 3

(a) ()
(if)

() ()

(if)

GROUP -D

(Tensor Calculus)

Answer any one question 8§x1

Define Kronecker delta and outer
multiplication of tensors.

Prove that the partial derivative of a
covariant vector B, is not a tensor.
- (2+2)+4

A covariant tensor of rank one has
components xy, 2y =z*, xz in
rectangular co-ordinates. Find its
covariant components in spherical
coordinates.

Prove that the contraction of a tensor
of type (1, 1) is a scalar. 4+4
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10. Answer any one question : 4x1

(a) If (dsP=g,dx’dx’, show that g, isa
covariant tensor of rank two. 4

" (b) Define Christoffel symbol of 1st kind and
hence find the value of [if, k] + [%/, i ]- 4

11. Answer any one question : 3x1
(a) Show that Ricci tensor is a symmetric
tensor. | 3
(b) Define Riemamnn Curvature tensor R,-jfk and
hence find the vahe of Ry}, . 1+2
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